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PREFACE. 



In the following Treatise^ it has been the aim of the Author to 
render the various investigations and processes as simple^ natural, 
and easy as possible, and to establish and illustrate the principles 
in a plain and familiar manner. He trusts, in particular, that the 
modes in which he has established the rule for subtraction (not 
new, he admits, in principle), and the rule for the signs in mul- 
tiplication and division, and also the methods which he has em- 
ployed in explaining the theory of fractions and radicals, will 
divest those subjects of much of the mystery and difficulty which 
have unnecessarily been thrown around them. In a similar 
manner, using freely, but not servilely, what has been done by 
previous writers, he has endeavouted to simplify the elementary 
principles and processes in the resolution' of equations ; and he 
hopes that the views and explanations which he has given re- 
garding infinite quantities and the sums of infinite series, will 
remove much of the difficulty which is very generally and very 
naturally felt in reference to those subjects. Of the binomial 
theorem, he has given a proof which he considers simple and 
easy ; and the experienced algebraist will recognise various other 
improvements in the course of the work, which it is unnecessary 
here to particularise. 

Much absolute novelty, unless in the mode of exposition, can- 
not now be expected in a Work on algebra. Some things, how- 
ever, the Author believes are new.altogether, while others are now 
for the first time fully developed, and extensively and advan- 
tageously applied. Of this kind is the method of detached co~ 
efficients, which is explained and exemplified in pages 26. 35, 
84. &c. ; a method which is at once greatly shorter and easier 
than the common one, and whi(Sh, throughout the operation, re- 
lieves the mind from the trouble and fatigue of considering what 
pcywers of the quantities are to be written in the several terms. 
It prepares the student also for many of the investigations con- 
nected with the theory and resolution of equations, and it is 
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employed with advantage on many other occasions. He be- 
lieves also, that the methods of resolving quadratic equations by 
means of the rules in pages 135. and 139* will be found to be 
much superior, in point of facility and simplicity, to any other 
method that has yet appeared ; as those rules preclude ihe ne- 
cessity of " completing the square/' extracting the square root, 
and transposing ; and they prevent all trouble in the manage- 
ment of fractions ; while^ in the common method^ the fractional 
operations often constitute the principal part of the labour.* In 
page 63. there is given a new method of finding the greatest com- 
mon divisor^ by means of which the required result is often ob- 
tained much more easily than by the common method, according 
to the rule in page 59- In pages 49^ and 73., the advantage of 
employing negative indices in certain cases^ so as to prevent the 
necessity of performing fractional operations, is pointed out and 
exemplified ; and a new and easy method of " proving " opera- 
tions in multiplication and division is given in the notes in pages 
24. and 33. 

In Section X. a brief outline of some of the principal subjects 
comprehended in the theory of equations is given ; and, along with 
it, the beautiful method of resolving numerical equations, dis- 
covered by the late Mr. Homer, is exhibited at considerable length, 
and in a mode which it is hoped will be found to be very simiple 
and easy, both in its theory, and in practice. That the brief 
introduction to the theory of equations here given must be very 



* llie first of these rules was published by the Author in a Belfast 
periodical in 1825, and the second occurred" to him at a later period. A 
particular case of the second rule is given by Bonnycastle in his larger 
Alpebra. The BijaGanita, a Hindoo work on algebra of the twelfth or 
thirteenth century, contains a method of solution which is much superior, 
in many instances, to the one which is commonly employed in Europe, 
as it prevents fi'actions from arising in the course of the operation. It 
requires, however, the formal completing of the square the extraction of 
the square root, &c. The rules here given combine the advantages of 
both these methods, and are free from their disadvantages, giving in every 
case the values of the unknown quantity without any intermediate work, 
and alwajrs in the simplest and best form. It is strange, that, while the 
modern analysts have so zealously and successfully exerted themselves in 
deriving easy rules for practical purposes in numberless cases, tbey should 
not have thought of establishing similar rules fur the solution of quadratic 
equations, but should have gone on in the* old way, always dividing by 
the coefficient of the highest power, completing the square, eitracting the 
square root, and transposing. 



imperfect will be readily anticipated^ if it be considered that Pro- 
fessor Young of Belfast has published a work in five hundred 
octavo pages on the Theory and SoltUian of Algebraical Equations 
of the higher Orders, What is here given on this curious and 
interesting branch of analysis will perhaps be sufficient for the 
greater number of mathematical students ; but those who may 
wish to obtain a more extensive knowledge of the subject^ and to 
devote the time and labour necessary for accomplishing that object, 
may have recourse to Mr. Young's work above referred to. 

The examples and exercises are, in the great majority of in- 
stances, new. Several, however, have been taken from foreign, 
and particularly German, works ; and some are from English 
writers of past times, but none from living English authors, ex- 
cept in a few instances in which improved solutions are given or 
indicated. Several instances of this kind will be found in the 
Section on the Diophantine Analysis. 

As to the mode of employing the work as a text-book, the 
teacher must be guided mainly by his own judgment. It may 
be remarked, however, that in a first course, unless the pupil pos-. 
sess more than ordinary ability, the more difficult parts may be 
^)mrtted, and may be taken up afterwards, when the learner has 
acquired more power in the management of algebraic quantities, 
and in the performance of operations. Thus, there are portions 
of Section III., which, however important and valuable, will at 
first be found by most learners to be somewhat abstract, and not 
so easily followed out as many subsequent parts of the work, 
and which may therefore be postponed. For the same reason, 
several things regarding fractions, radicals, involution, evolution, 
and some other subjects, may at first be omitted with advantage ; 
and the same may be done, with great propriety, regarding several 
of the more difficult exercises in the various Sections. What has 
now been said will her applicable, in a still greater degree, in re- 
ference to those who may study the work without the aid of a 
teacher. 

The learner, whether he has a teacher or not, should by no 
means be dispirited by feeling at first some difficulty in the study 
of algebra. Few studies are free at their commencement from 
something that is unattractive, or even forbidding : and though 
in algebra, from its peculiar symbolical language, and its abstract 
and general character, some difficulty will often be felt for a short 
time, this will soon be removed by steady application, and by 
continued practice ; and the student, on returning to investiga- 
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tions or exercises which, when first attempted, had surpassed his 
powers, will often be at a loss to discover how they could for- 
merly have presented any difficulty. He ought to be encou- 
raged, also^ by reflecting on the extreme value of the science. In 
itself, indeed, and in its application and extension in the diflerential 
and integral calculus, and in other branches of pure mathematics, it 
is a most powerful, an indispensable, instrument for prosecuting 
investigations in mechanics, astronomy, and other subjects in phy- 
sical science ; and, without its aid, it is impossible to understand, 
or duly to appreciate, the discoveries of Newton, Laplace, and the 
other great men who have done such wonders in extending the 
boundaries of modem science. 

From the compressed manner in which the work is printed, it 
contains a very large amount of matter in proportion to its size. 
At the same time, the Author has been obliged to omit a few sub- 
jects (not, indeed, of primary importance), which he would 
have liked to insert, had it not been that both he and the Pub- 
lishers wished to supply a useful and comprehensive elementary 
work at as moderate a price as possible. The student, however^ 
who shall make himself acquainted with what is here given, Will 
feel no difficulty in reading any thing additional that will be found* 
in the more extended treatises on the subject. 

Throughout the work, the Author has carefully kept clear of 
every thing of a metaphysical or disputed character. With r^ard 
to all the practically useful applications and interpretations of 
algebra, there is no difference of opinion among men of sound 
science and judgment ; and it is only with such matters that the 
mere learner should have any concern. Those who may wish to 
know something of the other subjects referred to, such as what 
has been called '^ symbolical algebra," and the interpretation of 
imaginary quantities, may have recourse to^ Peacock's Algebra, or 
to his Paper in the Report of the British 'Association for 1833 ; 
and to a very acute and sensible article, controverting Dr. Pea- 
cock's views, which will be found in the form of a note at the end 
of Bryce's Algebra, 

Glatgow College, May 18. 1844. 
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The reader is requested to correct the following errata. A few others 
might be added) but, so far as they have been observed, they are such 
as can occasion no difficulty or embarrassment. 
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SECTION I. 

DEFINITIONS AND BLEMENTABY PRINCIPLES. * 



1. The term quantity is used in mathematics to denote whatever 
is^ or may be^ expressed by means of a number. Thus^ 5 days, 
8 gallons, 20 acres, and a line of any length are all quantities. 

2. Algebra is the science in which investigations regarding ma- 
thematical quantities are conducted by means of genml symbols 
or characters, t 

3. The symbols employed in algebra are used to denote (1 .) the 
quantities under consideration ; (2.) the comparative magnitudes 
of quantities ; and (3.) the operations which are indicated as being 
performed upon them. 

4. The letters of the alphabet have been adopted, by common 
consent, as the first of those classes of characters : and, in the so- 

* See Note A. at the end of the volume. 

f In common arithmetic, characters are also employed as well as in 
algebra : in it, however, each character has merely one signification. Thus, 
5 always represents the number five, such as five hundred, five thousand 
(in the expressions 500 and 5000), five men, five days, &c. In algehra, 
on the contrary, the symbols representing quantities may have an infinite 
variety of significations. Thus, in an investigation regarding a triangle, 
the letter a may be employed to denote a side, whether that side be 6 
inches, 10 yards, or 100 miles in length. In an historical point of view, 
algebra is an extension and generalisation of common arithmetic ; and 
hence it has been called universal arithmetic. .This definition has been re- 
garded by many as too limited for the science in its present state. It is 
impossible, indeed, to give any definition that will convey an adequate 
idea of the nature of the science to those who are unacquainted with it ; 
and it is, perhaps, equally impossible to give one that would be generally 
M^js&ctory to algebraists themselves, nor is it necessary. 
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lution of problems, it has been the practice of the later mathema* 
'ticians to express the given or Imown quantities by the fiiBt letters^ 
a, b, c, &c. ; and the unknown by the last^ such as x, y, «. When 
only the solution of a particular question is required^ the known 
numbers are often expressed by means of the common notation^ l^ 
2, S, 100^ &c. \^lien letters are so used, each of them may be 
regarded as expressing a certain number of the units concerned in 
the subject of enquiry. Thus, suppose an investigation regarded 
distance in miles, then a would represent a certain number^ such 
as 10, or 20, of those miles ; a mile being the unit.* 

5. The comparative magnitudes of quantities are denoted hj 
placing between them one of the characters or signs, =, >^ < ; 
the first of which is read equal to, or simply equal; the second, 
greater than ; and the third, less than t the opening in each of the 
two latter being turned towards the greater quantity. Thus, 
a=12, a>10, and a<20 express respectively, that a is equal to 
12, that a is greater than 10, and that a is less than 20. The 
marks of proportion, : II I , serve likewise to express the re- 
lative magnitudes of quantities. 

6. The operations of addition and subtraction are expressed by 
the characters or signs, -^, caUed plus, and — -, called minus ; the 
former denoting, that the quantity after it is to be added to the 
quantity or quantities with which it is, or may afterwards be, con- 
nected ; while the latter signifies, that the quantity which foUows 
it, is to be subtracted from the quantity or quantities with which 
it is now, or with which it may afterwards be, connected. Thus, 
5 + 3s=8 is read, 5 plus S equal to 8 ; that is, 5 tnore by 3 equal 
to 8 : while 9 — 3=6 is read, 9 minus 3 equal to 6; that is, 9 20" 
by 3 equal to 6. A quantity which is preceded by — , is said to 
be negative; while one which has -f, or neither -f- nor — before 
it, is called a positive quantity, or, by the older writers, an affirma^ 

* In investigations, when there are two or more quantities which have 
any peculiar relation to each other, such as when each is constantly de- 
rivable from the one preceding it by the same process, it is often of much 
advantage to represent them by the same letter, marked, for the sake of 
distinction, with accents, or with numbers or letters placed, commonly; to 
the right of them, and lower than the general line; thus, x', x", &c., or 
jTj, ^Tj, X3, x^ &c. This notation will be frequently employed hereafter, 
particularly in the sections on Series and Equations. For brevity, x', x^, 
&c., are generally read, x dash, x double dash, &c. ; and x„ x,, &c., may 
be read, x one, x twOy &c., oVy Jtrntx, second x, &c. We shall see in § 11. 
that the notation for one most important class of quantities differs in some 
degree from what is here pointed out. (The mark § refers to the num- 
bering of the paragraphs.) 
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tiw one. When two or more quantities are added together^ the 
result is termed their sum; but if one quantity be taken from 
another^ the remainder is called their difference, 

7. The multiplication of quantities expressed by letters, is ge- 
nerally denoted by writing the letters in succession^ as in a word. 
Thus, aby which for brevity is read a into b, or simply ab, de- 
notes the result obtained by multiplying the number expressed by 
a by the one expressed by 6/ so Aat, if 10 were denoted by a, 
and 5 by by ab would be equal to 50. The result ab is called the 
product of a and b ; and a and b i^ie factors of that product. In 
like manner, abc denotes the result obtained by midtiplying the 
product of a and 6 by cy so that if a were equal to 2> 6 to 3^ and 
c to 4^ abe would be equal to 24. In this and similar cases, in 
which there are more than two factors, the result is called the eon* 
Hnual or continued product of those factors. On the same prin- 
ciple of notation, the multiplication of a quantity by a number, is 
expressed by prefixing the number to the quantity. Thus, 4a and 
56c denote respectively four times a and five times be. 

In some cases, multiplication is expressed by interposing a point, 
or the sign x , between the factors. Thus, the product of 2 and 
3 is denoted by 2x3; and the continual product of 2, S, and 4, 
by 2.3.4, or by 2 X 3 X 4. These modes of denoting multiplication 
are seldom used, except when the factors are niunbers expressed 
in the common notation ; in which case the simple writing of the 
factors in succession is obviously inadmissible ; the pre-established 
meanhig, for instance, of 234 (two hundred and thirty-four) being 
very different from the continual product of 2, 3, and 4. 

8. Division is generally expressed by writing the dividend over 
the divisor with a line between them, after the manner of a frac- 
tion. The same operation is sometimes denoted by writing the 
dividend before the sign •— or : , and the divisor after it Thus, 

-, a-s-6, or a : 6, each of which is read briefly a by b, signifies the 
b 

quotient obtained by dividing a by b. We shall hereafter see 

a mode of expressing division different from both of these. 

9. The number, whether whole or fractional, which is placed 
before a quantity, as a multiplier, is often called its coefficient. 
Thus, in the expressions, 3a, na, the multipliers 3 and n are co- 
efficients of a : the first a numeral or numerical one ; and the se- 
cond, being expressed by a letter, a literal one. In like manner, in 
the expression |^, the coefficient of a is |-. When no coefficient 
id written, 1 is to be understood. Thus, a is the same as la. 

B 2 
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10. When a quantity is employed any number of times as fac- 
tor, the product is called a power of that quantity ; .the second 
power, if the quantity be used twice as factor ; the tiiird, if three 
times ; i^e fourth, if four times; and in general, the n^ power, 
if n times, n being any whole positive number : and, in reference 
to any power of a quantity, the quantity itself is called the root of 
that power. Thus, aa, aaa, aaaa, aaaaa, are respectively the 
second, third, fourth, and fifth powers of a ; and a is called the 
second root of aa, the third root of aaa^ the fourth root of aaaa, 
&c. So also, the second, third, fourth, and fifth powers of 3 are 
9, 27, 81, and 243 ; while 3 is the second root of 9, the third 
root of 27, the fourth root of 81, and the fifth root of 243. The 
second power of a quantity is generally called its square, and the 
third power its cvJbe * : and in like manner, its second and third 
roots are commonly called its square and cube roots. The fourth 
power of a quantity is sometimes called its hiquadrate, and the 
fourth root its biquadratic root» These latter terms, however, 
are properly falling into disuse. 

Hence it appears, that the second or square root of a quantity 
is that quantity which, used twice as factor, will produce the ori- 
ginal quantity ; the third or cube root, that which, employed three 
times as factor, will produce the same quantity ; and so on* Thus, 
the square root of 9 is 3, because 3x3=9; <^d the cube root of 
64 is 4, because 4 X 4 x 4=64. 

The square root of a quantity is commonly denoted by prefixing 
to it the sign ^/. Thus, ^/lOO and ^ a indicate respectively the 
square root of 100 and the square root of a. In like manner, 
^100 denotes the third or cube root of 100 ; .{/lOO its fourth 
root, &c. Another, and, in general, a preferable, notation for roots 
will be explained in a subsequent section. 

We shall see hereafter, that there are important extensions of the 
simple and primitive meaning of powers here given. 

11. The notation for powers employed in the last § would 

* These very improper names for the second and third powers, had their 
origin in the circumstance, that the area of a square is computed by mul- 
tiplying the number expressing the length of one of its sides by itself, 
while the content of a cube is found by multiplying the number express- 
ing the length of a side of its base by itself, and the product by the same 
number. The terms, square root and cube root, applied to abstract num- 
bers, are equally improper. All these terms, however, as well as several 
Other inappropriate ones, have got to be so universally employed, that 
their use is not likely to be discontinued. The term hiquadraU signifies 
that the operation of squaring is twice performed. 
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evidently be very inconvenient, especially for the higher ones. To 
obviate this, the root is written but onoe, and^ to die right of it^ 
and a little higher, a number is placed, showing how often the 
root is employed as factor, and thus pointing ou t the order of the power. 
Thus, aa^ aaa, acuta, and aaaaa, are written a^, a^, a^, tfi ; and, 
in general^ if n be put to denote the number of times a is employed 

as factor, we shall have the nth power of a, that is, aaaa , a 

being repeated n times, expressed by a\ These expressions, a^, 
(^, a*, a^, a*, are therefore powers of a ; and the numbers, 2, 3, 4, 
5, and n, are called the indices or exponents of those powers. * 

By assigning diflferent positive whole values to n, it wiU be seen 
that a" is a general expression, comprehending all such powers as 
we have been considering. Thus, by taking it successively equal 
to S, 3, 4, and b, we get a^, a^, a^, and o^, the particular powers 
above considered : and if we take n equal to 1, we have a^, which, 
as we shall see hereafter, is the same as a itself. 

12. A quantity which consists of two or more quantities com- 
bined by addition or subtraction is called a compound quantity. A 
quantity which is not so composed is called a simple quantity. 
Thus 5 and a are simple quantitieB ; as are also Shx and \y'X : 
while 5+a--36.v+^j^jK is compound. The simple quantities 
which form a compound one are called its terms, Thus^ the terms 
of the foregoing compound quantity are 5, a, — Shw, and \y'^»^ It 
is plain that the value of a compound quantity is not affected by a 
change in the order of its terms, provided every term retain its 
proper sign. Thus, 6+4 is the same as 4+6, and a+fr the 
same as 6 i> a y the value of the compound quantity in each instance 
being eqiuil to all the units contained in the two simple quantities 
composing it. So likewise, 6— a+d— c may be written — o+6 

-c+rf,or6+d-a— c, &c. ; the meaning being, that in whatever 
order the terms are taken, h units and d units are to be added to- 
gether, and that from the sum a units and o units, or a+cunits> 
are to be taken. 

13. If a compound quantity consist of two terms, such as ^+y 
ox w—y, it is called a binomial; if of three, such as o^+y + jv, 
x—y-^z, &c., a trinomial ; and if of four terms or more, a polyno^ 
mioL In comparison of such quantities, a simple quantity, such 
as a, or 3d-b^, is termed a mononomial, or, as the word is usually 
contracted, a monomiaL 

14. When any operation is indicated as being performed on a 

* Learners should be careful to avoid the common mistake of ealliDg 
indices powers, 

B 3 
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compound quantity, that quantity is placed between the marks ( ), 
which, when thus used, are called a vinctdum. Thus, a(«+y) 
denotes that the compound quantity a-^-y is multiplied by a; 
while, without the vinculum, aa-^y would mean that a alone is 
multiplied by a, and that y is added to the product 

When one vinculum is to be enclosed within another^ the ex- 
terior one is expressed, for the sake of distinction, by ihe marks 
{ }, or sometimes by [| ]. Thus, the expression, {a + ^/ (o^ -|- 6'^) }^, 
means, that the square root of a^ +^ is added to a, and that the re- 
sult is raised to the second power. * 

15. Quantities which are all positive, or all n^ative, are said 
to have like signs ; but, if some be positive and others negative, 
they are said to have unlike signs. 

>l6. Like qtuintities are those which are expressed by the same 
letters, similarly combined ; others are unlike. Thus, a, 4a, — Sa, 
are like quantities. So, also, are Sa-b, — Sd-b, and 4a^& ; each set 
of quantities differing only in signs or coefficients. On the con- 
trary, a^ and ab'^ are unlike, as (§ 11.) they may be written aab 
and abb ; in which expressions, though the letters are the same, 
they are differently combined. 

17. An equation is an algebraic expression, which, by means of 
the sign 3=, denotes that two quantities are equaL Thus, 2af+5 
=25, <ia^^'\-ba=c, and ar^— flw?+6=0, are equations. The quan- 
tity before the sign sa is called the first or left-hand member of 
the equation, and the one after it, the second or right-hand member* 

1 8. An identical equation is one which is universally true, what- 
ever values may be assigned to the quantities contained in it, its 
members differing only in form. Such, we shall hereafter find, 
are 

(a7+fl)2=^ + 2a«4-a2^ and (a?— a)2=(a?+a)2— 4«d7. 

19. An equation is said to be of the^r*^, second, third, or nth 
degree in relation to one of the quantities contained in it, and which 
is generally regarded as unknown, according as the highest power 
of that quantity is the first, second, third, or nth power. Thus, 
with respect to a;, ax -^b=c is an equation of the first degree; 
(w^-f 647 — c=0, one of the second ; ax^-^-ba^+ax-^d, one of the 
fourth ; and ajf^-^-bx^c, one of the nth degree. An equation of 

* Instead of the characters here pointed out» the older writers used 

lines drawn over the quantities. In this way, the expression in the text 

*? 

would take the form, a + '/a^ + b'^ . This clumsy and inelegant form of 

the vinculum is now little used. 
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€be second degree is often called a quadratic equation^ or a quadtO' 
tic ; and one of the third degree^ a cubic equation ; while an equa- 
tion of the fourth degree is sometimes called a biquadratic equation, 

20. If an equation contain but one power of the unknown quan. 
tity^ it is said to be a simple equation; but if it contain more 
than one, it is compound. Thus, in reference to *, flx+6=ca7, 
aafi -f 6=ca?*^_, €uV^— 6=3 are simple equations ; while €uc^ -|-6a?=c, 
aai^ -f ftiT -|- c = 0, and a?^ -f aafi = 6 are compound equations. 

21. As it is of the utmost importance, that the student should 
haye an accurate knowledge of the meaning of the algebraic charac- 

. ters and signs^ so far as they have been explained, it may be proper 
to give some instances of the numerical computation of algebraic ex- 
pressions. Thjis, suppose, that at the commencement of an inves- 
tigation, 10 had been denoted by a, 6 by b, and 5 by c, and that at 
the conclusion we had found «=-iac-i-^6^-.6cH--86y by substi- 
tuting in this expression the foregoing values of a, 6, and c, we 
get 37=^ X 10x54-^x6^— 6>5-f 3x6; or, by performing the 
operations^ ^=25 + 12—30 + 18. Hence, by adding together 
25, 12, and 18, and taking SO from the sum, we get a?=25. 
^ Suppose again, that in another question, a, 6, c, and d had been 
put respectively to represent 5, 3, 8, and 7, and that we had found 

o2-62 4Mb-cd . 12c ^^ 

/r= + — 2a; 

c-d 26— a a+6 

then, by substituting for a, 6, c, and d, their values, we get 
25—9 4x5x3-8x7,12x8 „^^ l6 4,96 ,, 

^=8-37- 2X3^5 ^5 + 3-^^^=1 -1-^-8 "^^ 

==:l6 - 4 + 12— 14 ; or, by contraction, a? - 10. 

For ])ractice, the learner may compute the values of the fol- 
lowing expressions, taking a^=5, 5=4, c=2, and (2=1. 

1- ^=.-T->-:r-^ i> L , . -gq+3d. Ana, i?=:l4. 

6+d d 6 + c+d 

' a^-^b'i-cP , abed 4>a^-lOb€ . . 

^' a-\'b+d ^26+c 2c+d 

8bcd^2ab'^'^l6 a^-b^^(^ + 7d^ . «-ooi 

^ a-\-b'~c+d 46c 

4. y==^{a2f62^5)«S^(a2_ft2«c2-d2). Ans, y=.0, 

22. The following examples and exercises are given as a con- 
clusion to this section, with the view of introducing the student to 
the mode of applying algebra in the solution of problems, and of 

i» B 4 
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making him acquainted with the principal elementary processes in 
the resolution of equations. 

Exam* 1. To find a number such that if 3 be added to its dou- 
ble, the Biun shall be equal to what remains when the number itself 
is taken from 21. 

To solve this question, let the required number be represented 
by 07 ; then (§ 7.) its double \& %x\ to which if 3 be added^ the 
sum (§ 6.) is 2jp-\-3, Again, by taking the required number op 
&om 21^ we get (§ 6.) 21 - x. Now, by the question, these 
two results are equal; that is, (§5.) 2d?+3=21— or; which 
(§§17* and 20.) is a simple equation : and this equation is plainly 
a translation, so to speak, of ibe conditions of the question into ' 
the brief and concentrated language of algebra. It now remains 
that we find the value of the unknown' quantity x from the fore- 
going equation : and this is effected by means of certain simple 
and obvious processes. Thus^ let a be added to both members ; 
tiien, beci^use tiie second member is less tiian 21 by o?^ we shall 
have, by § 6., the new equation, 474- 2^ -|- 3 =21, or, by an ob^ 
vious contraction, 3ir-i-3=2I. From each member of this take 
3 : tiien (§ 6.) we get the equation, 3d7=21 — 3 ; or, by contrac- 
tion, 3^==>1 8. Divide tiiese by 3 ; then x=:6; which, therefore, is ' 
the required number. * This answers the conditions of the question ; 

* In mathematical operations, it is often of consequence to employ par- 
ticular forms or types, suited to the nature of the subjects of enquiry. 
This is peculiarly aidvantageous when many operations are to be con* 
ducted according to one general rule or principle ; such as in the com<* 
putation of lunar observations for finding the longitude, in the resolu- 
tion of the higher equations, and in many other instances. This will 
be exemplified in the form given in the q 1 

margin for the resolution of the equa- 3x «2a:+ +1 .... (1) 

tion marked (1). In this operation ' ^ 

(and the same will be done in many other Sx— 2*— — = — ^ ! +1 .... (2) 

cases), the several lines, or steps, are dis- 7 2 

tinguished by the numbers 1, 2, 3, &c., _2ar_ ar.+ l ^^ 

enclosed in parenthetic marks, for the * 7 2 ' ^^ 

sake of easy reference to them in illus- I4x—4cxs=7x -1-7+14 ...,...(4) 

trating the process. In the reduction 10xb7x + 21 (5) 

of the present equation, (2) is derived 3x=:21 (6) 

from (1) by transposition, and (3)fi:om x=7 (7) 

(2) by contraction. Equation (4) is 

then obtained by clearing (3) of fractions; (5) from (4) by contraction; 
(6) from (5) by transposition and contraction; and (7) from (6) by 
division. It is scarcely necessary to remark, that the numbers (1), (2), 
&c., need not be employed in algebraic operations, unless when the openu 
tions are to be illustrated by comments. 
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since if 3 be added to the double of 6, the sum is 15 ; and if 6 be 
taken from 21 ^ the remainder is also 15. 

Exam, 2. Required a number^ such^ that if it be multiplied by 
7^ and 1 be taken from the product^ one third of the remaindcar 
shall be greater by 1? than the number itself. 

Here, denoting the required number by x, we get^ successively^ 
by performing the operations mentioned in the question^ by means 

of §§ 7, 6, and 8., la, lx—\, and — - — ; which last is to be 

equal to x increased by 17> that is, to ^ + 17. We have, there- 
fore, for the algebraic expression of the question, tiie equation, 

=47 + 17* To find the value of se from this equation, let 

both its members be multiplied by 3 : then, since S times the third 
part of 707— 1 is evidentiy 7^7— 1, we get 7^ - 1 =3a?+ 51. By 
adding 1 to both members of this, we obtain 7o7=dd^+51 + 1, or 
7;r=3a7+52. From these equals take 34?: then 7o? — 3j7=52, 
or 4j7=52. Lastiy, since the fourth part of 4kp is evidentiy 
dp, we get, by dividing these equals by 4, a? =13, the number 
required. To try tiie correctness of this result, we multiply, ac- 
cording to tiie question, 13 by 7* and from the product, 9I4 we take 
1 ; then, dividing tiie remainder by 3, we get 30, which is equal 
to 13 and 17> or is greater than IS by 17. 

23. From a review of the operations in the two preceding ques- 
tions, it will be seen that we have employed the following axioms : -— 

Axiom 1. If equals, or the same be added to equals, the wholes 
or sums are equal. 

Ax, 2. If equals, or the same be taken from equals, tiie re- 
mainders are equaL 

4x. 3. If equals be multiplied by the same, or by equals, the 
products are equal. 

Ax, 4. If equals be divided by the same, or by equals, the quo- 
tients are equal. 

24. To resolve an equation, that is, to find the value of some 
assigned quantity contained in it, and regarded as unknown, it is 
necessary to separate tiie required quantity and the others. This, 
as we have seen, is effected in the foregoing examples by means of 
the axioms in the last § ; and the same can be done in every 
like case, in a similar manner. From these principles, however, 
technical rules may be derived, which will be found to be more 
convenient for practical use. Thus, from the equation j?-|-»- - 

B 5 
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we derive another equation, w^q—p, by subtracting p from both 
members; while, had the original equation been x^p = q, we 
should have got a^q-\-py by adding p to both its members. It 
appears^ therefore, that whether the sign of any term, such as p, be 
+ or — , another equation will be obtained by removing that term 
to the other member and changing its sign. Hence, 

25. A quantity may &« transposed /rom one member of an eqiuu 
Hon to the other, by changing its sign. It is plain, also, that any 
number of terms may be transposed in a similar way at a single 
operation. Thus, if 4j; — a + 6 = So? + c, we shall have 40?—- 8a? = 
o— 6-l-c, or a7=:o — 6-l-c. 

26. Again, if Sia7=12, we get the new equation d?=4, by di- 
viding both members by 3; and it is plain that a like division 
might be made, if, instead of Sx, we had 5jp, lOor, or, in general, 
ax. Hence, in an equation a multiplier of any term may be re- 
moved by dividing both members by it, 

X 

27. If -z= 4, we get the new equation 0^=20, by multiplying 

o 

each member by 5 ; and if, instead of 5, the divisor were 3, 7> or 
any other number, such as a, the divisor would be removed by 
multiplying by 3, 7, or a, "We have, therefore, the following rule : 
— In any equation a divisor or denominator may be removed by 
multiplying both members by it. This process is generally called 
the clearing or the freeing of an equation effractions. 

28. If there be two or mmefrajctions in an equation, they may all 
be removed at a single operation (,l.)by muUiplying by them all at once 
(or by their product), or (2.) by their least common multiple. The 
first of these two processes is effected most simply by multiplying 
each numerator by all the denominators except its own, and then 
omitting its own, and by multiplying all tiie quantities which are 
not fractions by all the denominators successively, or by their pro- 

duct Thus, if we have -«- — t * ~ir~==^^9* ^® multiply 9.x by 4 

O T? O 

and the product by 5, or 2d? at once by 20(=4 X 5); - a? by 3 
and 5, or by 15 ; 2j7by 3 and 4, or by 12 ; and 49 by 3, 4, and 
5, or by 60(=3x4x5). We thus get 40d?-15d? + 24d?= 
2940, or 4907=2940; whence (§26.) x=60. It is plain, 
that in this process each term is multiplied by 3 x 4 x 5, or by 
60 : and therefore all the parts of the first member being increased 
sixty-fold, and the second member being increased in the same 
degree, the two resulting members (Ax. 3. p. 9 ) must evidently 
be equal. 
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It may be remarked^ that, for completing the elementary theory 
of the reduction of equations^ it wotdd be necessary to give the 
method of i^-eeing equations from radical quantities^ when they 
occur. This^ however^ will be given with more advantage in a 
subsequent section. 

Ewam. * 3. Find the value of x in the equation 

6d? — 5 = 15 — 4r. 

Here, by transposition (§ 24.), 6d?+4j?=15 + 5, or l0«=20. 
Hence, by dividing by 10 (§ 26.) we get a?=2. 

To prove the correctness of the result, if we substitute 2 for a? 

in the given equation, we get 6 x 2 — 5, or 1 2 — 5, that is 7, for the 

first member ; and for the second, 15 — 4 x 2 = 15 — 8=7- Hence 

the value found for x is correct, as it make^ the two members of 

the given equation equal. The student will find it useful to prove 

his operations in the manner that has now been pointed out. 

^ 2 

Exam. 4. Resolve the equation x — 7=-—, — . 

4 

By clearing this of fractions (§ 27.) we get 4» — 28=4'— 1 ; 

whence, by transposition (§ 24.), 4a?— 07=28— 1, or So? =27. 

Dividing, therefore, by S we get xzszQ, the answer. 

Exam, 5. Resolve the equation — ^-f- — =4. 

Here (§270 ^7 multiplying ^+1 by 5, and omitting the 
denominator, we get 50? -h 5; by multiplying x—l by 6, and 
omitting 5, we find 6x^6; and, by multiplying 4 by 6 and the 
product by 5, or 4 at once by SO, we obtain 120. Hence the equa- 
tion is changed into 5^7 + 5 -f 6.r — 6=5 1 20. Hence, by transpo- 
sition, 54?-f 647=120 — 5+6, or, by contraction, 11 47= 121 ; 
whence, by dividing by 1 1, we get a? = 1 1, the answer. 

TVlien there are fractions it is generally best to commence by 
removing them, as was done in the last example. Sometimes, how- 
ever, especially in the more complicated expressions, it is preferable 
first to transpose certain terms, as by this means contractions may 
often be made. The following equation exemplifies this. 

* As it is of great coiftequence for the student to acquire facility and 
expertness in the performance of algebraic operations, some numerical 
examples are here given ; and a number of exercises are subjoined, which 
can all be wrought by the principles that have been established. To the 
examples he ought to attend, till he can work them without assistance 
from the book or jfrom his teacher ; and he will then find it easy to work 
the exercises. 
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Exam, 6. Resolve the equation Sd? — -+5=24? + 8. 

From this we get, by transposition, 3^ — 2d? — -=8 — 5; or, by 

contraction, j7— -=3. Then, by multiplying by 2, to dear the 

equation of fractions, we get 20? — ^==6, or 07^6, the answer. 

5i/ 7t/ 

Exam, 7« Find the value of y in the equation -^ — 6== - , 

Here, since 12 is a multiple of 6, instead of multiplying by 6 
and 12, we multiply only by the latter. In this way, the first term 

becomes ~~, or lOy; and the equation is changed into lOy — 72 

=7y ; whence, by transposition, &c., we get y=24. In multi- 
plying the first term by 12, we might have multiplied by 6, which, 
by removing the denominator 6, would give 5y ; the product of 
which by 2, the remaining factor of 12, gives lOy, as before* A 
like process is admissible in every similar case. 

.47 5x Jx 
Exam, 8. Resolve the equation - -f ^- — =22. 

Here, by multiplying by 4, the product by 6, and that product 

QOx 2Sx 
by 9y we get, successively, ^4--^ ^-=88; 

6a?-|-20d7- =528, or 26x —=528; 

and 2S4a? - l68d7= 4752, or 66a?=4752 ; 
the division of which by 66 gives a? =72, the answer. 

To solve this according to the second method mentioned in 
§ 28., we have (Arith. p, 83.) 36, the Ifeast common multiple of 
4, 6, and 9* Multiplying, therefore, the first fraction by 36 
( =4 X 9)^ we get 9^ ; multiplying the second by 36 (z:z6x6), 
we find 30x; and multiplying the third by the same (=9x4), 
we obtain — 28^. Multiplying also 22 by 36 we get 792, and the 
equation is changed into 9«!pH-30^ — 28a?=792, or I la? =792; 
whence, by dividing by 11, we get j?=72j as before. This me- 
thod has the advantage of keeping the numbers smaller and more 
manageable. 

Exam. Q, Find two numbers differing by 2, and such that the 
greater and four times the less may be together equal to 27. 
Let X be put to denote the less; then, by the question, 07+2 
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vriJl be the greater. By the question^ also^ x-f-2 + 4a7^ or 5a + 2 
=27 > whence, by transposing 2 and dividing by 5, we get 07=5, 
the less number ; and therefore the greater is 7* ^^ might here 
have assumed a; to denote the greater number, and then or — 2 would 
represent the less, and the work would proceed in almost the same 
manner as before. 

Eosam, 10. A farmer rents 100 acres of land for 150/., part at 
27«. and part at S^s, per acre. How many acres has he of each 
kind? 

Let Of denote the number of acres of the dearer kind, and 100 — a? 
will be the acres of the other. To find the rents of these in 
shillings, multiply the former by S7, and the latter by 27 ; the re- 
sults are 37^ and 2700 - 27^. Now, by the question, the sum 
of these rents must be 3000, the shillings in 150/. We have, 
therefore, 37*r+ 2700- 27^=3000 ; whence by transposing 2700 
and contracting, we get 1007=300; and, by division, 07=30, the 
number of acres of the dearer kind; by taking which from 100, 
we get 70 acres, the quantity of the cheaper kind. 

Exam, 1 1. Divide 51 into four parts, such that one half of the 
^t, one third of the second, one fifth of the third, and one seventh 
of the fourth may be all equal. 

Let 07 denote each of the equals, one half of the first, one third 
of the second, &c. Then will the required parts be 2o7, 3o7, 5o7, 
and 7^* ^Mty by the question, the sum of these is to be 51 ; that 
is, 2o7 + 3o7-f 5o7-f-7^> or 17^=51 ; whence, 07~3: and by mul- 
tiplying this successively by 2, 3, 5, and 7, we get 6, 9> 15, and 
21, the required numbers. 

Ea^am, 12. If one person. A, start from a certain place,, and 
travel at the rate of 9 miles an hour ; and if, two hours and twenty 
minutes after, another person, B, start in pursuit of him, and 
travel at the rate of 1 1 miles an hour ; how far will each have tra- 
velled before A is overtaken ? 

To solve this question, let 07 be the number of hours that B 
travels before overtaking A. Then, in that time B will travel 1 lo7 
miles, and A 9^ miles. Before B started, however, A had tra- 
velled two hours and a third at the rate of 9 tniles per hour ; he 
must, therefore, have travelled twice 9 and the third of 9? or 21 
miles. Hence, by the nature of^he question, 1 lo7 — 9o7, or 2dr ~ 21 ; 
whence, by dividing by 2, 07=10J hours, the time travelled by B, 
and the product of this by 1 1 is 115^ miles, the distance travelled 
by each. By adding 2 hours 20 minutes to 1 hours 30 minutes, we 
get 12 hours 50 minutes, or 12 J hours, the time A travelled ; the 
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product of which by 9 is 1 1 5^, the space travelled ; and this proves 
the correctness of the result. In this solution, instead of x being 
put to represent the required distance^ it has been put to denote 
the time that B travelled ; and by this means the solution has been 
considerably facilitated. This is one instance^ out of many, in 
which it is better to put w to represent, not the quantity ultimately 
required, but one from which that quantity may be derived. 

Exam^ 13. If a person each year double his capital except an 
expenditure of 4002., and at the end of three years find himself 
worth three times his original capital, what had he to commence 
with r^ 

Let 00 be his original capital in pounds : then at the end of the 
first year, he will have 2j7 — 400^ which is his capital at the be- 
ginning of the second. From the double of this, 4a7 — 800, take 
400, and the remainder, 4a? - 800 — 400, or 4j?— 1 200, will be his 
capital at the beginning of the third year. Double this in like 
manner and subtract 400; and the result 8^ — 2400—400, or 
8d7 - 2800, will be the amount of his property at the end of the 
third year. Then, by the question, 8^— 2800=S.r; whence, by 
transposition, &c. or =560/., the answer. 

Proof, 560 X 2 = 1 1 20, and 1 1 20 ~ 400 = 720, his property at 
the end of the first year. 720x2 = 1440, and 1440—400= 
1040, his capital at the end of the second year. Lastly, 1040 x 2 
=2080, and 2080 - 400=1680, what he was worth at the end 
of the third year ; and as this is exactly treble of the original capi-* 
tal, 560/., the answer is correct. 

Exercises in Numericcd Equations of the First Degree* 
Resolve the following equations : — 

1. 6^ + 31=281-407. Ans,af^25. 



2. 11 -f 07=319-307. ^n*. 07=77. 

07 

5' 



3. 207- 9 =72 +f. -4»*. 07=45. 



07 + 2 

4. 07—11=:—^ — h7. Ans.a=Q3. 

o 

X SB ^ 

5. o'"^~Q+^* ^n*. 07=12. 

6. 1 1 - ^= 1 3 - '^. Ans, a?=:40. 

5 4 
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^-4> 1 ^ — 1 

7. ^-?- +-^=8. Am. d?=19. 

4 o 

8. -3-+ j2 — g^+3. ^n*. 07-51. 

ar , 4o? 607 07 So? 5o? . „, ^ ._^ 

9. ^+T-y=2^T~"6"^®^- ^IM. 07=420. 

d?— 1 , 07—2 07-3 ^ . 

10. — g— "i — 3 4~~"- ^ns. 07=11. 

11. Divide 11 into two parts^ such that the sum of twice the 
first and half the second may be 16. Ans. 7 and 4. 

12. Divide 39 into four parts, such, that if the first be in- 
creased by 1, the second dhninished by 2, the third multiplied by 
3, and the fourth divided by 4, the results may be all equaL 

Ans. 5, 8, 2, 24. 

13. Suppbse two coaches to start at the same hour, one from 
London for Glasgow, and the other from Glasgow for London, the 
former travelling 10^ and the latter 9^ miles per hour : where 
will they meet, the distance between the two cities being 400 
miles ? Ans. 210 miles from London. 

14. Suppose every thing to be as in the last question, except 
that the coach from Glasgow starts two hours earlier than the other ; 
where will they meet ? Ans. 200^ miles from London. 

15. A dealer purchases 60 yards of cloth for SOL ; and by sell- 
ing one part of it at 12*., another, twice as great, at 14«., and the 
rest at 10*. per yard, he gains 8^ How many yards were in the 
several lots ? Ans. I6, 32, and 12. 

16. Suppose two dealers each annually to double his capital, 
except an expenditure of 100/. ; and, that at the end of three 
years, the capital of the one is found to be doubled, while the other 
has only half what he had at first: how much had each to com- 
mence with ? Ans. 11 6/. 13*. 44. and 93/. 6*. 8d. 

17. If a person each year double his capital except an expendi- 
ture of 300/. the first year, 400/. the next year, and 500/. the 
third, and at the end of three years be found to be wprth 5500/., 
what was his original capital? Ans. 1000/. 

18. A father's age is now treble of his son's, while five years 
ago it was quadruple : what are their present ages ? 

Ans. 45 and 15 years. 

19. Divide 1000/. between A, B, and C, giving A 100/. more, 
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and B 50/. less, than C. Am. A'b share 4l6/. ISs. 44.; 

B's 266L 13s, 4d.; and C*s 31 6/. 13*. 4rf. 

20. A spirit merchant finds that if he add 10 gallons to a cask 
of hrandy, the mixture ivill he worth ^Is. per gallon ; hut that if 
he add 10 gallons more^ the value will he reduced to 18«. How 
many gallons were in the cask? Ans. 50. 

21. Find a numher, such that if it he divided successively hy 
2 J 3, 4}y 5, 6, 7t 8> 9^ And 10, half the sum of the first four quo- 
tients increased hy 20 shall he equal to the sum of the remaining 
fi^e. Am. 5040. 

22. Find two numhers differing hy 6, and such that three times 
the less may exceed twice the greater hy ?• Ans. 25 and 19. 

23. Find a numher such, that if it he increased successively by 
1,2, and 3, the sum of one half of the first result and one third of 
the second shall exceed one fourth of the third by 8. Ans. 1 3. 



SECTION II. 

FUNDAMENTAL OPERATIONS. 



ADDITION. 

29. To add together unlike quantities; write them in succes- 
sion, prefixing to each its proper sign. 

Thus, (§ 6.) the sum of a and b h a-^b; while that of a? — y 
andv — jif is 07— y + r— j», the sign -♦- being omitted in the one 
sum before the first term a, and in the other before the first term x. 

Like quantities might also be added in a similar manner. Thus, 
the sum of a and a might he expressed hy a+a, that of 2a and 
3a by 2a + 3a, &c. Such quantities, however, may he incorpo^ 
rated, that is, may have two or more terms combined into one, by 
means of the two following rules. 

30. To add quantities which are like, and have like signs ; add 
the coefficients together, and to their sum prefix the common sign, 
and annex the common quantity. 

Thus, the sum of 3a and 5a is 8a ; and that of 2a — 3b and 
6a — 4& is 8a — 7b. The reason is plain. The sum of 3 times 
any quantity a and 5 times the same wiU be 8 times that quantity. 
Thus, the sum of 3 days and 5 days is 8 days, and 3 shillings and 
5 shillings are together equal to 8 shillings. In the second ex- 
ample, the sum of 2a and 6a is 8a : but the first quantity is less 
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than 2a by 3b, and the second is less than 6a by 46. The sum 8a 
must, therefore^ be diminished by the sura of 3b and 46^ that is 
7b, to find the correct sum of 2a — 36 and 6a— 46. 

If the coefficients be literal^ they may be added according to § 29', 
and the common quantity annexed to their sum pkced in a yincu- 
lum. Thus, the sum of tur, bx, and ex, may be written either 

ax-\-bX'\-cx, or (a+6-hc)j?. 

In the two following examples^ the like quantities are placed in 

the same column ; an arrangement which facilitates the process^ 

and lessens the chance of falling into mistakes ; and which ought^ 

therefore^ to be adopted in other cases^ as far as it conyeniently can.* 

Exam, 1. Exam, 2. 

SaV -4aj;3_ 3^ \^2x ■\- 3x^ - 4^ -\- 5x^ 

5aV-2aa?"^- x 2 - Sj? -h 4*2 _ 5^ ^ 6, 

4a2a?*— ax'^ — bx S — 4d? + bx'^ — 6^ + 7ar* 

Sum =sl2a2«3-7a^-9^ Sum =6 -94?+12d?^- 150^^ + 18** 

31. To add quantities which are like, but which have unlike 
signs ; add together first the positive^ and then the negative co- 
efficients ; subtract the less sum from the greater ; to the re- 
mainder prefix the sign of the greater; and annex the common 
quantity. 

Exam. 3. Exam. 4. Exam. 5. 

4>x^—5aa^—a'^x-\-3a^ 3x^y—4ixY-\- xj^ ^a+b+c 

—3^:3-1- aa^—3a'^X'\'5€fi x''y -t Sxy^ -^^ 3xy^ a—b-^c 

2x^-^6aa^+5a^x—2a^ Sa^y-\- xY—6xy^ a-^b--c 
$^ — 3aa^^ ^c^x — 3c^ ar^y —2^ a-^b-^c 

4a?!»— 047^— 3a2d7H-Sa3 or arV— 2d?y5 

In the first column of the first of these examples, the sum of 
the positiye coefficients, 1, 2, and 4, is 7 ; from which we take 3, 
the only negatiye coefficient: the remainder 4 is positive, and 
therefore the sum of the quantities in the first column is 4j7^, to 
which^ as it is the first term, it is unnecessary to prefix the sign + . 
In the second column, the sum of the positive coefficients is 7> &nd 
that of the negative 8. Taking the former from the latter, we 

* In common arithmetic we commence operations in addition, subtrac- 
tion, and multiplication, at the right-hand side, and proceed towards the 
left, on account of " carrying '* from column to column. In algebra no 
advantage would be gained by following that order ; and therefore, in 
these rules, we commence at the left side, and proceed in the order in 
which quantities are written and read. 
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get r^ to which the sign — , that of the greater^ is to be prefixed ; 
and^ therefore, the sum of the quantities in the column is — las^, 
or as it is written. -^aaK The other columns are added in a 
similar manner.' 

The reason of the process is plain. In the first colunm, the 
positive terms amount to Tar^, which is to be diminished by the 
subtractive term —3^. In the second column, the amounts of the 
positive and negative terms are respectively 7o^* and —Sew?-. 
What is to be subtracted, therefore, exceeds what is to be added 
by once ojb^ ; and this is accordingly written down, with the sign 
of subtraction prefixed. 

In Exam. 4. the amounts of the positive and negative co- 
efficients in the second column are equals Hence, the positive 
and negative terms neutralise each other, as much being subtracted 
as there is added ; and, therefore, the sum of the quantities in 
that column is nothing. 

32. In a great proportion of cases in Exanu 6. 

actual practice, all the three foregoing 2a^^ — 3a^ + 4 
rules, or two of them at least, must be em- 5^2^ _|_ 4^^ _ 5 
ployed. Thus, in the annexed example, o^^ — 2aa?-f2c 
the first columl:! is added according to ^a^x^ax — h'^-^^i 4-4 
§ 30., the second by § 31., and the third 

by § 29. 

Exercises,* — Required the sums of the following quantities : — 

' \. ax'^, a^x, y\ BXid Shy^, Ans.ax^-^a^x-\-f-\-3hy^. 

2. a»-2a26-3a6'-4-2&3, 3a3-a^6-4a6''-f 1063, 2a-^_3o2ft 
- 6fl6- + &3, and .5a.i - A>a^h - al^ + Sft^. 

Ans. 1 la3 - 10a26 - 14a62 ^ i6fr\ 

3. ^5-5a?2-3a?+l,2^H6a?2-|-5a?-|-3,8a?3-2a72-d7-.l, and 
4^-.a?2 + 2^-5. Ans. lOa?"^— 2a7^H-3d7-2. 

4. — a-|-6-|-o+d, a — 6-fc + d, a-f 6 — c-t-rf,and a-^h^c — d, 

Ans. 2a+26-h2c-f 2rf. 

5. a^ 26, 26 — 3c, 3c — 4rf, 4rf— 5e, and 5€ — 6f, Ans, a — 6f. 

6. f + 2y^a! - 3y«^y 2y3 + 9,y''» + 5yz^, and ?^ - 4^^z - 2y«2. 

Ans, 6y^, 

7. ax^-\-hx'^i 6j7*— ca?2, and Cir^4 dx\ 

Ans, (a-i- 6-f c)a73-f (6-c-hd).r2. 

8. mz^—nx, nz^^pz, and 2z^ — z, 

Ans. (m + n + 2)«2 ^ ^n -{- p -^ l)z. 

* The number of exercises given here, as well as in subtraction, is 
purposely small ; as ample practice, and of the best kind, is supplied in 
multiplication and division. 
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SUBTRACTION. 



33. To subtract one quantity from another; oonceiye the sign 
or signs of the former to be changed (-f into — , and — into -j- ), 
and proceed as in addition. 

To prove this important rule, by means of which, without any 
diversity of cases, we are enabled to perform the subtraction of 
quantities by the rules of addition already given, let us assume 
two quantities, x — y and or— v, each having one term positive and 
the other negative, and thus presenting every variety of signs ; and 
let it be required to subtract the latter from the former. Now, 
if from a? — y we take «, the remainder (§ 6.) is ^_« 
a?— y — z. The quantity to be subtracted, however, ^^^ 
is not z but «— », that is, a quantity less than si by -^ _^ — 
V. Having thus, therefore, taken away too much ^ "^^ 

by ff, we have left too little by the same quantity, and we must 
accordingly add ». Hence (§ 6.) the true result is a-^y—z ± v. 
Comparing this with the original quantities, a — y and z—v, 
we see that the signs of x^y remain the same as they were, but 
that the signs of z—v, the quantity to be subtracted, are changed, 
the first from + to — , and the second from — to + : and, finally, 
we see, that after these changes are made, the quantities are con- 
nected as in addition.* 

Had the given expressions consisted of like quantities, instead 
of being unlike, as those above employed, every thing would have 
proceeded on the same principle ; but in such a case, the ^ _ g 
like quantities would admit of incorporation according to q„_q^ 
§ 30. or §31. Thus, in the annexed example, by pro- q~"X"' 
ceeding as before, we should get 5a — 2d7— 2o-f 3iP, or, ^^"^^ 
by contraction, 3a 4- a?, the same that would be obtained by changing 
2a into — 2a, and — Sa into 3a;, and then adding the columns ac- 
cording to § 31. 

In case of like quantities, having like signs, when the coeffi- 
cient of the one to be subtracted is the less, we may simply sub- 

• Since a— a^O, and — a-f asO, and slnoe in subtraction the re- 
mainder must be such, that if to it the quantity subtracted be added, the 
result must be the other one of the proposed quantities ; the rule for sub- 
traction may be easily established on this principle. Thus, if from ar we 
are to subtract y-z, the remainder must be ar— y + « ; since by adding 
y-z to this we get x-^y + z + y—Zf or, by contraction, x: and hence we 
see that the signs of y and — « must be changed. 
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tract the less coefficient from the greater, and to the remainder 
prefix the common sign, and annex the common quantity. Thus, 
in the last example, hy taking 2a from 5a we get So, So also, if 

— 7^ he taken from — \^, the remainder is ~ 5j7. In other cases 
the general rule is to he employed. When there are literal co- 
efficients, let the operation he performed on them, and to the re- 
mainder annex the common quantity, employing liie vinculum, if 
necessary. Thus, if &^ he taken from (a+6)y, the remainder is 
ay I and if lu; he taken from mx, the remainder is mx—rue^ or 
(m — n)x. So likewise, if from ax we take (a - b)z, we get 6ar. 

Exatn„ 1. Exam, 2. Exam. S, 

4^«^-o«+6« Sx^y +8a7y* a^-4a^-^l\€fi 

Exercises, 

1. From a-^b'{-c, take — o-|-6H-c. Ans, 2a. 

2. From 40^ — Sa-o? -h ao:*'^ — 2j^, take 2a8 — ^a^jp — a«2 — x\ 

Ans, Qa^'\-a^x-^2ax^'-'Xr^. 

3. Take^-3^-+Sa?-l from ^+3^2^307+1. 

Ans. ftr^+g. 

4. From ax^-i-by^ take cx'^—dy\ Ans, (a^c)x^+(b-\-d)y^. 

34. We have thus far considered negative quantities only in 
connexion with positive ones in compound quantities. Such quan- 
tities, however, often occur in a detached form, and it may be 
proper here to enter into some consideration of their nature and 
character. 

If from a we take b, the expression for the remainder is a — 6/ 
and so long as a is not less than 6, the meaning is plain. Thus, 
if a=5 and 6=2, we have a — 6=5 — 2 — 3. In this case we may 
put b under the form 5 — 3; and by taking this from (a=)5, by 
the rule for subtraction, we get 3 for remainder, as before. If, 
however, a be less than 6, the subtraction, though it may be indi- 
cated to the eye, can no longer be performed in the ordinary arith- 
metical sense. Thus, if a=5 and 6=8, we should have a — 6:= 5 

— 8, which, in the arithmetical sense, denotes an operation that 
cannot be performed. Putting, however, 8 under the form 5 + S, 
and subtracting this from 5 by the rule for subtraction, we get for 
remainder — 3. To interpret this expression, we have to consider, 
that, by an extension of the rule for subtraction not originally con- 
templated, we have gone through the farm of subtracting 5-^S 
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from 5. The first term of 5 +3 we can subtract from 5, and the 
remainder is ; but there still remains 3 to be subtracted ; and this 
is what is indicated by the expression — 3. This expression, there- 
fore^ denotes a defect, and shows that 3 still remains unsubtracted^ 
and that it must be subtracted afterwards^ if there be opportunity. 
Thus^ if o= 5, 6=8, and c=7, the expression, a — b-\-c, becomes 
5 - 8 + 7 ; and by taking 8 from 5, as above, we get — 3, a nega- 
tiTe or subtractive quantity. Taking this^ therefore, from 7> we 
get 4 as the value of a — b-^c, the same that would be obtained 
by taking 8 from 5 + 7.* 

* As a farther illustration, if a person have an income of 1000/. a year, 
and spend 6002., he makes a saving of 400f. ; if he spend 900Lt his saving 
is reduced to 100^ ; and if he spend 10002., it becomes nothing. I^ how* 
ever, he spend 12002. there is no longer a Mving in the ordinary meaning, 
but a defectf or a reduction upon his other savings, of 200/. This the alge- 
braist, still keeping up the idea of a saving, regards as subtractive or 
negative, and in this way he still arrives at the same final result. By this 
means, the number of rules for the performance of operations is greatly 
diminished, and a uniformity of conception and process is obtained, which 
is of high importance. 

From tliese views it will be seen, that the adding of a negative quan- 
tity, in the algebraic sense, is the same as the subtracting of it, in the 
arithmetical sense. Thus, in the foregoing illustration, the savings in the 
first three years amount to 5002 ; and if to this we add —200/1, the saving 
in the algebraic sense, in the fourth year, we get 300/., the entire amount 
of the savings in the four years. On the other hand, the subtraction of a 
negative quantity is, in the arithmetical sense, the same as the addition 
of that quantity taken as positive. Thus, to make use of the same illus- 
tration, if we suppose the person to have employed his savings in the gra^- 
dual extinction of a debt, that is, if he paid every year 10002. diminished 
by his expenditure, he would have reduced the debt by 400/. in the first 
year, by 100/. in the next, and by nothing in the third ; while in the fourth 
he would have increased it by 200/., his negative saving taken positively. 

These considerations will lead us to see, that, of two negative quanti- 
ties, the one which is less in absolute value, that is, the one which contains 
fewer units, is greater than the other, in comparison with positive quan- 
tities. Thus, if from 5 we take successively 1, 3, 8, and 10, we get the 
remainders, 4, 2, —3, and —5, each of which after the first, is evidently 
less than the one before it; so that —3 is greater than — 5. 

Hence also, according to the same views, we shall see the correctness 
of the somewhat startling assertion, that a negative quatUity is less thpn 0. 
This will be plain from considering, that if to a we add 0, we have still a ; 
while if, in the algebraic sense, we add —b, the result is a—b, which is 
less than a; and therefore —b, the quantity last added, is less than 0, 
which was added in the former case. In a similar sense, it is often said 
in common language, that if a man's debts exceed his property, he is worth 
less than nothing. 
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MULTIPLICATION. 

35. Whenfactore are multiplied together, the product is the same 
in whatever order the operation is performed, Thus^ 3 times 5 is 
the same as 5 times 3. To illustrate Uiis^ let dots be 

assumed to represent objects^ and let three lines^ each 
containing five dots^ be placed as in the margin. We 
have thus 15 objects represented, which may be re- 
garded either as 3 times 5 oljects, when we take the three hori- 
zontal rows; or as 5 times 3 objects, when we take the five ver- 
tical columns, each of which contains 3 dots ; and a similar illus- 
tration may be given in every case. 

In like manner, the continual product of 2, 3, and 5 will be the 
same, in whatever order these factors are taken. Thus, by what 
we have seen, it will be either 2.3.5 or 2.5.3, that is, 2x15; or, 
as we have seen, 15x2; or, which is still the same, 3.5.2, or 
5.3.2 : and other variations would be obtained by putting these 
last under the forms, 3 x 10 and 5x6, 

On the same principle we should have, universally, ab the same 
Sisba; and aba, acb, bac, bca, cab, and cba are all equivalent * 

36, When quantities are multiplied by a positive term, their sign^ 
are retained in the product ; but when by a negative one, they are 
changed. 

To prove this most important rule, let us multiply w — yhy 
a — b, each of these quantities exhibiting every variety of signs. 
Now, if we multiply x — yhy a, the product will be a tinies ar 
minus a times y, that is o^—a^.f The multiplier, however, is 

v. 

* To show this otherwise, and by more general reasoning, we hare a 
times 1 unit obviously the same as a units, or once a units ; and a times 2 
units will be double cX this or will be 2a units ; that is, a x 2= 2 x a. In 
like manner, we should have ax3=3xa, ax4»4xa; and, in general, 
ay,h^by.af or ab=iha\ so that it is the same whether we take a as the 
multiplicand and b as the multiplier, or the reverse. Put now p to denote 
ab or &a, and multiply by c : then, by what we have seen, we have pc=:cpi 
whence, by restoring the values of p, we get ahessseab = bac=d>a : and, by 
regarding ca and cb, in the second and fourth of these, each as a single 
factor, we should have bca and acb each equivalent to any of the other pro- 
ducts. By multiplying by other factors, such as <^ e, &c., the principle 
would be shown to hold universally. 

t That the product oi x—y by a is ax^ay may be illustrated by addi- 
tion, as in the margin, where the amount ofx—y taken 3 times 
is shown to be Sx—Sy : and the same may be shown regarding ~ 
x—y taken twice, four times, or in general a times. It woula ^ 

appear in the same manner, that the product of :r + y by a is '"^ 
ax + ay. As a familiar illustration, li & false pound weight 3x— 3y 
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not Oy but a^h, 9l quantity less by 6 than a. Hence we are to 
multiply a — y^yh, and to subtract the product^ hx-by, from the 
former product^ cue — ay. To make this latter subtraction be per- 
formed by the rules for addition in §§ 29> 30, and 31., we change 
(§ SS.) .^e signs of hx—hy, and then the work stands as in the 
second part of the annexed operation, the ad- x^y 
dition being performed in diis example by a — h 
§ 29. By examining the two partial pro- ax — av 
ducts, ax — ay and ~6a7+6y, in this latter ha—hu 

part, we see, that in the first, which is pro- ^ 

duced by multiplying by the positive term a, 
the signs of the two terms in the product are _\ 

respectively the same as those oi x^y, the 

multiplicand ; while in the second, which arises *** ^ *y 

from multiplying by the negative term, — 6, "" ^ 

the signs are the opposite of those in the mul- ax—ay'-bx-^ by 
tiplicand, x—y. The same may be sho¥m in every case ; and the 
truth of the rule is thus established. 

This rule is often expressed briefly in the following terms : In 
multiplication^ like signs produce plus in the product, and unlike 
signs minus. The mode of expression given above, however, is 
more simple and natural. 

37. To multiply terms which have coefficients ; find the product 
of the coefficients, and prefix it to the product of the other quan- 
tities. 

Thus, the product of Sa and Sb is 6ah. The reason is^ plain, 
since the product is 2xaxdX&, or (§35.) 2x3xax6, or, 
which is the same, Qab. 

38. The product of two or more powers of the same quantity, is 
expressed by writing that quantity with an index equal to the sum 
of the indices of the proposed powers. 

Thus, the product of a^ and a^ is o^ ; and the continual product 
of afi, x^, and a^ is x^. So likewise the product of x^ and x^ is 
jM+n^ and that of x and x" is o^^ : and, on the same principle, the 
product of ar"*"" and z^ is a:*". 

The reason of this is evident from §§ 10. and 7* Thus a^ 
and (t^ are the same as aa and aaa ; the product of which is aaaaa 
or 0^ ; the index 5 being the sum of the indices 2 and 3, the num- 
bers which show how often a is used as a factor in the given powers. 

be a pound wanting an ounce, two quantities weighed by it would be 
two pounds wanting two ounces, and a quantities weighed by it would 
be a pounds wanting a ounces. 



24 MULTIPLICATION. 

Ewamples. * 
Eaam. 1. Exam. 2. Ej^am, 3. 

3a ^-i-Sy^z c^— 5a^-\-^ 
4^ 2o 3a2 

12<M? 8a47+6a^— 2a« 3a*— 15a«-|-6«^ 

Exam, 4. Exam. 5, 

^-n_2^ H- 3a!«+« j^-2ar2 ^ 4^2^. 

3a* 3a?- J- qj? - g g^ 

- 2a2d?3^4a3^.8o4^ 



3a?5 - Jax^ -I- 1 2a2^ _ Sa^^ 

. Exam, o« 
a3-8fl264.63 

2fl2-2fl5 -362 

2a5-6a46 + 2fl26a 

-2a46H-6a362_ SaM 

-Sqa&2+ 9a^6»-36^ 

2a^-8a46 + 3a362-|. no263_ 2aft4_3ft5 

In the first and second of these examples^ the work is performed 
by means of § 37* ; and^ in addition to tMs §, the 3d, 4th, 5th, and 
6th examples require the use of § 38. In all of tliem, likewise, 
the principle established in § 36, is employed. In £xam. 6. we 
incorporate 2a2^ in the third column with 9C''^b^ ^ the fourth, 
these terms being like. 

* In the more lengthened algebraic operations in multiplication, the 
following very simple and easy verification of the process, so far as the co- 
efficients are concerned, will be found usefuL Find the separate sums of 
the coefficients of the multiplicand, multiplier, and product : then, if the 
last of these be unequal to the product of the other two, the work must 
be wrong ; but, if it be equal to their product, the work may be presumed 
to be correct. Thus, in Exam. 6., the sum of the coefficients of the mul- 
tiplicand, multiplier, and product are respectively — 1, —3, and 3; the 
last of which is the product of the other two ; and therefore the coefficients 
may be supposed to be correct. Should the complete product be found 
to be wrong, the partial products might be tested in a similar manner. 
Thus, in the same example, by multiplying — 1 successively by 2, —2, and 
— 3, the coefficients of the multiplier, we get —2, 2, and 3, which ought 
to be the sums of the coefficients of the several partial products ; and they 
are found to be so. 
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S9. ^Vlien the factors contain different powers of the uime 
quantity^ it is adTantageous^ for the purpose of making like quan- 
tities in the several partial products fall as much as possihle in the 
same columns, to arrange the terms accord- 
ing to the indices of those powers ; that 2^3— a»^ + 4a^J7 
is^ to place them so that each index may 2^^'\-*2aa — 2a^ 
be less^ or that each may be greater^ 
than the succeeding one. Thus^ if the 4a2«— asB^-\-%afi 
given factors were 4o*^+2^^— <m?2 ^xA — 2a2 -f 2^47 -f S,r2 
2o!^ — . 2a2 -I- Ss^j either of the arrangements 
in the margin might be used ; and the results would be the same, 
only reversed in order. In the first way, the terms are arranged 
according to the descending powers of or, and in the second ac- 
cording to the ascending ones. With regard to a, the arrangement 
is the reverse of this. 

Ejperdses, — Find the products of the following quantities : — 



1. 5iuc and Sap. Ans. Iba^xy, 

2. tj»+i and t)""*. Ans, t>^». 
S. fjw+p and tj"~P. Ans, ty""*^. 



4. ^ and sr'*, Ans. x^^. 

5. sf^ and of*, Ans, a^, 
6- a?2y3 and ^5^2, ^^^ ^-^^ 



7. a^— Sa^y H- Say^ and assy, Ans. ax^y— Saar^fp + Saafi^. 

8. 1— 2d7+S4?2— 4a?8and \-\-w. Ans. 1— ^^-r*— a^J— 4^1?*. 

9. 4?« + 2aa74-a^ and ai^—^ax+a^. Ans. af*—2a^a^-\-a^. 

10. t?— 2^and ar— S». Ans. 2vw^4ai^"'3vZ'\-6ax. 

11. Required the third power of 247 + 3y. 

Ans. 8j?3 + Sdr2y + 54«y2-f27y3.» 

12. Find the fifth power of 2»—3y. 

Ans. 3247^— 240**y+72ai?V— 1080^V + 810V— 243y\ 

1 3. Required the continual product of a+^-fc, ■^a'\-b-^c, 
fx— 6 + c, and 0+6— c. Ans. 2o-6^-i-2«V-f 26V-— o^— 6*— c*. 

14. Find the product of fl?2_y2 + a?2—|,2 and ^+y2_ <jf2_ ,,2. 

Ans. a^—y^^jg^ -f ©4— 2»2d?a ^. 2y V. 

15. Find the continual product of ^a-^y, 2x-\-y, and 4.^2+^2, 

Ans. iGx^—ff*. 

* This IS obtidned by multiplying 2x + Sy by itself, to find its second 
power ; and that result by 2x + 3y, The next exercise may be wrought 
in different ways. Thus, the successive powers, the second, third, fourth, 
and fifth, may be found by repeated multiplications by 2x— Sy ; or, when 
the second power is found, it may be multiplied by itself to find the 
fourth, and that by 2x—3y; or, lasdy, the third power may be found, and 
may be multiplied by the second. Let the student compare the third 
power of 2x — Sy with the answer to Exer. IK 

O 



26 MULTIPLICATION BY THE METHOD 

1 6.* Square 1 -I- a? + a^2 ^ a?3 4- ip4. 

Ana. l+2«-f 30^2 4-4173 + 5a:4-|-4ip5-^ 3a;fi . 9,'x'-{-sfi^, 

40. Wheih the factors consist of powers of the same quantity, it 
is sufficient to perform the operations by means of the coefficients 
alone^ and in the results so obtained to introduce the proper powers 
of that quantity. 

Emm. 7. Required the product of Sar^— 5jr^— 2.r-i-S^— 4 
and 307^—2^4- 1. 

Here, we write out the coefficients of the raultiplicaiid, 2, —5, 
~ 2, 3, and —4, in their proper order, and with their proper signs; 
and, below the leading terms, 

2, —5, and —2, we place 2—5—2 3—4 

3, —2, and 1, the coeffi- ^ "" ^ ^ 

cients of the multiplier. We 6 —15 — 6 9—12 
then multiply successively — 4 10 4—6 8 

by 3, — 2, and 1 , setting the 2 — 5—2 3 — 4 

first term of each product 6—19 6 8—20 11— 4T 
under the coefficient of the 

multiplier which produces it, and attending to the signs, accord- 
ing to § 36. In the last place, we find the sums of the several 
columns by the rules for addition ; and, as the product of ^^ and 
07^, the highest powers of a:, is x*', we insert a^ after the first co- 
efficient 6, and the Buccessive inferior powers after the others till 
we come to —4, to which no power of ^ is annexed, as it is the 
product of the terms not containing x. The answer^ therefore, 
is 6^— 19a?'' -I- 6a?^+ 8d?*— 20d7- + 1 la?— 4. 

Exam, 8. Find the product of 4iP^— 2ir^— Sor^-f 3a?- and 
2a?*— a?-— 4a?. 

Here, the work proceeds 
as in the last example, ex- 4—20 — 53 

cept that, as x^ does not oc- 2 — 1 — 4 

cur in the multiplicand, we 8—4 0—10 6 

write for its coefficient. In — 4 2 5 — 3 

like manner we put as the — 16 8 20 —12 

coefficient of a?^ in the mul- 8 —4 —4— 24 I i~ 5 ^1 7 ^^1 2* 

tiplier. The answer is found 

to be 8a?'^—4a7*— 4^^—240?"+ 14a?^ + 5a?H 17^*— 12^'^ 

41. The same principle may be employed with equal advantage 
when the terms of the given factors are products of the pt)wer8 of 
more quantities than one, provided the indices of each set of these 
powers successively increase or diminish by equal differences. 
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Exam. 9. Multiply a74».3aa?3+4aV by a^^Saai^^c^w. 

Here^ the indices of 4P decrease in 

both factors from term to term by 

unity^ and those of a increase by 

the same. In the final product^ the 

coefficient of the second term^ <ufiy 

h 0, and therefore that term is , -r ^ — ri 7: ^ 

Z. 10 — 15 — 4, or 

^^^^^^^^ ir7-6aV + 15aV-4a4x^. 

. EoBam. 10. Required the product of ^y^-^-x^f^—Sa^y, 9Xidi 

^y— s^V+^y^- 
in this, example, the indices of 474ncrease by 1 fis common differ- 
ence, while those of ^ diminish by 2 
from term to term. The first term 
of the product is plainly gor^y^i : 
and the slightest consideration of 
the mode in which the tenns 
"Would be obtained in the uncon- 

tracted {n-ocess, will show, that, in 2_5_4 10—3 

this and all similar questions, the 

indices in the product will follow the same law as in the factors' 
Accordingly, the answer is 2j7 y i— 5a7*y^ — 4ary -|- \03^jf*—Sx'^, 

Exam, 1 1 . Multiply xy -h 2dr-y2 ^ <gA^ ty af-y—^X^'^ + a^^. 

Here, in the factors, the indices 
of w increase by a common differ- 
ence of 2, and those of y'hy 1. 
Therefore, after the coefficients of 
the product are found, and after it 
is seen that the first term is a^y^, 

we determine the powers of x and \ 2 5 ^.g \ 

y in the remaining terms by the same 

kw; and the product is 47'y^—2dry*—6a7"y^—24?®y^+dFiiy. 

For gaining practice in this extremely simple and easy method of 
performing multiplication, the learner may work according to it the 
5th and 6th examples, and the 8th, 9th, 1 1th, 12th, 15th,and l6th 
of the last set of exercises ; and also most of the following exercises. 

Exercises. — Find the products of the following quantities : — 

17. x—^a^^Sx^ and 4;p4 f 54?"^— 6j?^ 

Ans, 4a?* — 3^:^— 4d?" + 27^?^— 1 8a?^. 

18. 5y5_7y4-_8y^ + 3y2+y and 7y— 8. 

Ans. 35y'--893/*4-85y''--17y--8j^. 
o 2 
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28 DiYisioir. 

19. a3— 2a2+S and a^+Sa— 3. 

Ans. a6— 2a5 + 2a*-4a3+6a2+6a-9. 

20. «4«4a,^4.6aV— 4o3t;+o4 and »3— 3a»2 + 3a2t;— o^. 
^n*. f?7— 7a««+21aV— 35oV.+ 35o^— 21a'V+7a«f7— o7. 

21. ^— a!^»4"2a3 *»d *2«,a^4.2o2, 

Ans, sfi— iM?* -|- a V + Sa^*^ — 4a^jr + 4a*. 

22. Required the second and third powers of afi — ^ax^Sa^. 

Ans. w^-- 4007 ' — 2o V^ + 1 2a^dr -|- 9a*, 
and jfi — 6<ur^ + Sd^x^ + 2Wa}'— ga^a^ — 54a'*a?— 27a«. 

23. Find the continual product ofo? — 1^074-2, 07+4> and a — 5. 

Ans. or^— 23*^— 18^-1-40. 

24. Multiply 1— flr+aj2_aj»H-j?*— ar^ by l+^-far'^. 

^n*. l+«2_.a?*-f «*— ^^ — tf^. 

25. Multiply l + a?+d72^^3^<p4^^5 i,y i_a?H-«2. 

Ans, l-|-«^4-d7i-f.4?^4.af*-|-«7, 

26. MultlH-fl^+0724-073+47*-t-d?5by 1— o?H-^2_<p^^ar*— ^r*. 

Ans. l+^2 + -ir*_^_jp8_^iu. 

27. Multiply a+ 26 -l-c by a— c. i4iw. a2-|-2a6— ^— c^, 
28* Find the continual product of ay—l, az—l, and yz — I. 

Ans, a?2y2«- — x-yz — xy^z-— xyz^ •\-xy-\-xz-\' yz — 1 . 
29. Find the continual product of x^ -t- yz, y^ + xzy and z^-^-xy, 

Ans. 2x^y'Z^ -|- x'y^ + x*z^ + yV^ + xyz^ + «afy* + yMr^. 
SO. Multiply aH^+c^— flft— ac— 6c bya+6+c. ' 

Ans. (^^b^+c^-^SabCn 

DIVISION. 

42. When quantities are divided by a positive term, their signs 
are retained in the qtu>tient ; but when by a negative one, they are 
changed : or, as the rule is generally expressed, in division, like 
signs produce plus in the quotient, and unlike signs minus. 

Since, by the nature of division, .the quotient is to be such, thai 
if it be multiplied by the divisor the product will be the dividend, 
the rule now given is easily proved on this principle. Thus, in 
the first line in the margin, we have every 
variety of signs in dividing by the positive 
quantity a, one of the dividends being positive 
and the other negative ; and the second part 
exhibits the same variety in dividing by the 
negative quantity —a. Then, in dividing 
ab and -—ab, by a, the quotients are respec- 
tively b and —6, and they can be nothing else ; as, by the nature 
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of multiplication, the products of these, and only these^ by a, will 
be the respective dividends ; and these quotients, which are pro- 
duced by dividing by the positive quantity a, have each the sign of 
the dividend from which it is obtained* In the second part, the 
quotients, found on the same principle, are ^6 and h ; which are 
produced by dividing by the negative quantity —a, and which have 
respectively the signs that are opposite to those ' of die dividends 
which produce them. 

43. When the divisor is a simple quantity, and is a factor qf the 
dividendf the quotient is obtained from the difAdend by removing 
ihat factor. Thus, if xy be divided by y, the quotient is jf ; and, 
if ^z be divided by aey, the quotient is iir ; as in each instance 
the product of the quotient by the divisor is the dividend. 

44. One term may be divided by another, by placing the divi. 
dend over the divisor so as to form a fraction ; and if there be a 
factor common to the numerator and denominator, it may be re- 
moved from both to simplify the quotient. * 

Thus, if « be divided by 6, the quotient (§ $•) ^ I > ^^« ^ 

€lbc C 

nbe be divided by abd, the quotient is -^ or, simply, -^ by sup* 

pressing the common factor ab. 

To show that -T^= j> let tj=^> «nd multiply by abd; then, 

abev:±abdq» Divide these equals hy ab; then (§ 48.) e^^dq. 
Hence, by dividing by d, and putting tiie value of q, so found, 
equal to ite former value, we have the proof. 

45. To divide one power of a quantity by another / take die 
index of the divisor from that of the dividend, and place the re* 
mainder as index to the same quantity. 

Thus, if a^ be divided by a^, the quotient is a*. For a^=s 
e^M^; and dividing this by a^, we get (§ 43.) aK The rule 
knight also be illustrated by means of § 38. 

So, likewise, sfi-f-as^ar^; a^^a^af^"^ ; 4f-«-j5"s=4^~*, &c. 

* After a little practice, the student will be able, in general, to dis- 
peine with the direct use of this rule ; as, in most instances, he will readily 
discover the quotient by inspection. It Is plain, from the note to § 36., 
that in dividing a compound quantity by a simple one the terms of the 
former are to be separately divided by the latter. Thusi if a«— ay be 
divided by o, the quotient is jr—y. 

o3 



so BXTEK8I0K OF THE MEANING 

Ewampka in whkk the Divisor is a Simple Quantity. 

Exam, 1* 

Exam* d. Exam, 3* 

4a3A _*• 2*8—-- 4- — 

n the second of these examples we may divide €fib by ail^ either 

according to § 44. ; or we may divide by a, which gives a^b ; 

then, for divicUng by if^, we may divide twice in succession by b, 

which can all be done mentally without difficulty. In Exam. 3., 

the second term of the answer might also be written \(^, In like 

3x 
manner, instead of -r-^ we might write ix ; and so in all similar 

4 

cases. See Arithmetic, p. 7B. 

Exerqises. 

1. Divide a^€^ by abo, and j^f^ by 2?-y, . Ans. be^ and x^y^, 

2. Divide xF"^ and 4f ~* each by af*» Ans, a^ and af»"-*, 

3. Divide o^^*— o^ay^H-a'*^ by oV, ^n*. sfi—ax-^-a^, 

4. Divide 2a^— Sa^— Ga^ by 3a\ Ans. ^"a^—^i/^n 

46. When in the application of the rule in § 45., the indes^ 
of the divisor is greater than that of the dividend, the resulting in-« 
dex is negative. Thus, a^-t-j^^z^'^^, and o?^ -§-«"•+»=«"». We 
thus obtain expressions of a new kind ; which, however, by an ex- 
tension of the meaning of the term power, are still called powers, 
and, for the sake of distinction^ powers with negative indices. To 
interpret these in reference to quantities already explained, we have 
only to perform the division according to § 44. In this way, 

x^ l.«* 1 

for *"* we get -— , or 0-5, or finally, -^; while, for ar", we have 

lM+n> ^^ Jmy^^ ^' ^* ^^^ appears, that a power hamng a ne- 
gative index is the reciprocal* of the same quantity raised to the 

* 7%e recfproealofa quantUy (Arithmetic, p. 94. ) m the quoHent obtained 
by dividing unity by the quantity ; and hoice it follows, that two numbers 
or quantities whose product is 1, are reciprocals of each other. Thus, | is 
the reciprocal of 2, and 2 the reciprocal of ^ 
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power which, has for its indea; the same index token positively^ 
Thus, 3""i=^; also, 2"'3=^, since, 2^=8. 

1 a 

47. Since 0?""=—, multiply both by a; then a»"»=-. • 

Hence, a quantity with a negative index may be made denominator, 
with a positive index, to the factor connect&i with it, taken as nu-* 
merator ; and a denominator may be written ahng with the nume- 
rotor y if the sign of its index be changed. 

Thus, 1^-1=^, c*-«=^^<-;2 + 62).2==_^^ &c.; and | 

j?-y<* X — a ^ ' ' a^—x^ ^ '' ' 

&c. 

48. When a quantity is divided by itself the quotient is unity. 
Now, if ^ be divided by a^ according to § 45., the quotient is 
4^. Hence, a quantity having zero as itidex is equivalent to unity ,* 

• By multiplying this by «^, we get aa^x-^=a ; and hence we obtain 

wtHss — ^. Combining this with what is established in the text, since 

<u^ and ajr"'* may be r^^ded as numerators to the denominator 1 , we 
see, that, in JraetioiUy amy quantity may be removed from the numerator to the 
denamineUor, or from the denominator to the numerator f if the eign oftte index 
be changed s a principle analogous to the transposition of quantities in the 
resolution of equations. Except for generalising the principle, however, 
it is unnecessary to consider fractions having quantities with negative in« 
dices in their denominators, as such fractions do not occur in practice. 

By means of this mode of notation, fractions, especially when their 
terms are simple quantities, may be written in a condensed form, and 

often more neatly than in the common mode. Thus, instead of -, ^, &c.. 

q qi 1 

^e may write pg~*, p*?"** &c. Such expressions, therefore, will be oc- 
casionally used in vtiiat follows; and the learner has merely to recollect 
that every such expression may be put under the usual form by taking 
the quantity with the positive index as the numerator of a fraction, and 
the other with the sign of its index changed, as its denominator. 

The extension of the meaning of the term power established above, as 
well as another extension still to he given, is of much importance in pre^ 
veating the necessity for multiplying rules, as the rules for the manage-* 
ment of powers of the primitive kind are applicable with regard to the 
others. Thus, to multiply x~*" by ar-»*, we simply add the indices, as in 
§ 38., thus getting for product a:-*"-". This will follow from what will 
be established in a subsequent section regarding the multiplication of frac- 
tions ; as, according to what will there be shown, the product of x"^ and 
»*» will be a fraction, having 1 for numerator, and a?*^'* for denominator, 
• which fraction is equivalent to ar-"*-". 

4 
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and therefore^ conyereely^ unity may be replaced by snch a qvan- 
tity^ and by this means the trace of any quantity may be retained 
or introduced. Thus^ instead of dr^+^+^> ^^ i^^y write dr^ 

•fox^+^i ftnd^ in connexion with § 47.^ or— 2+ - may be 

written w—Stsfi^-Sx'K 

49. In dividing by a compound quantity, the process, in the 
common mode, agrees so entirely in form and principle with the 
operations in " long division ", in common arithmetic, that, after 
what has been already estaUished, we may proceed at once with 
examples^ no rule being necessary, except that, for facilitating the 
operation^ the terms ought to be arranged in the manner pointed 
out in § 39. 

Eaam. 4. Divide 12^-17**— 2«*+18«2-94r by 4«2-S^^ 

4a!2— S«* 



S^— 2^_2«+3 



12ar'^— 9 07* 

— 8a74-2«« 

-8^+18«» 

12a:2_g^ 
12jr2-9jr 



In this operation, we find (§§ 42. and 43.) that if 12j*^ be 
divided by 4^'^, the quotient is d«^ ; which, therefore, is the first 
term of the quotient By multiplying the divisor by this, we get 
12ar^— 9^; and, taking this from the two leading terms of 2ie 
dividend, we get for remainder — 8dr*, to which we annex — 2^7^, 
the next term of the dividend. Then, dividing (§§ 42. and 48.) 
•-807^ by 4x^, we get •— 2ir^, the next term of the quotient Mul- 

* In the form of operation here adopted, the divisor is placed to the 
right of the dividend, and the quotient below it, as is done by many of 
the Continental writers. This arrangement has the advantage, both iii 
algebra and in common arithmetic, of keeping the quantities, of which. In 
the course of the operation, the products are to be found, much nearer 
each other, than they are kept in the arrangement adopted by writers in 
tt^is country ; and, in this way, the breadth occupied by the quantities in 
the operation is conveniently diminished. Should any person, however, 
from habit, or any other reason, prdfer the method usually employed in 
this country, it is only necessary to place the divisor, dividend, and quo- 
tient as foUows, and so in other similar examples : 

4*«-S*)12**— 17«*— 2x3+ 18*«-9*(3«s-2*«^2jr+ 3. 
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^plying the divisor by this^ we obtain — SjT^+^r^; and^ taking 
this product from —Sot*— 24;^, we find — 8a?3, to which we annex 
18a7^^ the next term of the dividend. Proceeding in a similar 
manner, we get ^^ for the next term of the quotient, and 12^ 
as remainder, to which we annex —9^, the remaining term of the 
dividend. This, by a like process, gives 3 for the remaining tenn 
of the quotient, with no remainder.* . 

— 4a*j;» + 4a5a?» — 6fl^« 



In this example tne divisor Is 2a?»— 2aa?*-f-8a"^, and the divi- 
dend 8aj»^—2a*a:*+4a?47*+7flr*a7*-fa^^—6a'*«; and the quotient 
b found to be 4<M;'+8a*d7'— a'^— Sa'** 

Exam. 6. Divide a?' by d?+2a. 

Here, after finding three t^ ^ +2a 

terms of the quotient in the x^-^2 ax* 
usual manner, we have the re- ^2ax* 



a?*— 2<M?+4o' — 



X'^'^a 
mainder ^SaK As this does — 2a^— 4a«^ 

not contain x, the leading term "4^ 

of the divisor, the work is to 4o*a?-4-8tt3 

be regarded as terminated, un* 



less, as will be explained here- 
after, we choose to work for a series of fractional quantities. After 

• The correctness of the work would be proved by multiplying the 
quotient by the divisor, as the product would be the same as the dividend. 
The learner ought to accustom himself to prove such operations in this 
way, both for the purpose of gaining expertness in multiplication, and for 
assuring himself of the correctness of the answer. A convenient verifica* 
tion, so far as regards the coefficients, will be obtained on the plan pointed 
out in the note to § 38. ; as it is plain, that if the sum of the coeffi^ 
pients of the divisor be multiplied by the sum of those of the quotient, 
and the sum of the coefficients of the remainder be added to the product 
90 found, the result should be equal to the sum of the coefficients of the 
dividend. This method will fail, when the sums of the coefficients of the 
divisor, dividend, and remainder are each equal to nothing. 

o5 
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the three terms, therefore, we write, as in ^ - goof -h 4a« 

common arithmetic, Ba^ with the divisor, ^ j^^a 

a + 2a, as denominator, prefixing the sign ^ 

of the remainder. The proof will stand - _ q^^.A^i "" 
as in the margm, the remainder, -8fl^ ^^—A^t^-uSfl* 

being placed in the first line, so as to be -^ — ^— — "*" 

added with the two partial products. ^ 

Exam. 7* Divide a^—a^of-h^a^ by afi—aa -{•€?, 

In this example, 
after finding the ^'*— o^or-hSa' sfi-^aafA-c? 

two terms, a? and ^'^— ojr^-f q'-j? age^c^ 

a, of the quotient, oar'^— ga^^+^ct^ ^ +*'"a,-.'-.aa^^ ^2 * 

we have remain- ov^ — a''^j7+ o^ 

ing — a»jr+a» ; in ^^^T^oVlfr^* 

which the highest 

index of jp is less than its highest index in the divisor, so that the 
operation cannot be continued farther without giving origin to frac- 
tions. In such cases it is usual, as in the last example, to consider 
the work as terminated ; and, as in common arithmetic, to place the 
remainder over the divisor, and to annex the fraction so found to 
the part of 'the quotient already obtained, to complete it. Hence, 
in the present instance, the quotient might be written, a-\-a-^ 

— : -^ — -. When, however, as here, the leading term of the 

d?*— ar+a* 

remainder is negative, it is usual, as has been done here, though 

perhaps not preferable, to change the signs of all the terms of the 

remainder, and to prefix the sign ~ to the fractions.* 

Ewercisea^ 
Dividends. Divisors. Quotients. 

5. Sa^ft'— 10a-*ft4^-8a»6!^ Sa»6«-4a«6» fl»6— 2a62 

6. 4r^— lSaV + 12aV j?*-|.SfluP— 4a* j?^— Soj?" 

7. «^— 9a?y-hl2j?y»— 4y* a?*— 3j;y-f 2y* a?* + 34jy— 2y» 

8. JT^— 6d?» + 5fl7* + 12d?-|-4 0?*— Sa?— 2 a?*— 3*— 2 

2a* 

9. a?*+a* w—a xA-aA 

10. a*— 624.2^0— c2 a— J+c aA-b'-c 

* That the fractional parts in the two modes of expression are equiva^^ 
lent, will appear from considering, that, as is pbdn from the note to 

$ 36.» -~^ai-^-, and that, therefore, 
c c c 

, a— 6 , ab ,, —a b _ — a + 6 
c e e t e c 
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n. Divide Slx^-f 24ia:* by Sx^+2x. Am. ^T^^^-lSj^HlSa?. 
12. Divide x'+o* by «*+a*. iin*. jp— - ,-- ,. 

IS. Divide l(y-2Say* + 4ay by 5y4-4ay»+ay. 

« . « ... 5aV— 2ay 
An,. 2y.-8aj,-2a.-^^-j-^--i;^-^ 

50. The method of detached coefficiente, explained in §§ iO. 
and 41. in reference to mnltiplication^ may oflen be employed with 
great advantage in division. This method will be understood 
frcm the following examples. 

Ea;am, 8. Divide S^-hSd7»-.4«» + S«— 5by a^ + g. 

In this example the coefficient of « S— 4 S— ''I— 2 
the first term of the divisor is unity ; _g 6—4 2 
and this is generally so in the cases — - — — - — ~ 
in which this method is most advan- "^ ^ "" ^ " '^^ 

tageously employed in practice^ such 3:b^~^3j^ 4- gjr— 1 - - 

as in the resolution of the higher ^ + ^. 

equations. In this 

case, we omit the 8j?* -f Sx' — 4jr* + S#— 5 4? 4- 2 

1, and write the ( Sof*) -f 6V S««— 3^«-f 2«- U 

next number, 2, —3^ —4^ 

with its sign chang- (^^^a^'^^G'a^ 

ed, in the place of 2^ ^.g^ 

the divisor. We (2a:")+4'a7 

write out also the —: — __ . 

coefficients of the (^i \^q^ 

dividend in succes- i ^ 

sion. We then ""^ 

multiply —2 by the first of these coefficients, and, placing the 
product, — 6, under the second coefficient, we add it to that co- 
efficient. The sum, —3, is then multiplied into —2, and the 
product, 6, is set under the next coefficient, and added to it. The 
result 2 is in like manner multiplied into —2, the product set 
under the next coefficient, and added to it ; and thus we proceed 
as long as there are coefficients. 

The reason of the process will be understood from comparing it 
with the annexed work at full length, with which, in fact, it is 
virtually identical, the form and arrangement being merely changed, 
and every thing omitted that can be dispensed with. Thus, it 
will be seen, that the four terms enclosed thus (3^^), &c., are 
omitted; and that the second line in the first process consists of 

o6 




.36 sivinoN m MEAtm 

the numbers marked with accents in the othejr, with their signs 
changed ; while the numbers standing below the accentuated 
ones, are the same as those in the third line of the short process. 
The changing of 2 into — 2 converts the subtractions in the com- 
mon method into additions ; and it will be seen from the full pro« 
cess, that the first of the given coefficients^ and the numbers in 
the last line of the short process, except the last, which is the re» 
mainder, are the coefficients of the quotient* 

Ejp. 9. Divide 247^— 10^+190?*— 8a?» + a?« by ^— S^+2a^, 

In working this ex- g^^io 10 8 1 S— 2 

ample by the contracted 
process, we write the co- 
efficients of the dividend 
in succession, and after 

them the second and third gjr* ix \ 3 \ S^"^^^"* ^^^ 
coefficients of the divisor a^-^Sa;^ ^ itx^ 

with their signs changed. 

The two latter are 2^_ i Oa?» -f- 1 9^^- 8^ + «« I ^- 3^ + 2«* 
there multipLed <^^_ g^^ ^ "g^^i^TJ" 

by 2, the first CO. , 4^-H5.^- 8^ ^ 

efficient of Ae di- ^ 4^+ 12^. 8^» 
vidend, and the — — -j — - — 

products, 6 and ^f\ ^ ^^ J^ 

1-4, are set under S^^^^^^al^ 

— 10 and 19, the 9^-5d;» 

* The learner will perhaps be assisted in perceiving the identity of the 
XwQ processes by the following considerations. From the suppression of 
the powers of Xy the second coefficient 3 in the first process, means 3x3, 
the second term in the other, and the number —6 below it, means — 6arS • 
and the adding of — 6a(^ in the one process is the same as the subtracting 
of 6x3 (the same quantity with its sign changed) in the other. The next 
coefficient — 4 means — 4x^, the third term in the second process, which 
term, according to the usual mode, is written over again after —3x3. 
The number 6 also, below —4, means 6x2; and the adding of 6x* to 
— 4x^ in the first process is the same as, in the other process, the sub' 
tracting of — 6x- (the same quantity with 

its sign changed) from —4x3 in its new Sx< + Sx8«4x*+Sx— 5 | —2 
position; and thus the rest of the process "^^^ 6x^— 4x 2 

might be illustrated. Should any diffi« •'-S^ 2x^..lx— 3 

culty still be felt, it may perhaps be re- 
moved by introducing, for the sd^e of illustration, the powers of x, as in 
the margin. From considering the fiiU process, it will be seen, that, to 
get the terms of the quotient, each of the quantities, 3;?^, —3x9, 2x2 and 
— Ix, must be divided by x, the first term of the divisor^ 
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next eoefficients* In the next place^ 6 and — 10 are added to- 
gether^ and the sum^ — 4^ heing multipluid into 3 and — 2, the 
products^ — 1^ and 8^ are placed in the two columns following that 
in -which the multiplier^ — 4t, stands. The quantities in the column 
headed hy 19> are then added^ and the sum^ 3, is multiplied into 
3 and — 2* The products^ 9 aiid —6^ are placed in the columns 
next after that in which the multiplier 3 stands, and the quanti- 
lies in these two columns are added together, which terminates the 
work. To express the answer in the usual form. We see that the 
first term must contain a^, since the index in the first term of the 
dividend is greater hy 2 than in that of the divisor. Hence, to 
the first coefficient 2, we annex ^, and to —4, the uumher found 
in the second column, we affix a. The 3 in the third column is 
a mere numher (or the coefficient of afi). The remaining figures, 
9 and — 5, are the coefficients of the remainder ; the first that of 
47*, the power next lower than the highest in the divisor, and the 
next that of o^. 

The explanation of the process will he ohtained, as in the last 
example, by comparing it with the work at full length. It wiU 
thus appear, that, in the arithmetical sense, 6 is taken from — 10 
in the second column of both processes, leaving the same^mainder* 
—4. In the third column, 4 and 12 are taken from 19 in the 
first process, while, in the second mode, 4 is taken from 19, and 12 
from the remainder, which is manifestly equivalent : and in this 
way the process may always be illustrated. 

£axsm, 10. Divide 2^— 8d;*-f 20^3 by a?" + 2^— a? +8. 

2 — 8 20 0|— 2-hl— S 
—4 2-6 12-^6 -18 

—4 8-4 2 6^-18 

2-4-12 



In this example ciphers are employed as if the dividend were 
written under the form, 2d?^4-0iP*— 84[?4+ 20^4-00?* -h047+0; 
the principle being, that the dividend should be carried as low 
with regard to powers, as the divisor. 
^ The work of the next example is given at full length. It might 

be slightly contracted, however, by omitting the ciphers in the 
body of the operation. 
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Ejparn. 11. Diyide«B+2j^by«3+2. 

12 9 1 0-2 
0-2—4 4 8 

2 _0 _0 8 

—2 -r4 4 

Ejeam. 12. Divide a?* + Stf«»4 80* by ^+ 2a. 

1 3 8 1— 2 
—2 —2 4 —8 

1 -w2 4 
dP*-f-<M?*— 2ci*fl7+4a?. -4»w.* 



* The annexed example will illustrate the manner in which the method 
of detached coefficients may be employed, when the eoefficient of the first 
term of the divisor is not unity. In this, the first coefficient in the divi- 
sor being 2, we multiply the successive coefficients of the dividend by 

1, 2, 4, 8, 16, and 32 (20, 2i, 2«, 2', &c., the successive powers of the co- 
efficient 2);«and, omitting the first term of the divisor, we multiply by 
the same numbers, changing the signs of the products. The work then 
proceeds in the usual manner, and we get 1, —7, 17, — 39> 114, and 28. 
The first three of these divided by 2, 4, and 8 (the powers of 2) are the 
coefficients of orS &c. ; and the remaining three, —39, &c., divided by 1, 

2, and 4, are the coefficients of x^, &c., in the numerator of the fiw^tion 
arising from the remainder. Then, to get the denominator of this firac- 
tion, we write the given divisor below the numerator, and divide by 8, 
the same power by which 17 is divided. In the same way we may pro- 
ceed in every similar case, using the first coefficient of the divisor, and 
the powers of that coefficient in the same manner in which 2 and its 
powers have been used here. 



Example* 

x^—3x^ + *s + 3ar« — x + S 
12 4 8 16 32 



1 ^6 4 24 - 16 96 

28 -68 



--6 


4 


24 


-1 


6 


- 4 


-7 


7 


—42 




17 


-17 
-39 



2*3 + x«— 3jr + l 
12 4 

-1 6 -4 



102 28|4 
fi4l2 



*a__7* 17_1 39ga-57ir- 7 . 
2' 4 "^ 8 8 * 2ir3 + «4-3«+ 1* 



To illustrate this process, let 2x be denoted by y. Then *»^ ; by the 

2 
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[Of the exercises already given, Kos. 6, 7, 8, 9, and 12. may all be 
wrought by the method of detached coefficients, as already explained ; 
and the greater part at the following may be done most readily in the 
same way. When more than two quantities are concerned, as in Exer. 
fiO, and others, it is generally better to employ the oomplete terms.] 

Dividends. Divisors. Quotients. 

15. J?*^— /F*— 2^— 2«3^.5jr— 2 *-.2 j7*+«»— 2a?+l 

' ■ ■ ■ ■• ■ ■ ■--* ■ ' ■•■-'■ ■ ' ^ 

substitution of which in the dividoid and divisor, they become 



y» Sy4^yJ^Sy?_y^g 



2y3 y« 5y 

23^2* 2 ' 



2» 2^ 2' 2< 2 

whence, by multiplying the numerator and denominator of the second 
term of the dividend by S, those of the next by 2% &c. ; and by dividing 
the temis of the first fraction in the divisor by 2, and multiplying those 
of the third and fourth respectively by 2 and 2S we obtain 



y^ — 3 x2y^ + 2V-f 3x2V— 2*y + 3x2* 

2* 



y^+y^-3x2y-h2« 
2^, • 



Hence, by performing the actual multiplications, and multiplying the 
dividend and divisor by 2% we get 



y»— 6y^ + 4 y3 + 24 yg-16y -t-gg 
23 



y3 + y2-6y+4. 



The rest of the operation is now reduced to the dividing of y^~6y<, &e.9 
by y3 + yS—6y + 4, and taking one eighth of the quotient; and, as the 
first term of the divisor has the coefficient 1, the division will be performed 
in the manner already explained. We should thus obtain 

y«-7y+Jl7 _ 1 39y^-114 y-28 
23 23* y3 + y«-.6y+'4 * 

or, 

2gjrg-7 x 2x+17 Ti_ S9x2?t«- 1 1 4 x 2:r- 28 

23 ""s * 23x8 + 23x2 -6x2* + 4 * 

by substituting for y its value, 9x ; whence, by contracting the first three 
terms, and by dividing the numerator and denominator of the fractional 
part by 4, we get 

z«__7x 17^1 S9*«-57ar-7 



2 4 8 8 ' 2x3 + ««-3x+r 

the same as before ; and a comparison of the short process given above 
with the fuller one now explained, will show the virtual identity of the 
former with the latter. A general illustration would have been obtained 



40 



ISXEllCtseS IN DlVlBtOKt 



Dividends. Divisors. 

16. 4sr*— 3Srfi7H8a7— 8 *+S 

17. ^ «+l 

18. ^ *— 1 

26. tf2_4ft2^c2^24«j 



Quotients* 

44?'^— 12a?2 + 3a?— 1 



«3— «2^^_1_^ 



«8 + 4?2+d?+l4 



1 



*2-f3Ar-.S 



^— 1 
9^—5 



0^2 + 3 



a— 26 + C a + 26+c 

21. Divide 7^?*— 2&p8+50a?3— 74^-|-S5 by a?3— 3dj8+5a7— 7 

22. Divide 2^— 3^y+2«2y^+y4 ty ^— 4y. 

^rw. 2a?3 -f- 5a^y H- 22dy + 88y8 + 



23. Divide o^ by -»2+247+ 1. 



4?— 4y 

5d7+4 



a?2 4-2^+1* 



by using a, 5, c, &c., &s coefficients, instead of the particular ones in the 
present example. The principle, however, would be .exactly the same; 
uid what is here given will be more easily understood by beginners. 

The following exercises are subijoined for the use of those who may 
wish to study this method more particularly. 



Exer. U Divide 6«»» + 7«»0e + 4a:9»8+ ISarScS— 5«7©4 by 3x4-.xStf 



Exer. 2. Divide 16**— 8af««« + r* by 4a?«-^4aa + z%, 

Ans. 4Jr« + 4jcz + 2«. 

Exer. 3. Divide 10*6— 11 x»- Sir* + 20«s + 10ar« + 2 by 5*3— 3«« 

^ ry ^ « « o « ^ 24j:«-12x+10 

+ 2*— 2. Ans, 2*3— *«-2* + 4 + 



Exer. 4. Divide 5** + 2 by Sar^ - 2* + 3. 

5*3 10*2 25* 

S 9 27 



140 Jl_ 
81 "81 



5x3— 3x«+2x-2 
55J-582 



3xa— 2* + 3 

It may be remarked, that, by dividing the dividend and divisor by the 

first coefficient of the divisor, we should be enabled to employ the method 

explained in the text» Thus, in Exer. 4., we should have simply to divide 

Sx^ 2 2x 

— - + - by *2— .— + 1, In this way, however, the work would be em* 

barrassed with fractions. 
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24. Dividej?5by «2— 2«+l. 

5d?^^4 

85. Divide «*—8«+ 7 by «'— S#+2. 

An.. ^+S. + 7+jp^^. 

26. I>iyide5«4— 6aj^+2a3d?— a^by«3— AP + «^. 

27. Divide 4^— Sa;V-f S«2f^— V» by ar^— Sa^v+Sjw"— v'' 

28. DivideS««-S7^+S5]»3+7«2+2bya^+5^— 4ar— 2. 

29. Divide gd^b + So^ftc - 4a63 + 4&V — 9aftc« — 96c3 by Sa 

— 2ft-h8c. ^n*. Sa^6+2aft3— 26'c-.36c'^. 

SO.Divid€a«+Sa^ft + Sa62-|-263+S6?c+Sftc2+c»bya + 26+c. 

Ans. 0^+06+62 + 6c+c-—ac. 

31. Divide 4ar»-.a:3+4« by 2ar2+Sar+2. -4»w. 2a:3_gar2+2i». 

32. Divide «-9a?9 + 8*>0 by 1— 2ar+a:2. 



SECTION III. 

MISGBUiAKEOUS PROPOSITIONS AND INVB8TIOATI0N8. 



^^^'W^^^^^SA^^^^ 



51. The methods of perforroing some of the more important 
elementary operations of algebra having now been established^ it 
may be proper to apply them in the investigation of some princi- 
ples of a miscellaneous character^ several of which will often be 
found useful in subsequent inquiries. The fbUowing is one of 
much importance. 

The form of a quantity may he changed without changing its 
value^ by first performing an operation which will alter the value, 
and then indicating the reverse operation. 
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ThuB^ by adding a -f- 6 to a, and then indicating the sabtractioii 
of the same^ we get a — 2a -|- 6— (a +6); by multiplying a by b, 

and indicating the division of the product by b, we find a= - ; 

and by taking the square root of I00> and indicating the squaring 

of that root^ we have 100^10*. In like manner^ if we divide 

a*jp^dba!+b*a by w, and then indicate the multiplication of the 

quotient by s, we get a'or — abw 4 ^j?=s (a* — 06+ b^)a. It is plain 

(§ 18.) that all the expressions thus found are identical equations. 

52. The operations in the margin m • 1. i? . >. 

u ^1. . -^ ^i j'jr ^ f To a+b From a-\-b 

show, that, tf the difference of two jj t * 1 . 

1-A' i jj J * AX • *L^ »dd a— 6 take a— 6 

quantities be added to their sum, the 

result is twice the greater; but, if the Sum=2a Rem.= 2ft 
difference be taken from the sum, the remainder is twice the less. 
In like manner, if we had used half the sum and half the differ- 
ence, that is, by the note to § 44., \a t \b and \a—^, we should 
have found, that, if half the difference be added to half the sum, the 
result is the greater ; while, if half the difference be taken from half 
the sum, the remainder is the less. 

5S. By multiplying a + 6 by a f (, and a— 6 by a— 6, either in 
the common way, or by means of 
the coefficients, as in the margin, we 1 4- 1 1 — 1 

find, that (a -[-6)2 ^0^ + 206 + 62, 1 + 1 1 — 1 

and (o— 6)2=a2— 2a6 j-b'^, By 1 + 1 1 — 1 

comparing these results with the 1 4. x _ 1 ^ X 

binomials which respectively pro- ffg^Ti, or 1-2 + 1, or 
duce them, we see that the first and 

last terms in each are the squares of a^ i 2ab + 6^ a^ — 2ab +ft2. 
the two terms of the binomial, bxb, 

in the one, and — 6 x —6 in the other, being each equal to &2 ; 
we see also, that in each the middle term is twice the prvduct of 
the terms of .the binomial ; the one being 2ab, or 2 x a x 6, and the 
other — 2a6, or 2 x a x — 6 : this being the way, in fact, in which, 
in the work, the middle terms originate. Hence, therefore, the 
square qf a binomial is equal to the squares of both its terms and 
twice their product,* 

• By multiplying —a— 6 by — a— 6»it would be found, that(—a^b)* 
Ba3 + 2a& + 6^, which equally follows the rule given above. It will also- 
be readily seen, that, by using the double sign, ± , the two eipressions in 
the text may be combined in th*e one, (a ± 6)3 sa^ ± 2ab + 6%. It ought 
to be observed, that whenever this double sign is used, one formula is 
obtained by taking, throughout^ the upper sign, and another by taking the' 
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54 By means of the forgoing theoT|em, we may often find the 
^uarea of oompound quantities very easUy, without going through 
with the formal multiplication. Thus, the square of 2x + 3y is 
4ar2+ I2ary-h9y* J *nd that of W—3be is l6a^— 24a-'6c f9ftV. 

By the same means we may square the trinomial a-^b-^-e hy 
writing it under any of the forms (a-^b)-^e, a-\'(b'\-c), and 
(^a'k-c)-{'b ; and thus takings at firsts two terms as one. Thus^ 
according to the first form, we have 

(a+b+cy:=:{a -t- 6)2 + 2(a4 6)c+c2 : 

or, by squaring a-f-6 according to the last §^ and perfonning 
the actual multiplication in the expression^ ^(a-^b)c, 

(0+6 + 0)2=024.205^52^ 2ac-r26c+c2. 

The same would be obtained^ merely with the terms differently 
arranged, from either of the other forms. 

In like manner^ we might find the square ofa + 6+e+if, by 
grouping the terms^ two and two, or three and one, in different 
ways; thus, (o-f-6) + (c+d), (o -(.©) + (6 +rf), (a-f.6-i-c)+rf, 
&c. ; and thus we may proceed in numberless other instances. 

55. If in the expression, (o+J)2 =02+206+62, we change 
every where 6 into —6 •, we get (o— 6)2= o2 + 2a x — 6 + {—by; 
or, by actually performing the operations that are indicated^ (0—6)2 
^=o2~2a6+6^^ the same as the second expression in § 53, In a 
similar manner, when any formula whatever has been establishedj 
another will be obtained from it by changing the sign of one of 
the quantities concerned, wherever that quantity may occur. In 
all such cases, powers having even indices continue the same ; bu^ 
those which have odd indices, have their signs changed, This 

lower; and that, in making out separate fonnulas, the upper and the 
lower must not be taken in connexion with one anotner. Thus, in the 
last expression, if we take the upper sign in the first member, we must 
take the same in the second ; and if we take the lower in the first, w« 
must take the lower also in the second; as each of the expressions^ 
(a + 6)««a« — 2a6 + b% and (a— 6)«=aa* + 2o6 + 6«, would be erroneous. 

* Such changes as the present are often very useful in enabling us to 
derive foirmulas firom others previously established ; and, to make them 
legitimate, we have only to attend to the consequences which the change 
must produce iii each particular instance. In the present case, and in all 
nmilar ones, we have merely to attend to the effect produced on the signs, 
a change of sign being the sole change made on the quantity : and 
it is plain, firom considering the nature c^the operations in addition, sub* 
traction, multiplication, and division, that if we combine b and —6 with 
a quantity by means of any of these operations, the results will agree in 
every respect, except with regard to the signs. 
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follows from the fact^ that^ by the rule for the signs in multipli' 
cation, (— a)2=fl2, (— a)4s5:a4^ &c. ; while (—«)»=— a^, (—a)* 
c= — a-^ &c. 

In this way, by changing the sign of x, in Exer. 8. in multi* 
plication, we get i 

(1 +2ar+3a^J+4*») X (1 — ar)=l -f-ar+«2+«»— 4«*, 

the same that would be obtained by actual multiplication. So like* 
wise, by changing the sign of j/ in the 7th exercise in division, we 
should find, that 

and, by changing the sign of e in one of the expressions in the last 
§, we get 

(a + 6— c)2=a2-h2a5+62— Sac— 26<J+A 

56, By multiplying the. members of (a+6)^=a24> 2a6-)-52 by 
a-\-b, we get 

(a+ft)»=rf>+Sa^6 4-Sa62+J«, or, (§ 51.) 

whence (§ 55.) (a-6)3=a»-3a6(a-ft)-6». 

Hence, the cube of a binomial ie equal to the cubes of both ita terme, 
and three times their product multiplied into the binomial. Thus, 
for example, (Sa^j- 3^2)8=8064.1 80^52(203+3^2) 4. 27^8. By 

this means also we might cube trinomials or polynomials, after the 
manner pointed out in § 54. 

57. If a+& be multiplied by a— &, the product is ^ 1 5 
0^—62 : that is, (a + 6)(a— 6)=a2--62. Hence, if ^ J[^ 

the sum qf two quantities be multiplied by their differ" ^ 

enoe, the product is equal to the difference of their ^ ^ . jio 

squares : and, conyenely, the difference of two squares ^^ r-—— 

is equal to the product of the sum and difference qf ^ ~~^ 
the roots of those squares. 

Hence, (2a-& +5ai2)(2a2j_ 5aj2)-. 4^452 _25<|2M ; 

(ar2+«+l)(«2— «+l)=«^+«Hl ; 
(a+J + c)(a-J+c)=a24-2ac+c2— ft2; and 

(a+6-c)(a-&+c)=a2-(6-.c)2=:a2-.624.26o-A 

In this last example the factors may be written thus, 04.(6 -e) 
anda— (&— c). 
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Agun^ 4a;^ — 9<<^ may be resolved into the product of the factors, 
^x-tSa and 2a; — So. In like manner^ we should have o;^— a^ 
=:(ar2-|-a2)(x"^— a-), or, by a second and third resolution. 

The last resolution depends on the principle that x and a are the 
squares of y/x and ^/a ; and on the same principle, the number 
of factors might be increased as much as we please^ by introducing 
the sums and differences of the fourth roots, of the eighth roots, &a 

58. I/n be a whole positive number, x" — a" ii diffisible by x —a ; 
that is, in dividing it by x^a, there is no remainder ; and the 
quotient is 

a«-l-h<Mr»-2«-|-ei2ar»-3+ -\-cr'^x^-\-cf'^^X'{-a''^.* 

To prove this, let us first take, for simplicity, the particular ex- 
pression, j^^d\ Now (§51.) this may be put under the form 
x^— €Lr*^+aa:2 — a-x-^a^x — a*, as ot^ g^d d^x are each subtracted 
and added. In this, the first and second terms are divisible by x'^, 
the third and fourth by ax, and the remaining part by d^» Hence, 
(§ 51.) 4?^— a^ = x^{x—d)-\-€ix(x—a)'\-d^(x—d); the second 
member of which is divisible by x— a, and the result, x^ +^u:+a^9 
is of the form given above, when n=3. 

The general proof proceeds in the same manner. Thus, s^^-a^ 
may be put imder the form 
jp»_aa:»«-l-|-aa;'»"*— a2a:"~2^a2jpn-2^ ... — fl^"*a:-f a""^ar— a**. 

In this (§51.) the first two terms are equivalent to a:""^(x— a) ; 
the last pair to a"~i(a:— a) ; the second pair to ax'^''\x—d) ; the 
pair before the last pair to a^''^x{x—d) ; and so on. Hence, di- 
viding by x^a, we get, without remainder, 

^^II^ = ar«-l+ar»-2+a2ar«-3+ -^d^-^x^A-c^'^x-^c^'K 

a: —a 

59' From what was established in the last §, we have, con« 

versely, by multiplying by a?— a, 

(:r»-l-|-aar»-2-j.a2ar»-3 4. -)-a''-2a;+a»-i)(ar— a) =x«— a«; 

* In this, and in all similar expressions, the dots are used to denote 
terms which are not written, but which may be introduced at pleasure, 
when the law of formation is known. In the present case, in each term, 
the index of a: is less, and that of a greater, by unity, than the corre- 
sponding index in the preceding term. Il^ may be remarked, that the 
word divisible, as used above, and in many similar instances, is em- 
ployed to denote, that when one quantity is divided by another, there is 
no remainder. 
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or, by putting n— l=am, and consequently n— 2=m— 1, &c/ 

It may be observed, that in giving particular values to m orn^ 
the series will terminate, according to the original assumption in 
the investigation, when the index of x becomes 0. Thus, in the 
last expression, if m= 1, we have simply {x -»- a) (ar— a) =4:^— a^ : 
and it. thus appears, that the principle established in § 57* is only 
a particular case of the general principle investigated in § 58. 

60. If the sign of a be changed, x—a becomes a; -fa; and^ 
since (§ b^?) the even powers of —a and a are the same, while 
their odd powers have opposite signs \ it follows, that, this change 
of sign being made, a;** .--a" continues the same when n is even, 
but becomes ar"-f a** when n is odd. Hence, when n is odd x^ + o* 
is divisible by ar-i-a ; and, when it is even, x^^tf* is divisible by 
x+a as well as (§ 58.) by x—a: and, therefore, since, if m be a 
whole number, 2m denotes an even number, and 2m -)- 1 (or 2m — 1 ) 
an odd one, a;2"*— a^m jg divisible by either ar+ a or x—a ; and 
^2m+i_|_a>m+i by x-fa. It follows, accordingly, from § 58., that 



X — a 



and hence, by changing the sign of a, 



xin a-^»_^2^.j -ar2'»-2 4.a2a;2n-3_ -a2»-i. 



x+a 
Also, 



a;2n+l -|_a2/i+l 



=x2«— ax2"-i+a2a.2>i-2_. . . .\jrd^. 



x-\-a 
It would be easily shown also, that 

., , = x2»-2 ^ a2a:2n-4 4 a^x'^"^ -4- -f a2«-2. ♦ 

x^—a' 

61. By means of these principles, we can often obtain the re- 
sults of operations in division without performing the operations 
in the usual way. Thus, 

x7— a" 

= x®-|-ax''-fa'?x^4-ctV^-f a*x2-f o^x+o^; 

X — a 

mm m 

fH^=x«— ax*"' ^■a^x^—a^x^ + a^x^-'cfix+cfi; 

x + a ^ 

* This would be shown by changing .t into r^, and a into a^ in th? 
formula at the end of § 58. ; and it might be proved in other modes. 



SERIES ARIS1Z7Q FROM DIVISION. 4? 






X — a 

x-^a 
— = — =rx2 + aa?-4-a2j 



If, again, it were required to divide Sx^^dx^ -|- 5a: — 8 by a? — 1, 
we might put the dividend under the form, 3(a:*— 1) — 5a:(ar^— I). 
Then, dividing the factors in the vinculums by ar — 1, we should 
get for quotient S(^x^ -t-ar-^-far-f-l)— 5x(^x -hi), or, by easy reduc- 
tions, 3a:^— 2ar- — 2x-\-S ; and this might be divided in a similar 
manner by a;-|-l. 

62. We have now had some of the most interesting cases in 
which quantities are exactly divisible by compound divisors. In 
numberless other instances, there will always be a remainder, how^ 
ever far the work be carried ; and the quotient might be made to 
consist of an infinite number- of monomials. In such cases we 
may terminate the work at any point we please, by annexing to 
the part of the quotient previously found a fraction having the 
remainder as numerator, and the divisor as denominator, as was 
shown in division ; or we may carry out the process, till we see the 
law of continuation, by which the subsequent terms may be de- 
rived from those already found. 
As a simple instance, let 1 be 1 i—r 
dividedbyl—r. Here the first 1— ^ H-r + r^-f-r^-f-, &c. 
term of the quotient is 1 with r 
the remainder r ; the first two r— r^ 
terms are 1+r with the re- ^ 
mainder r'^; the first three, f^^fS 
l-fr-f-r-^, with r*: and it is " — '^ 
plain, that we may proceed i^_^ 
thus, as far as we please. ^ - 

Hence we have successively, ^ * 

In the first of these quotients, there is one term exclusive of the 
remainder, in the second there are two, in the third three, and so 
on ; and in each of them the highest index of r is one less than 
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the number ot terms. Thus^ in the second term we have r^, in 
the third r^, &e. We see also^ that the index of r in the frac- 
tional part is always the same as the number of terms preceding 
the fraction. Henoe> taking n to denote any number of terms^ we 
have the general expression, 

^ =l+r+r2-f-r3+ +r«-i+ ** 



1-r - • ' ■ • 1_^- 

In this, r"*l is called the nth term, ot the general term, because it 
will give any particular term if n be taken of the proper value. 
Thus, by taking n=4, we find the fourth term to be r^, with the 
remainder r^, as we saw in the operation ; and if we take n=.50, 
we find the fiftieth term to be r^, with the remainder r^. 

63» If we change the sign of r in the formula found in the last 
§, we get 



Here, the signs will be alternately -f- and — , the even powers of 
— r being (§ 55.) positive, and the odd ones negative; and the 
general term and the fractional one will be sometimes positive and 
sometimes negative. These will likewise have opposite signs, 
because, as their indices differ by unity, if the one be even, the 
other will be odd. As examples, by taking n successively equal 
to 25 and 30, we find the twenty-fifth term to be r'^, with the 
remainder — i^^ ; and the thirtieth to be — i^, with the remainder 
r^. Since —r is the samp, as «— Ir, the last formtda may be thus 
expressed : 

* b 

64. By changing r into - in the formula found in § 62., and 

u 
in the last in § 6S,, by multiplying the numerators and denomi- 
nators in some terms of the results by a, and by making some 
other obvious modifications, we get 

and 

a _ b 62^53 (--.l)n>lfcn-I J^^j^ 
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65. By dividing 1 by r 4- 1, as below, we get, 

1 _,_„... . -\»-i«.-» 



^^j=»-^-»-- + ^-^-^-*+ +(-1)' ' > 

This is the quotient obtained, in descending powers of r, in divi- 
ding 1 by r 4 1; and in § 63. there is another expression for the 
same in ascending powers. 



1 

1-hr"^ 



r+1 



— r"*^, &c, 
66. We saw, in the last §, that the division of 1 by r-f 1 was 
facilitated by employing negative indices, all trouble in the manage- 
ment of fractions being avoided in the course of the operation ; 
and ihe same method 
may be foUowed with % ^-^^ 

advantage in many ^""^<^ « + Sa+32a2^-*+SVd7-'^+ &c. 
other cases. The Sao? 

operation in the mar- 8(m? — S^a^ 

gin, in which af^ is S^a^ 

divided by a -3a, S^a^^3^a»x'^ 

affords another in- S^a'a"^ 

stance. By examin- 3%^^"! - 8V«"2 

ing the quotient and SV^a &c. 

the mode of its form* ^ ' 

«tion Iq this example, it will be readily seen, that the general term 
is 3'*"^a'**'d?'""^2^ with the remainder, 3'*a'*x^'^^; and the powers 
of s which have negative indices may be expressed in the ordinary 
way, in the manner pointed out in § 46* 

Eaercises. 
1, 2, 3, 4, and 5. Show, by § 53.] 

that («24.-r4.l)2=:^4^2j?3-|-3^2^.2A'+l j 

that (^~«3+«-.l)2=^-2a?5-|-3a;4_4^4.S4^«.2^+l . 

that (x±x'^y=:x^±^2+x'2 ; 

* This might also be obtained from the last formula in § 63., by 
chaoging r into r** i, and dividing both members of the result by r 
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that (a^j:«»)2=«2»»±2x"'+»»+4iaii; 
and Oiat (x-«±«-»)2=ar-2«±2j7-"«-»+«-2«. 

6, and 7. Show, by § 55., from Exam. 9., in Multiplication, 
Oiat (^+8a«» + 4a2a^)x(a?^-Sa«3— 0^*) 

and, from Exen 9. in Division, that, if x^ + a^he divided by « +a, 

2a2 
the quotient is «— a+ . 

■ 

8, 9, and 10. Prove, from § 56,, 

that (2a±5by=:S€^±30ab(2a±5b)±l25lfi 

= 8a8 ± 60a«6 + 1 50aft2 + 1 2568 ; 
that («-«-2)«=a^-S+S«-«-ar-«; 
and that (l-a:+«2)3=i-3x46x2-7ar3+6a:*-Sa:5+««. 

11, 12, IS, 14, 15, 16, and 17. From § 57., prove 
Oiat (4ap+8a:^)(4flur--8a?2) = ifia^a^^— 9*4 ; 

that (l+a:4-ar2)(l-a:H-ar2)=:l+«2^^; 
and that (ar4-ar-i)(ar— ar"0=^~'*"^- 
Prove also, conversely, 

that ar2-4a2 = (ar + 2a)(a:-2a); 
that x^+2ax-\~a^''b''=(x±a-\-b)(x'\-m''b); 
that a?2-2^(a: -h v/2)(ar- v^2) ; 
and that a2-6«-26c-c2, or a2-.(6^c)2=(a + 6+c)(«— 6-c), 

18, 19, 20, 21, and 22. From §§ 58, 59, and 60., prove 
that, if x*+l be divided by ar+l, the quotient is x^—x^-{-x^ 
— a: -f 1 ; and that if 81a*— 166* be divided by 3a— 26, the quo- 
tient is 27a3 H- 1 8a26 + 1 2a62 -f 863. 

Prove also, 

that(S2a5-48a4y+72rfy^-_io8aV 4 l62ay*-24i?y5)(2a+Sy) 

= 6406-729/ ; 

that (a: + l -!-«-')(*— 1)=^'^—^"^> and that if 5*4— «»+«— 5 
be divided by a:— 1, the quotient is 50^^+4*2+40? + 5. 

23. Show, that if 1 be divided by 1 +f2^ the quotient is either 
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l-r«+H-f^+ ....... 4.(_i)n.i^n-, 

or r-^^T"^ i- r-«-r-H . ^ if l^n-i -2n 
and that if 1 be divided by 1 -2^+;; ^e quotient is' ' 

1— 2;r-f-3ra ' 

24. Show that «?^-f-ar64.^^) + -,,;_L ^3 • -2 . ^ , i _ u 
successively under the forms, ^ ^ ^"^ ^ V ^'^ *^ P"* 

(:«r4+l)(^+a^J4.-, + l) and (^+ l)(a.H l)(ar+ 1). 

25. Prove that ar7-a?«-^5-f^4_^3^^^^_j 

= (^-l)(^~ar2-^4.l) = (ar2+l)(:r+l)2(a:_i)3 

th^^-0 +:)f'L??i"1.? " *J »«* q<»«tio„ may be written 

29. Divide *2+2a2 by x2+«2. using negatiye indices- .„d 
determme the n4 tern, and the 120th tL,, !f the iuo^M 

«nd the 120th term =a'i8»-H8. "^ ' 

ly the 8«ne. the product, will ^ the ^h ^dxtl '~-,'^ """^P^^'^ 
thus the Uw of continuation U evident InT. 1 'j "J^ " .o" ' •■•«' 
;^. I. win be «e„ .!«, that Xbr^iwi^ otr aT^Lt rJjJf '^ " 

.ri^^Sy'Si^^frore^ti^nfSt^d"^^^^^ 

Aowi^g that the ren.lt, L ^^^ T:t^Zt^\7T^^ 
ha mind, however, the student should endeavonr tl^ " training of 
•Jutions; that is. he should take one ofihf™^™!^ ""'^^ -"w/yWcrf 
«d. having performed the o^r^Zt tlt^^ ^^^J^^^"^ 
reduce the result so that it may become equal to the X* JZ^r^ *" 
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30. Show that {x 4 yf + (^ -y ) ^ = 2a:(ar2 + Sp"), 

and (:c+y>*-(ar-y) =2y(y^-f 3a:^). 

31. Prove that 
(a+6)(a+c)(6-|-c)^a2(6H-c) + 6X« + <?) + <?'(« + + 2aftc. 

82. From the second, third, fourth, and fifth powers of ar+A, 
take the same powers of x, and divide the remainders by h. 

Am. 2x-^h, 3x^ + ^ixh+h^, 4a: • + 6a: A + 4arA« -h A^ 
and 5x^+ lOa: h 4 I0x^h^'\-5xh^-^h\ 

33. Prove that the square of a'^ + ft^ jg equal to the sum of the 
squares of a^ — 6^ and 2a6.* 

34. Required the continual product of a + 6— 2c, a— 2d-|-c, 

and --2a + 6-|-<?« 

Ans. 3{a2(6+c)+62(a4-c)+c?(fl+6)}-2(a3+6»+c8)~12a6c. 



SECTION IV. 

FRACTIONS, f 

67. When the division of one quantity by another is merely 
indicated, the expression is called a fraction ; and, by means of 
terms borrowed from arithmetic, the divisor is called the dlmomi^ 

* Hence« (£uc. I. 48.) if a and b be any two unequal whole numbers, 
a'i-^-b^ will be the hypotenuse, and a^ _fc4 and 2ab the legs of a right- 
angled triangle, having its sides whole numbers. Thus, if we take a=a2, 
and ft = 1, we find the sides to be S, 4, and 5 ; while, if we assume 4 and 
3, we get 7, 24, and 25. 

t As a great part of the management of algebraic fractions is almost 
identical with that of arithmetical ones, and as the student is supposed to 
be acquainted with the modes of treating the latter before commencing 
algebra, operations have already been performed in some instances on 
fractional quantities. The following Section, however, is written without 
reference to any knowledge of the subject, which the student may pre- 
viously possess. 

The management of fractions consists partly in certain modifications of 
their forms, which, without changing their values, prepare them for ulte- 
rior operations, and which constitute reduction of fractions ; and partly 
in the performance of such operations on fractional quantities, as are 
perfonped on others, such as their addition, subtraction, muUipUca' 
tion, &c. 
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N 
nator of the fraction^ and the dividend its numerator. Thus, =r, 

or^ as it may be written, ND''^ is a fraction ; and D is its deno- 
minator^ and N its numerator. 'J'he numerator and denominator 
of a fraction are often called, for brevity^ its terms. 

The following are three fundamental principles^ on which much 
of the theory of fractions depends. 

68. If the terms of a fraction he either both multiplied, or botk 
divided, by the same quantity, the fraction so obtained is equal to 
the original one, 

69. To multiply a fraction by a quantity, either multiply its 
numerator^ or divide its denominator^ by that quantity. 

70. To divide a fraction by a quantity, either divide its nume- 
rator^ or multiply its denominator^ by that quantity. 

71. These principles are proved in the margin; where^ for 
ease of reference, the successive expres- 
sions are marked (1.), (2.), (3.), &c., p N /• \ 
and where F denotes the originad frac- " j) • • • • C'O 

tion or quotient, S. Then, since, by the ^ ~ ^ • ' " ^^Sl 

\j mur =mN , . . [S.) 

the nature of division, a quotient, when r«_*"^ / ^ v 

there is no remainder, is such a quan- "^mD ' ' * ' ' 

tity, that, if it be multiplied by the di- N mN 

visor, the product is the dividend, we D^mD * • • v^') 

get (2.) by multiplying the members of mNI 

(1.) by D. From this (Ax. 3. p. 9.) mF= .^- 

we obtain (8.) by multiplying both N mN ' * (^•) 

members by the same quantity w. We or, *»yS= jv 

then divide (Ax. 4. p. 90 hoth members ^ ^ - 

of this by mD to get (4.); and (5.) is *__/^ (rj\ 

obtained by equalling the values of F »» »wD 

in (1.) and (4.). This formula proves 

§ 68. ; since, if the terms of the first member be multiplied by 

m, the result is the second ; while, if the terms of the second be 

divided by m, the result is the first ; and the two mefnbers have 

been proved to be equal. 

Formula (6.) is derived (Ax. 4. p. 9-) fro™ (3.) by dividing by 
1). By comparing this with formula (I.)? ^^ ^^ ^^^ ^ times F 
is found by multiplying N, the numerator, by m, and retaining 
the denominator ; while, by comparing it with (4.), we perceive 
that it is obtained by dividing the denominator of the second 
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member by m, and retaining the numerator ; and thus we have 
a proof of § 69* 

Lastly, by dividing the members of (2.) by mD, and modifying 
the result by § 68. we get (Ax. 4. p. 90 formula (7.). Now, the 
first member of this is the quotient found by dividing the fraction 
F by m ; and its value^ the second member, is obtained either by 
dividing the numerator of the second member of (4.), or by mul- 
tiplying the denominator of the second member of (!.)> by m ; and 
these members being each equal to F, we have thus a proof of § 70. 

72. If, according to § 70., we divide ^ by N, and indicate the 

multiplication of the result by N, we get ^=N A. Hence, it ap- 
pears, that, in case of any fraction, if a unit or integer he divided 
into as many parts as there are units in the denominator, thefrac-. 
tion ejppresses as many of these parts as there are units in the nu* 
merator.* 

73. Fractions having different denominators may be reduced to 

equivedent ones having a common denominator, by multiplying 

each numerator by all the denominators except its own, to find the 

numerators, and by taking the product of all the denominators as 

the common denominator. 

__ a c e oidT \icT bde 

Thus. ^, ^and^ we equivalent to ^ ^.nd ^. The 

reason is plain from § 68 , since the terms of the first fraction are 

simply multiplied by d and /, all the denominators except its own ; 

and in like manner, the terms of the second fraction are multiplied 

by bf, and those of the third by bd, 

a a 

By a similar reduction, we find, that — : — and - — are equi- 
^ a+« a- a ^ 

, a^—aa . a^-^ojp 
valent to -r. s and -5 x. 

74. When some of the denominators have one or more common 
factors, the results may be exhibited in simpler forms than those 
which would be found by the foregoing method. To accomplish 

* This view of the nature of a fraction is that which is ordinarily 
adopted in arithmetic, instead of the one given in § 67. Thus for in- 
stance, in reference to a day, the meaning of the firaction |, according to 
the common mode of reading it, is, that a day is divided into four equal 
parts, and that the fraction expresses three of those parts. The two views 
are evidently identical, each being derivable from the other. 
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tbis^ omit all the factors common to two or more denominators, 
except one of each^ and take the product of all the remaining 
quantitiea for the common denominator. Then, divide this 
successively hy the given denominators, and multiply the several 
quotients by the respective numerators, to find the required nu- 
merators. 

a d f 
Thus^ if the fractions ^ tz>—j i-j^Y omitting c in the second 

denominator and b in the third, we have remaining be, e, and g ; 
the product of which, bceg, is the common denominator. Divid- 
ing this by bCy and multiplying the quotient by a, we get aeg, the 
first numerator; and in a similar manner we find the two remain- 
ing numerators to he bdg and cef. 

In like manner, if we had 7 r;:, -5 ;r, and 7 vi^ mce 

(a -H xy €? — x^ (a — xy 

the denominators may be written (o-|- a?) (a -ho?), {a-\-x){a — x\ 
and (a — a?)(a — a;), we omit one factor, a+^> in the second, and 
one, a - ^, in the third ; and, multiplying the remaining factors 
together, we get for the common denominator, (a-t-x)(a+^) 
{a—x){a—x^y which may be put under any of the forms (a + x)- 
Xa—xyy (a + a?)(a— a?)(a + ^)(fl— /p), (a^— 4?^)^, &c. Then, 
dividing this by (a -|-^)^, and multiplying the quotient by a\ 
dividing again by a^ — 47^, and multiplying by b\ and lastly, by 
dividing by (fl— ^)2, and multiplying by c, we find the nume- 
rators to be a(a— 47)2, b^a^-^ofi), and c(a+47)2. The reason of 
the process -is evident from § 68. 

Exercises. Reduce the following sets of fractions to equivalent 
sets, having common denominators. 

, 1 2 - S ^ yx 2xx Sxy 

1. -, -y and -. Ans, - , — , — . 
X y » xyz xyz aoyz 

2. _ and -. ^^* - and -' 
a ao ab 

o a , 6 J ay . bx^ 

3. „ and -. Ans, ~ and ., . 
0?- y x-y x^y 

^ a-\-x - a—x . ao+cx , ab — bx 

4. — i— and . Ans, — r — and — - — . 

be be be 

^11.1. . ac a^ . be 

ab be a^ a^bc a-ba a-bc 
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®- dW ""* SP- ^"'- e^ '^ ^- 

^ a J 1 ^ oar— a , «3-|-a:2_L.a;4. i 

jr' + j:^ + *+l a?— 1 x^—^1 x^—l 

x—a ,1 x^ — a^ , a:2— ax+a2 

x^^ax-{-a^ «+• «3^i,8 x^-\-cfi 

^' 2a6' She' Mi' 5de' 6ef' 

SOcdef isOadef isSabef 4iSabcf SOabcd 

60abcdef GOabcdef GOabcdef 66abGief' *° GOabcdef' 

75. To convert a mixed quantity (that is, a quantity which 
is partly integral and partly fractional) into a fraction ; multiply 
the integral part hy the denominator : to the product add the 
numerator, if the fraction he preceded hy + ; otherwise, sub- 
tract it : lastly, below the result, write the denominator.* The 
reason is plain from § 51. 

^, . C? X^ — a2_|.£|2 -p2 

Thus, x-\'a-\ = = : 

X —a X -a x—a 

ar^-f-a^ x^-\'2ax'\-a^ — (x^+a^) 2dx 

and ar + a ; — = ^^ = — r— . 

x-^-a x-{-a X ^-a 

An integral quantity is reduced to a fractional form, by mul-> 

tiplying it by any quantity, and taking that quantity as deno- 

ax 
minator, and the product as numerator. Thus^ x=. — . 

Exercises. Reduce the following quantities to fractions. 

o^ ' x^ 

0. a?2-faa:+a2-|- . Ana, 



x—a x—a 

« . 7a2 ^ 2ar2-a2 

?ar~4a-h- --^. Ans. — —^-, 

x-\-2a x-^2a 

* The term improper fraction, which is often applied to the result ob- 
ined by this rule, ought to be confined to arithmetic ; as, in general, 

liere is neither propriety nor use in calling algebraic fractions either 

proper or improper. 
The converse problem, the reducing of a fraction to a tohdk or mixed 

quantity, is wrought by simply performing the division that is indicated. 
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25fl:F— 12^^ 12a2 

12. 3a -4a: + -^— -1^. AnM. ^- , 

4m -3x ^ '8x 

X — a 2a 

13. I — — — . Alii, — -. 

x-\-a x-\-a 

76. If the terms of a fraction, without hecoming themselveg 
fractional^ can be divided by a common factor or measure, the 
result, which (§ 68.) is equivalent to the original fraction, is 
said to be in Umer terms : and if the divisor so employed be the 
largest number possible, or the factor of the highest order, or, 
as it is generally called, the greatest common measure or divisor, 
the resulting fraction is said to be in its lowest terms. In esta- 
blishing the method of finding the greatest common divisors of 
quantities, and thus of preparing for the reduction of fractions to 
their lowest terms, the principles given in the next § and the 
following are necessary. 

77. If a quantity be a measure of two others, it is a mea- 
sure of their sum and difference ; and it is also a measure of 
either of them multiplied by any quantity. Thus, ma and mb 
have fi» as a common measure ; and their sum and difference, 
ma-{-mb and ma — mb, have the same common measure ; m being 
coutdned, without remiunder a + 6 times in the one, and a — b 
times in the other. Multiplying also ma by n, we get nma, which 
is still divisible by m. 

78. If two quantities, ttiA and mB, have the quantity m as 
their greatest common measure^ so that A and B areprtm^ to each 
other, that is, have no common divisor except unity ; and if one 
of them,mA, be multiplied by a quantity n which has no factor 
in common with B, m is likewise the greatest common measure of 
fTiB and the product nmA. For, dividing the two latter by m, 
which evidently measures them, we get B and nA ; and, neither 
ft nor A having any measure in common with B, nA and B have 
no common measure greater than unity. The greatest divisor, 
therefoi-e, of mB and nmA is m. .If, instead of multiplying, we 
had divided, mA by n, it would have been shown in the same 
manner that the quotient and mB have no common divisor greater 
than m.* i 



♦ Thus, 20—4 X 5, and 24^4 x 6 = 4 x 2 x S ; of which 4 is evidently 
the greatest common measure. Now, if we multiply 20 by 5, 7, 11, or 
any other number which is not 2 or 3, or a multiple or power of 2 or !| 
or the product of any powers of these two numbers, the greatest commas 

D 5 
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79* When the terms of a fraction have a simple quantity as 
factor^ it can be readily discovered by inspection. Thus, we per- 

measure of the result and of 24 will still be 4. Thus, multiplying by 
5, we have IOO=5x20a:4x5x.5, which has no factor in common with 
24=4 X 2 X 3 except 4. If, on the contrary, we multiply by 2, we get 
40=2x4 x5aB8x 5, the greatest common measure of which and of 
24 is 8. 

In like manner, if instead of A and B we take ed and ef, which are 
prime to one another, so tiiat c and d have no factors in common with e 
and f, we have mcd and mef, of which m is the greatest common &ctor : 
and it is plain, that if we multiply mcd by any quantity except e and/, 
and their powers, or the products of those powers, m will still be the 
greatest common divisor of the product and of mef. Thus, mcdff and mef 
have m as their greatest common measure. 

A strict proof, that, if neither n nor A have a measure in common with 
B, n A and B have no common measure greater than unity, may be as 
follows. Suppose m to be a factor of n A and yet to be prime to A : then 
m must be a factor of n. For, if we perform the process for finding the 
greatest common measure of m and A, we shall at length arrive at the 
remainder I ; and the work will stand as follows, ^p ^j, . . ., q^, and 
rp r, , 1, denoting the respective quotients and remainders. 

m) A (gj Hence, A « mq^ + rp 

*^s &c. 



r. = l. 

Multiply the several quantities in the second column by », and divide 
the results by m : then, 

»A , «''i nr. nr^ «r, 

m ' m m m ^^ m 

""m '^2+ « ' -''«-«.94 + - *, &c. 

»» m m m m 

nA 
Now, in the first of these equations, — and nq, being whole numbers, 

— ^ must be a whole number also, or the second member would be ftac- 
fit 

tional. In the second equation, n is a whole nuniber ; and, by what has 

just been proved, the first term of the second member is a whole number : 

hence, the last term, — •* must likewise be a whole number : and it would 

111 

be shown, in a similar n;ianner, that the last term in each of the equations 

m an integer. Now, by continuing the process, we should arrive at the 
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Qaz^ _ Qa^x 
ceiye at once, that the terms of the fraction — 7-;r-T, are di- 

yisible by 3a, and that it is therefore equivalent to , 7— "' 

In like manner^ we readily see that 

fl^&^c a , , 2ar2«— 4j7w2 x—2y 
-«IT-i = -. and that — a > o =-^--« 

Should there be large numerical coefficients, their greatest 
common measure may be found in the manner shown, Arithmetic, 
pages 81^ 82, and 83. 

80. Wben the common measure of two quantities is com- 
pound^ it may be found in many cases, by means of the prin- 
ciples esteblished in §§ 53, 56, 57, 58, &c. 

Thus, we readily see that ar — a is a common divisor of o^* — a^ 
and *^ — a2; and a?+a of 47^4-0* and ar^-f-o^. In like manner, 

»noe (§ 51.) the faction — ^.g^.^^,^, . may be 

3cM?c 4» "*~fl^ f "^ 4fl"«c'^i J? /T ) 

put under the form — \ .,, ./ ^ — \v , we have x—a 

4a:^(ar^ — 2ar + a^) 

as the common factor ; and by dividing both terms by it and by 

w, we get, after some easy modifications, — --r, — r-^ — . 

4ix^—4ax 

81. In general, however, ioA«n there isia compound factor com" 
men to tvDO quantities, it cannot be found by inspection. In such 
cases, it will be obtained by the following rule : — 

(1.) Divide one of the quantities by the other, using as divisor 
the one of the lower degree, if their degrees be diffisreut. (2.) If 
there be a remainder, divide the last divisor by it (3.) Con- 
tinue the operation in this manner, always dividing Uie divisor 
last employed by the last remainder, till nothing remains ; and the 
divisor which leaves no remainder is the greatest common measure^ 

For the purpose of simplifying the operation, it ought to be 



remainder 1, and the corresponding last term would be — , wbich Inu^( 

tn 

therefore, be a whole number, so that m must be a measure of n. 

Hence, if m were a factor of tiA and 6, without being a fiictor of A, it 
must be also a iiMtor of n : and therefore, if neither n nor A have a mea- 
sure in common with B, iiA and B can have no factor in conmion. 

D 6 
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carefully observed, that when all the terms of eidier of the oxi- 
fnal quantities^ or of any of the remainders that by the rule are 
to be used as divisors, can be divided by a common factor *, the 
division should be performed, and the result used instead of the 
quantity. In addition to this, every dividend should be multi- 
plied, when necessary, by such a simple quantity as shall prevent 
the quotient from being fractional. 

, « J 2j?*— J^i— 10jr2— lla: + 8 . , 

Exam, 1. Reduce ;r— — 5-5 — - — -7 to its lowest 

terms. 

2a^—Sx^ — gx^ + 5x 

2^ _ x^^i6x-\-8 
%^ —3x^ — 93r-h5 

2ar2 — 7a: + 3= r 

r=:2a:2— 7ar + S)2ar3— f^ar2 — 9^:4.5(^ + 2 

^x^—lx^ -t- 3x 

4a:^— 12a: ; 5 
4a:2 — i4,aj-^-6 

2ar— 1 

2ar— l)2ar2— 7j:i3(ar— 3 
2ar2 _ j^ 

— 6ar4-3 
-6xjr3 

t 

Here, by dividing the numerator by the denominator, we get 
for quotient ar+l and for remainder 2x^ — 7x-\-3. We then 
take this remainder as divisor, and the former divisor as dividend, 
and we get as quotient or + 2, with 2:r — 1 remaining. In the next 
place, taking 2ar — 1 as divisor, and the last divisor as dividend, 
we find for quotient x-'3 with no remainder. Hence, 2;r-^l 
is the common measure ; and if we divide the terms of the given 

^ gx 8 

fraction by it, we get for answer — ^ l . 

' x^ — x — 5 

* Should this factor be common to both the dividend and the divisor, 
they must both be divided by it. 

f In this question, as well as iu inany others of a similar kind, tbfs me^ 



TO THEIR LOWlfiST TERMS. 6l 

The reason of this process will be seen by examining it in a re- 
versed order. Thus^ from the third operation in division we see 
that 2d?' — 7^ + ^> which for brevity we may call r, is measured 
by 2x — 1> containing it d? — 8 times without remainder. The se- 
cond division shows that the given denominator D is equal to 
r(a7-|-2) -f-2x — 1, which (§ 77.) is divisible by 2x - I, since, as 
we have already seen, r is divisible by it. From the first division, 
again, we see that the numerator N is equal to D(x + 1 ) +r ; and 
this (§ 77*) is evidently divisible by 2;r — 1, since this quantity 
has been shown to be a measure both of D and r. 

That no quantity of a higher order than 2x — 1 can measure N 
and D may be thus shown by means of § 77* Suppose, if pos- 
sible, that a factor of the form, ax'^-^-hx-i-c, can measure them ; 
then, since this factor measures D, it must measure J){a H** 1 ) ^ ui<i 
measuring N, it must measure r, which is the difference of N and 
D(a: + l). Measuring, therefore, r, it must measure r(j;+ 2) ; 
aud measuring D and r(«+2), it must measure 2x— 1, which is 

thod of detached coefficients may be employed with much advantage. 
By using also, alternately, the foreign and the British mode of ar- 
rangement, the type or form of the operation will be rendered more 
convenient. The work in this way will be as follows, without, however, 
all the contraction and condensation of which it is susceptible according 
to § 50., &c. In this way the operation is purely arithmetical, and the 
pupil is freed, till the conclusion, from all trouble in writing x and its 
powers, and in considering what those powers are to be. The diviso^ 
which leaves no remainder is 2—1, or 2x — 1, the same that was found 
by the lengthened process. It is scarcely necessary to remark, that the 
dividing of the given numerator and denominator by 2x— 1 will also be 
most easily effected by using only the coefficients. 
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FINDING OF THE GREATEST COMMON MEASURE. 



their difference. Now^ this is evidently absurd ; as it is plain^ 
that a factor of a higher degree cannot be contained in one of a 
lower. 

Exam, 2. Find the greatest common measure of the quan- 
tities, 2d7^— 15j?H-14, and o?^— 15a?--|-28a7— 12; and thus re- 

^1— 15:r2-|-28:r-12 

duce the fraction — rr-r, — z-z ri — to its lowest terms. 

2ar*^— 15af-|-14 

In working this ex- 
ample, we multiply the 2ar-'^ — 1 5a: +14) a:*— 1 Sjp- + 28a: — 1 2 

dividend (§81.) by 2, __2 

so that we may have a, ^x^-SOx'-j- 56x — 24 (^ 

instead of ^ a? in the quo- 2a: * — 1 5:c - -^ 1 4x 

tient. It is then easily _ 3y^5x^~^i2i - 24 

seen, that the remainder -; — r— : — rj q 

is divisible by — 3 ; we * 

perform (8 81.) this ^ « ^ ., 

division, therefo/e, and «*'- 14»i-8)2*^-15^ + 14 

take the quotient^ 5j^ 

-14a? + 8, as divisor, 10a:3-75a: +70 (2a: 

and the former divisor 1 Ox» - 28a:^ + 1 6af 



as dividend. To pre- 7) 28a:^— 91x + 70 
vent the quotient, how- 4:r- — J 33? + 1 

ever, from being frac- 5 

tional, we multiply 2ba:^-65a: + 50(4 

(§ 81.) this dividend by 20a:-^— 56ar + 32 

5, and we thus get 2d? — Tt^ t: r^ 

/ *• * -Ii. *i, —9) — 9^ + 18 
for quotient, with the ^ 

remainder, 28a:-— 91* ' ^ "" ^ 

+ 70. This, we readily 

see, can be divided by 7, a:-.2)5a:2 ^ 14a: + 8 (5ar-4 

and (§ 81.) we divide 5x^-^lOx 

it accordingly, to keep —4a: +8 

the coefficients as smiJl — 4a:-t-8 

as possible. The result 

we multiply by 5, to 

prevent the next part of the quotient from being fractional ; and 
we get 4 as quotient, with —9^+18 as remainder. This last 
being divided (§ 81.) by — 9 gives a:— 2 : and this, as it is con- 
tained without remainder, according to the annexed operation, in 
the last divisor, is the common measure required. Lastly, by di- 
viding the terms of the given fraction by this, we geta^-^2x^ 
— 1 lar— 6 as numerator, and 2a72 + 4a? — 7 as denominator, of the 
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answer. The reason of the various steps of the process is evident 
from the references given above. • 

82. The greatest common measure of two quantities is often 
more easily found by the following rulef ^ than by the one already 
given. 1 . Write the coefficients in two lines in succession, call- 
ing the one (a) and the other (6). 2. If necessary^ multiply 
(a) and (b), so that the tirst terms of the results may be equal } : 
tiien add or subtract so as to destroy those terms, and let the re- 
sult, simplified, if possible, by having its terms divided by a com- 
mon measure, be called (c)« 3. Proceed in a similar manner 
with regard to the last terms of (a) and (6), and call the result 
(d). If (c) and (d) be the same, their terms are the coefficients 

• The work, according 
to the method -pointed out 
in the note to the last ex- 
ercise, ^ given in the mar* 
gin. The operation in this 
waj is short and simple; 
and, after a little practice, 
the pupil will prefer it to 
the ordinary process em- 
ployed in the text. 

t By working Examples 
3, 4, and 5. by the common 
rule (§ 81.), and Examples 
I. and 2. by the rule here 
given, which the author be- 
lieves to be new, the student 
will find the latter to be 
superior, in general, in a 
very considerable degree, in 
point of brevity and faci- 
lity. It has often in par- 
ticular the advantage, es- 
pecially in lengthened ope- ^ 
rations, of preventing so high numbers from arising in the process, as those 
which occur in the common method. 

\ The multipliers will be the coefficients of the two terms interchanged, 
or numbers got by dividing those coefficients by a common measurob 
Thus, in Exam. 3., to get results from (a) and (6) having their last 
terms equal, we might multiply (a) by 12 and (b) by 8. It is better, 
however, to divide these by 4, and to use the quotients 3 and 2. To get 
equal first terms, we might multiply (a) by 6 and (b) by 3 ; but, as the 
first of. these is double of the other, it is simpler, and is sufficient, to dou- 
ble (a) and retain (5) unchanged. 

The letters (a), (6), (c), &c., are used here merely for stmplying the 
lule and the illustrations, and need not be employed in practice. 
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of the required meaanre. It sometimes but rarely happens, that 
the expression thus obtained will be found on trial not to be the 
common measure ; when this is so^ that quantity must be com- 
bined, according to the rule, with one of the original quantities, 
or with some quantity obtained from them. If they be not the 
same, treat them as was done with (a) and (b), and thus proceed 
liil two are found which are the same. 

In practice it is often better to find onl^ (c), or only (d), getting 
the one that can be more easily found, and then to use it with 
(a) or (6). Like variations may be made in other parts of the 
work ; and the general rule should be, to operate on lines con- 
taining the same, or most nearly the same, number of terms. 

Exam. 3. Find the greatest common measure of the two 
quantities, 3x^-^2x- — 14>x + Sy and 6j:^ —liar- . 13a: — 12. 

In this operation, besides the explanations given in the margin, 
it may be remarked that (c) is found by taking {b) from the line 
below it, and (d) by adding 

the two lines preceding it. « 2—14 « ( \ 

The line above («) is got by g _jj ^^_^^ ' ; ^ 
subtractmg the upper of the g ^ _^^ 16 . . (a) x 2 

two hues next above it from ^ ^ 

the lower, and the last line ^^ ^^^ ^^ • ' C^) 

of aU is found by adding 9 6 -42 24 ., (a)x 3 

together the two lines next 1 2 —2 2 ^^TT^* • • (^) X 2 

preceding it. The common 21 — 16 — 16 (rf) 

measure required is »Sj:— 4, 765—287 I96 (c) x 7 

since the last two parts of 105 —80 —80 (rf) ^ 5 

the operations give 3 —4 ""69)207— 276 

equally. 3 __4 ^ /^N 

The reason of the pro- ->j— — / ^ 

cess will appear from con- 0^-164 112 W ^ 4 

sidering that, according to 147-112-112 (d) x 7 

§§ 77. and 78., every line, 207—276, as before, 
when the powers x are sup- 
plied, is divisible by the required measure. Thus, since (a) and 
(6) are divisible by it, the third line, which is the double of (5) 
is also (§ 77.) divisible by it ; and so (by the same §) is (c), 
which is the difference of two quantities of which it is a measm-e. 
When the powers of a: are supplied, (d) becomes Qlx^—lSx* 
— l6ar ; and (§ 78.) this may be divided by a;, so aca to become of 
the same order with (c). By each of the two concluding parts 
of the operation, we gee 207:^—276 ; and the terms of this have 
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the common simple factor 69, by which (§ 78.) we may divide 
them, as the given quantities have no such factor ; and here the 
work evidently terminates. 

Exam. 4. Find the greatest common factor of Sx^-\-5x^ 
-^9x y^^xy^ I Qy\ and 2x^-^5a^y^5x'yi--Sxf—^K 

In the work of 
this example^ in ad- 3 5 q , 6 ' ( \ 
dition to the expla.. ^ 5 5 ^S -9 .' .' (6) 

nations given m the a ; ^ r^ . 

margin,'' it may be ^ ^ « 2 12 . . a) x 2 
stated, that to find ^-^^_ ^^ "9 -27 . . (6) x S 

(c), the upper of ^ ^"^^ J^J^ J7-^9 ..(c) 

the two lines next 9 15 2? 3 18 . . (a) x 3 

above it is taken _4 10 1 —6 — 18 . . (6) x 2 

from the lower; that 13 25 37 -_3 . .".~ , . . (^\ 
the same is done in 65-^39 -143-507 ..//.! ! (c) x IS 
the Ime before (e) ; 65 125 185 -15 ... (d) x 5 

and that at the con- fg^) ^g^- -g^g - 

elusion (c) IS taken — ^— 

from 13 times (d). J ^ ? («) 

Then, the coeffi- io9_325_48J^-S9 . . (rf) x 13 

ciente being found 164 328 492, as before. 

in (c) to be 1, 2, 

and 3, it follows, that the common measure is :c- + 2x^-4-3^2. 

Exam. 5. Reduce the fraction J^- S^H^-g 
lowest terms. ar^^ -f 6^'^ -f i0x-\-3' 

Here, the third line 

is got by taking (a) 1 -8 1 -6' (a) 

from (6), and (rf) by 1 6 10 3 . " (bi 

taking (6) from (c). - q\ f* — f^ . W' 

The Hne («) and the V^_JS 2_6 

last line but one are re- ^ 9 I 3 . . (c) 

spectively the suras of 2 3 —9 (^f) 

the two lines preceding 9 27 3 9 (c) x 3 

them. We might have 9~ 2g 6~, . . (e) 

found the line (/)over 4 6^^M8 (A 

2, and subtracting. In ' ^ — 

this case, however, as ' ^ (/) 
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well as in similar ones^ except for completing the operation^ 
this last process is unnecessary ; as it is plain^ that^ if there he a 
hinomial factor^ it must be what is thus obtained. In the pre- 
sent instance^ we find that (/)^ that is^ x-{-3, measures both 

terms of the given fraction^ and reduces it to = — - — — — . 

x^ 4- ox -f- 1 

S3, To find the greatest common measure of more than two 
quantities, find the greatest common measure of two of them ; 
the greatest common measure of the result and a third ; and so 
on, if there be more. 

Thus, if ar^ — a"*, bx^ — a bx, and a:^ +0** he proposed, we find that 
x^ — n- is the greatest common measure of the first and second, 
and that x-fa is the greatest common measure of x'^—a'^ and 
or'^-f-a'^* Hence a: H- a is the greatest common measure of the three 
proposed quantities. 

To illustrate this, since x'^ — a'^ is the greatest common measure 
of the first and second, these two may be put under the forms, 
(ar^-j-o^) (a:^ — o*-) and bx(^x' — a ), where X'+a'^ and bx cannot 
have a common factor. Again, since a: -fa is the greatest common 
measure of x'^^d^ and ar-^+a', the second and third may he put 
under the forms, bx{x—a){x-\-a) and (^x^—ax-\-d^)(x-\-a), and 
the first may be written (a: -f a-)(ar— a)(a:-}-a), where ar-f-a is 
obviously the only factor that is or can be common to all the three 
quantities. 

Exercises. Find in each of the following fractions, the greatest 
common measure of its numerator and denominator, and reduce 
the fraction to its lowest terms. 

24a%^x^ Sab'^a^ 

14. .^ i—c.—» Ans, 8abx^ and — ; . 

lOabxy "iy 

16. rj oib-o- '^'w. 9.ab^c^ and -. 

ba^^cr 3a 

_ abcde j u ^ ' a ^ 

17* . . ^ . Ans. bcde and - . 

bcdef f 

18, -r — — ! i. Ans» J? 4-0 and . 

^«-+-2aa7+a* J?-|-a 

,_ sfi—a^ . . x'^'\-ax-\-d^ 

19« 5-» Ans, X — a and . 

aa^a^ a 
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^^- ~i:^ — nXT • ^^* 2a— 36 and ^- — Z • 

34?* — 47^ — d? + 3 



u^n«. d7+l and 



47^—607 + 1 



«2n+l I «2i»+l 
29 ~ ... 

^«— aa72"»-i4.aV»-2— ■^a2'»-iiP-|.a2«.- 



^^* ~o«a 1 — • Ans. x^l and --r-^- --. 



2^ 18ar*--5jr2f44x— 5 



SdT* + 20^3 — 57«^ + 80*— 50 ' 

Afw. 3a?^-4^+5 and ^^i?fnl 
^ 4?a + 8d;— 10' 

2 16^-17^:3— Se^HjS 
^4x«-27^a 

^n..4.-.3and^y-^"'-"«--6 

16474+ 12^ + 9ir2 

16^— 53ar2 4-45ar4-6 



26. 



Sj:* — 30473 + 31*2— 12' 



^^ 2*2— 3*- 2* 



2437^—224:* - 14 * 34.24*2—8* 
18*»— 18** — 14*3-1-30*2 — 12*' 

^n*. 6*2-4* and ^^-^'-3^ + 2 

8a:3_3.2_g^^3- 

g^ **-5473 + 4*2-h3* + 9 , *3-2*2-2*-3 

4*3— 15*2 + 8* -f 3 4*2— 3*— 1. 

20 4i4--J_2*3 + 5*2 4-J[4*--j2 
^' "6** — ll*3;9^2_i3— g• 
^n..2*-3and''^,^f-Z:?f!±* 

3*3— *2 4.3;p_2* 
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9 arg + 1 la:^ -f 1 8j:^ f 42j?^— 8 
r8i6^6«<^8a:3-h~33a:2i:::4' 

84. To add fractions together, which have a common dewumi^ 
nator ; add their numerators together^ and below the sum write 
the common denominator.* 



Thus the sum of -, — , -, is ; and the sum 



X 



a a a a ;r+a 

and — ; — is — ; — , or 1. 
x.-{-a x-^a 

85. To add fractions together which have different denomu- 

nators ; reduce them (^§ 78. or 74.) to equivalent ones having 

the same denominator^ and add the results by the last rule« 

nrt 1. ^ <* , c . ad-^hc , , - a ,6 

Thus, the sum of - and ■ is — rr~i and that of -■ and — 

b d bd b a 

a^4-b^ 11 

is — --. In like manner, the sum of and — ■— , or 

ab X — a x-^a 

X I £t X "^^ a Qx 
of their equivalents -^ = and ^ g '•* "a 2* 

Exercises, Add together the following sets of fractions. 

31. -, -, and -. Ans. ^—-^ — ~. 

X y z xy« 

32. 1, 1 and 1. Aru,. 6y^+f^+2^ . 
X 2y 3z oxyai 

S3. ---— and . Ans. -^ — «. 

x+a X— a x^—a^ 

^^' 5P ^^ ^' "^^^ "S^p-- 



* The reason of this rule is so obvious as scarcely to require illustra- 

4* a. 

tion. It may be proved thus, however ; let Fi ^ -, and Fj == •- , Mul- 
tiply each of these by a, and add the results ; then FjO + F^a =» or + y. 

jT '4* V 

Hence, by dividing by a, we get F, + F^as =. The rule for subtrac- 
tion (§ 86. ) would be proved in a similar manner. 
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35 1 1 1 JL ± 



il9M. 



O" 



P^ 1 1 2 . 4jp2— 3^_S 

37. a.- -t- and 4«- • An*. 6a-^+'^. 

be he 

38. ^^ «.d ^. J„,. ?4±?y'. 

jp+Oj' ^-f Og ^ * + <»3' -^w*' Numerator = 

"♦■/'i^.^s +P2^i**i+P.j^i'*s* *"^^ denominator 

:^(^-}/lJ(d? 4.02X^ + 03). 

./.I 2 3 ,4 

40. — -—, X, ^, and 



d?+l* a? ^ 2' « + 3' a7-f4' 

10a;»+70j?«+150a;+96 



An9, 



47* -H 10a;3 ^ 35 -1^ ^ 50« ^ 24' 



>.! 1 2 S .4 



«— 1' 2^—1' 3d7— 1' 447—1 

• 24d?*-50jH» + 35^2_iOjp 1* 

86. To 9vbtract a fraction from another which has the earns 
denominator ; from the numerator of the second^ take the nume. 
rator of the firsts and helow the remainder write the common 
denominator. 

Thus, if from - we take -, the remamder is — =-: and if 
. a a a 

be taken from , there remains or 1. 



87. To subtract a fraction from another w'lich haa a different 
denominator ; reduce them (§ 73. or 74.) lo equivalent ones 
having the same denominator^ and proceed wi^h the results ac« 
cording to § 86. 

* Let the student compare this exercise and the last 
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m^ a e ad— be a b d^—b'^ . 

Tnu8^ T— J = —n — ; T — = — r — ; and 



b d bd \ b a ab * j?— a x-^a' 



or^ what is equivalent^ 



X 



8 — n^ «2 — /»2 ^2 — fl2' 



Exercises, In each of the following exercises^ take the second 
quantity from the first. 

42. - and -. Ans, . 

X y xy 

-« 1 1 1 A 2y— a: 

43. - and ^r-. Ans, . 

X 2y 2xy 

,^ a^ ^ b^ ^ a^x—b^x 

44. — and — . Ans, . 

xy yx xyz 

1 .3 b—Sa 

*^- 5^ *°^ 5^- ^'^' T363- 

46. — and — -— . Ans, — ^- — . 
ar x + 1 x*-{-x 

47. 7* — 7- and3x— r^. Ans, 4ar .„ — . 

b " ' 0^ 

48. i±i!«.d^. ^»*.-|^,. . 
x—y x+y x^—y^ 

49. 1 and a ■ % . Ans, -tt-— o- 

88. To find the product of tfoo or mare fractions ; find the pro- 
duct of their numerators for the numerator of the answer^ and 
the product of their denominators for its denominator. 

^^ i_ 1 . If ^ ^ , e . ace 

Thus> the product of -, — , and -j;, is - - _. 

a J baf 

To prove ihis, let F^ = |, Fj = ~, and F3 = ^ Then, by 

multiplying these severally by 6, d^ and fy we get F|6=a, 
F2<f = c, and Y^-=ie\ whence, by multiplication, we get 
FiFjFafcd/ss ace; and dividmg by bdf we get FiFjFj, the 

product of the three fractions, equal to —', and a similar proof 

may be given in every case. 

89. In multiplying fractions, it is better, on many occasions 
merely to indicate the operation at first, and then to simplify the 
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result by dividing the numerator and denominator by any factor 
that may belong to them in common. After this, any operations 
that are indicated may be performed, if it seem advantageous. 
Th ^""Q' ^^ __ (474-a)(d?— o)flwr__^(a7— a)a__ajr— a* 
' xy aiy-\-ay'^ atyy^p-^-a) " yy "^ y^ ' 
It may be remarked also, that, in boUi multiplication and divi- 
sion, where there are mixed quantities, they should in general be 
reduced to fractions by § 7^* 

Exercises, Find the products of the fractions given in each of 
the following exercises. 

x^+ax-^-a^ x—a 

^^ 3x2— 4a:-fl 3x.\-4^ 

53. «-n ^ and T' 

^, x2-.4a2 . x^'-tfi 

54. and , _ . 

a:— a x-|-2a 

55. . r and 



6ar — aft x--a 
57. 1—^^^ and 2+ ^^ 



^n«. 


wy3' 




Ans, 


d3 • 




Ans, 


ar«+a3 
ar«-a3' 




Ans» 


9a?^— 13a!4-4 


ar3— 19x 


+ 12" 


Ans. 


d7>— a**- 


-a«/p-2a». 


Ans. 


a«6 
(ar-a)«- 




Ans. 


l-o» 
l-f6»* 




Ans. 


4afy 





6j;3,4a>a— 9ar-f6 3^+2^+9^-h6 

ISaT^-j- 19^^—93^2 +36 



iln«. 



36^ — 52a^ -f gda^ - 430^2 ^ 12 . 

90. To <2t«ufe one^oc^ton by another ; invert the divisor, that 
is, take its numerator as denominator, and its denominator as nu- 
merator, and proceed as in multiplying fractions.* 

* More generally, any quantity, whole or firactional, is divided by an- 
other, by multiplying the former by the reciprocal of the Utter. (See 
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— , a c a d ad 

Thus. -H - = X - = — . 

' b^d be bo 

ft t* 

To prove this, let F|= i»*"*^ ^a~//* Then, V^b^za, and 

f^d^^e. Multiply the first of these by d^ and the second by 6; 
then Y^bd^-ad, and T^bd=.bc, Hence, by division, 

pLor§68. ^;=^^=^X^. 

and, therefore, the foregoing rule is correct, as it gives the same 
result that we have thus found. 

91- The principle pointed out in § 89* is employed with as 
much advantage in division, as in multiplication, of fractions. 

Thus qHfl^ g^~aa r3_ a{a^x) b-^a 

* 62_^2-»- j_^ - (6>a:)(6-z) a{a-\-x){a^x) 
_ 1 

"~(64-^)(<»— ^)' 

92. A complex Jraction, that is, a fraction having its numerator 
or denominator, or both, fractional, is redtAced to a simple one, by 
dividing its numerator by its denominator, in the maimer that has 
been pointed out. 

Thus, if the fraction* — — ^ be proposed, the numerator and 

denominator become respectively (by § 75.) - . - and — ^ — ; 

12x+9 
and, by dividing the first of these by the second, we get 37 — ~Th^ 

the simple fraction required. 



the note to J 46.) Hius, if we divide a by 6, the quotient is ?-, or, as it 

o 

may be written, a . -. 

This principle is sometimes useful in arithmetical computations, espe- 
cially when the same number is to be often used as a divisor. Thus, as a 
useful instance, since an imperial gallon consists of 277 *274 cubic inches, 
it follows, that any number of culiic inches will be reduced to gallons by 
dividing by that number. Instead of doing this, however, we may mul- 
tiply the number of inches by '00360654, which is found by dividing 1 by 
277'274. In this instance, even by multiplying by 0036, that is, Irf 
multiplying by 36, and cutting • ff four figures as a decimal, we should 
get the true number of gallons very nearly ; and if much accuracy 
required, we might add to the result ^ (more strictly j^g) of itself* 
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The same result would be obtained by multiplying the nume- 
rator and denominator of the given complex fraction by 12^ the 
least common multiple of the denominators 4 and 6 ; and the'same 
may be done in other cases.* 

Exercises. In each of the following exercises, divide the first 
of the two quantities by the second. 

59. — ,-— and — S-. Ans, -a-. • 

c^ 247—1 , x—S ^ 6ar*— J?— 1 
()0. — and - — — - Ans. -—= ^ . 

ol. -— and \ . ^ . Ans, / , . — . 

y--2 y«-|-2 y2-Sy-|-2 

o2. and -, Ans, -= -„. 

a^c «— 6 a* — c^ 

^„ 3^—c^x . oar— a' . ar'+oo?* 
03. — 5 — and . iiiw. = — . 

64. — and — . Ans, (ary)"*-". 

y" y* ^ 

/?• 1 •. , 1 ^ « 

05. 1 + - and 1 =. 



60. — ^— and — s — 



ar^y 



67. — 0-^^ and 



68 



x^ — ax ar^— 6^4?' 



^THT. 


a-^V 


il?l«. 


'y 

47—6' 


4n<. 




Ans, 


a?* -t- a^aP^' 


Ans. 


ar + 2a' 


A<n» 


iJ4:2 + 4ir-2 



4 2 

70. OiT^— 28+ -« and So?— 4— -. 

^^ ar X ny 

93. In some instances^ operations on fractional quantities are 
acilitated by the use of negative indices. This is particularly 

* This latter method is virtually the same as reducing the numerator 
and denominator to equivalent fractions having a common denominator ; 
and then rejecting that denominator, asd dividing the one numerator hj 
the other ; a method which may be employed m many instances with 
advantage. 
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the case, when the denominators are monomials. Thus, if it be 
required to multiply 

quantities and the ^3x^y''-^6a^y'^-\- 9a^y'^ 
whole work may x^y'^ ^lOa^y'^ -hd^^y''^' 
stand as in the mar- 
gin, and the process a^ lOai^ 9^ 
will be seen to be y^ y^ y^ 
simple and easy. If, 

however, we use only 1 — 2 — 3 

the coefficients, as in 1 2 — 3 

the second process, 1—2 — 3 

the work is still much 2 — 4 — 6 

easier. This, indeed, — 3 6 9 

is always the case, j q— 10 9 
when the quantities 

without their coefficients proceed by indices having a common 
difference. 



Miscellaneous Exercises regarding Fractions, 

1. To the sum of - and -, annex + 2, and show that if the re- 

ft a — 

suit be multiplied by aft, the product is (fl+fr)^. 

2. Multiply -»—-- by ■ — . Ans. -^ -— .. 

w^ . X Qax4-a^ 1 

3. Prove that -^-__+?^X^ ==--!_. 

. T^. •! ^-\-y^ ^ x^4-2xy4-y^ ,.,. . , . . 

4. Divide 5 — ^ ''y yjr~2 ' exhibiting the quotient m 

X ——xy* X 'Y'Xy 

it8 Simplest form. An,. (f^~)j'^tly«) - 

X ~^ a x^'^tL 

5. Prove that half the sum of the squares of and — — is 

«— a x-fa 

8a2a:2 
equalto^~^,^.,+l. 
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6. Of the three fractions. , - , and , whether is the 

X — a X x-^a 

sum of the first and last greater or less than twice the second. 
Ans, The sum of the extremes is greater hy -j-^ ^, 

x being considered positive. 

7. From the sum of the extremes of the four fractions^ 

1 J 1_ and — !— 

X — Sa x—CL x-\-a' x-\-Sa 

subtract the sum of the means. Arts. ,— s «x/-o — tt-sx.* 

8. From the sum of the squares of ■ and — -r, take the 

square of ^^^-^j. Ans. ~^~--^. 

Q, Subtract the first of the following fractions from the second^ 
the second from the third, &c. : ^^, ^^, ^-A_, __^, &e. 

^^' (a:-|-l)(2ar-i-iy (2ar-f-l)(3x-My (S^^lXi^l)' 

1 

' {(»— l)ar-i-l}{na:+l}' 

10. From the first of the fractions in the answer to the last ques- 
tion take the second ; from the second take the third ; and so on. 

2^ 2x 

^'**' (iHhl)(2^-f 0(3^ + 1)' (2^-f l)(3:i: + l)(4x-f 1)' • • " 

._^ . 

{(n-2)ar-i-l}{(n— l)ar + l}{nar-fl}*' 

11. From the first of the fractions in Exer. 6., take the second, 
from the second take the third, and take the second of the re- 
mainders from the first. 

a a . Za^ 

Ans, 7 V-, —7 — ; — ^,and 



(x—a^x' x[x-\'ay (ar—a)a:(ar4-a)' 

* This will be positive as long as ar is positive, and greater than 3a ; 
but, if X be between a and 3a, it will be negative. This will be seen from 
examining the denominator. 

t The student may have further practice in subtraction by finding the 
successive differences of the quantities contained in tliis answer, the 8uc« 
cessive differences 6f the results, &c. 

E 2 
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12. Divide the sum of and by their difference. 

a— 1 a + 1 ' 

1 3. In the last Exercise^ change a into - , and thus prove^ thatj 

if the sum of -— , and — . be divided by their difference, the 

a— 6 a-f-o ^ 

quotient is — -- — . 



14. Divide^- 1-^ by- :; . Am, 1. 

■\-x 1— a: 1— a: 1 -|-; 



1 JT - 1 ir 

1 by 

1+a: 1— a: "^ 1— a: 1 -|-a: 

15. Divide +,-;— by r .-— -. 4im. -. 

1— a: l-f-a: 1— ar 1 -f a: x 

16. Divide (^_2)(^_.i)^(^^.i) ^1 (:r-lXx+l)(^ + 2y 

. x+2 
iifw. — ^-. 
ar— 2 

17. Add together the two quantities given in the last exercise. 

2 
Ans, 



(^-2)(ar-lXa:+l)(a:4.2y 

18. Subtract the latter of the same quantities from the former. 

4 



Ans, 



(ar-2Xar-lKa: + l)(x + 2)' 



SECTION V. 

BADICALS^ OR SURDS.* 



94. Any quantity in which the extraction of a root that can- 
not be exactly determined is indicated^ is called a radical or surd, 
Thus^ v^2, v'(a-|-6), '{^(a?^ + o^), &c., are radicals. Such quanti- 

* These quantities are generally called surds by English writers ; while 
Uie French more appropriately term them radiails, from the Latin word 
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ties are sometimes called irrational or incommensurable ; while^ in 
reference to them^ quantities in which no root is indicated^ or 
none^ at leost^ which cannot he assigned in a finite number of 
terms^ are said to he rational or eommenaurab^.* Such are a, b, 

95. According to what we saw in multiplication^ the third 
power of o** is a"+"+"/ or a** ; and, conversely, the third root of 
a^* is a". To raise a", therefore, to the third power, we multiply 
n the index of the given power, by 3 the index of the required 
dne ; while, to extract the third root of o^", we divide the index 
Zn by 3. In like manner, the mth power of a" is a""'"""^"''" . . . ., 
or a"*", n being obviously repeated m times. To find, therefore, 
&e fnth power of a",, we multiply n by m ; and, conversely, to 
extract the mth root of a"^, we divide the index mn by m,\ 
Hence, if instead of mn, we write /», we shall have the mth root of 

aP equal to a"* ; and in every case in which p is divisible by 
m, we get the root accurately in the primary sense of powers and 
roots. Thus, the fifth root of a^^ is a^, and the third root of a^i 



radix, a root, because of their expressing the roots of quantities ; and the 
Germans distinguish them by a synonymous term, untrzelgrouen (root 
quantities'). The introduction of such quantities has been almost entirely 
avoided in the preceding part of the work. In this section, their prii^^ 
cipal properties, and the modes in which operations are performed upon 
them will be investigated. 

* These terms have their origin in the circumstance, that, between 
unity and quantities of the one kind, there are common mecuures or mtiot, 
which can be exactly expressed in ordinary numbers ; while for the others 
there are no such measures or ratios, llius, ^ is a common measure of 
1 and {, and their ratio is that of 4 to 9 ; but, since the square root of 2 
is 1 '4142, &c., -^ is a measure of 1 and 1*4, and the ratio of these is that 
of 10 to 14 ; 1)9 is a measure of 1 and 1*41, and the ratio is that of 100 to 
141 ; and thus we might proceed, by successive approximations, as far as 
we please : but we could find no measure of unity so small as to be con- 
tained exactly in the square root of 2, and therefore they have no ratio 
which can be expressed exactly in numbers. It is evident also, that all 
whole numbers are commensurable with one another, as unity is a com- 
mon measure of them all. So also are all common fractions, both with 
respect to whole numbers and to one another. Thus, ^ is a measure of } 
and 2 ; and these numbers are in the ratio 7 to 16. In like manner, | 
and ^ have ^ as a common measure, and are in the ratio of 15 to 14. 
Some of the statements in this note will be illustrated by the section on 
continued fractions. 

t It will appear from the note to § 47. that this is applicable when n 
is a negative whole number, as well as when it is a positive one. 

B 3 
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is 0^* . Even when^ however^ an index p is not divisible by m, 
and when^ therefore^ there is not an exact root, the same notation 
is adopted^ the extraction of a root being indicated by a similar 
tlivision of the index of the proposed quantity^ so that the mth 

root of cP is expressed by or. On this principle^ the second, 
third, and fourth roots of a, or a}, are expressed by ai, a^, and 
a* ; and the third, fifth, and seventh roots of o^, by as, a^, and 

QT, Hence also, it follows, conversely, that if R=a", we shall 
have, by raising both members to the nth power, R"=a"*.t 

96. Let o»ss=R, and consequently, by § 95., o=R". By 
raising both members of each of these equations to the mth 

power, we get (a")'*=R*", and a*"=R*"". The nth root of the 

latter of these is a »= R*", by § 95. We have thus found two ex- 
pressions, each of which is equal to R*"; and by putting them equal 

ml m 

to one another, we get a* = (o"")'*: whence it appears, that a- 
may be regarded either as the nth root of the mth power of a, as it 
was defined in § 95., or as the mth power of the nth root of a. We 
thus see, that, in the primary meaning (§ 10.) of the term power , 

6" is a power, not of a, but of a". It is attended with much 
advantage, however, to extend the meaning of the term power, 

so as still to caU «" a power of the original quantity a : and we 
have thus a farther extension of the meaning of that term, in 
addition to the one given in § 46., regarding quantities having 

negative indices. It may be remarked, that a" may be regarded 
as a general expression, which will comprehend all powers, giving 
powers of the primitive kind, when m and n have like signs, and 
n is unity or a submultiple of m ; and powers with negative 
indices, when m and n have opposite signs. 

97. Let R=a" : then R^=aK Raise both members to the 
nth power : then R^^rra^ ; whence, by extracting the mnth 

root, we get R = a*»"; and, therefore, a'^=:w*'^. We thus see, 

* We shall find afterwards, that there are other roots of these and 
similar quantities, besides those given by the principle here explained, 
llie ones here pointed out, however, are sufficient for our present purpose. 

t The clumsy notation, ^a"*, $ti\\ used by some writers to denote the 
nth root of the mtli power of a ought to be laid aside. 
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that the value of a power is not tinged by multiplsfing or dividing 
the numerator and denominator of its indeai by the same quantity, 

Thus^ cfi=z€fi=. o", and a* or c^z:^cfl=z a^, 

98. If n be a whole number, we have^ by multiplication^ {ah)" 
:=tUf,ab,ab.,„ ssaaa..., X &66....=:a"6" ; so that the nth power ofab 
is equal to the product qf the nth powers of its factors : smd, con- 
versely^ the nth root of c^l^ is ab, the product of the nth roots qf 
its factors y a" and 6". 

99. Again, let R= (aft) • and consequently (§ 95.) R«=(od)« 
or, by what we have just seen, R"sra»»6'", Hence, by taking 

the nth root, according to § 98., we get R=a"6» : and there- 
in «• «• 

fore (a&)" z=z(^b^ ; which shows, that the proposition established 
in § 98. is true, when the index is fractional, as well as when it 
is an integer. 

100. The principle established in §§ 98. and 99. is often 
of much use in simplifying and otherwise modifying radicals. 
Thus, since 288 = 144 x 2, we shall have v^288= ^l^xV^ 
= 12v^2. In like manner, jaince 112=16 x7j we have v'HS 
= v/l6x\/7=4>v/7; and since 320 = 64X5, it follows, that 
^320= ^64 X ^5=4/^5. It would be shown, in the same 
way, that ^10000= 10 .^10.* 

101. In a similar manner, many radical ex pressi ons may be siin- 
pHfied. Thus^ Va^^ -•a* X Vb=:a Vb ; ^"c^^ ^a^ X ^ft*-. 
a ^68; and -•(a^^;— a») = ^a2x>v/(^-a) = <K/(«^-a). So, 
also,v'(o2* + 2fl6H&*) =^/(a^+2flft + 6a)x^/6= {a^b)^b; 

«* In this way, we may often be saved much trouble and labour in the 
extraction of roots by the use of a table of roots of moderate extent. This 
will be exemplified by means of the subjoined short table, which exhibits 
the square and cube roots of the several whole numbers, commencing 
with 2 and ending with 51. In Hutton*s and various other works, such 
tables will be found, carried out to a much greater extent. 

To exemplify the use of the table in relation to the examples in the 
text, we get from it \/2= 1*4142136; and multiplying this by 12, we 
obtain 16*9705632, the square root of 288. As, in the table, the roots 
are given true to the nearest figure in the last place of decimals, the fore- 
g(nng result may err in the last figure by nearly 6, half the multiplier ; 
and the same is always the case. In the present instance, the true 
root is 16-9705627. To work the next example, we have, by the table, 
V7» 2*64575 13 ; the product of which by 4 is 10*5830052, the square 
root of 1 1 2. In the third place, we get from the table the cube root of 5 
equal to 1 '709976 ; and multiplying this by 4, we find the cube root ot 

S 4 
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JT— a 



>v/(2a-36). 



Exercises. 

Extract the following roots^ by means of the table in the note 
in this page. 

Answers. Answers. 

1. v75. 8-660254. 4. -v/1500. S8729833. 

2. V 117. 10-8166539. 5. >^108. 4-762203. 
S. vl728. 41-5692192. 6. ^686. 8-819447. 

320 to be 6 '839824 ; and lastly, the cube root of 10 being 3rl54435 by the 
table, we multiply this by 1 0, and find the cube root of 10000 to be 21 -54435. 





Tablx op Squark 


AND 


CuBX Roots. 




Num. 
2 


Square Root. 


Cube Root. 


Num. 
27 


Square Root. 


Cube Root. 

• 


1-4142136 


1-259921 


5-1961524 


3-000000 


3 


1-7320508 


1 -442250 


28 


5-2915026 


3-036589 


4 


2-0000000 


1-587401 


29 


5*3851648 


3-072317 


5 


2-2360680 


1-709976 


30 


5-4772256 


3-107232 


6 


2-4494897 


1 817121 


31 


5-5677644 


• 3-141381 


7 


2-6457513 


1*912933 


32 


5*6568542 


3-174802 


8 


2-8284271 


2-000000 


33 


5-7445626 


8-207534 


9 


3-0000000 


2-080084 


34 


5-8309519 


3-239612 


10 


3-1622777 


2-154435 


35 


5-9160798 


3-271066 


11 


3-3166248 


2-223980 


36 


6-0000000 


3-301927 


12 


3-4641016 


2-289428 


37 


6-0827625 


3*332222 


13 


3-6055513 


2-351335 


38 


6-1644140 


3-361975 


14 


3-7416574 


2410142 


39 


* 6-2449980 


3-391211 


15 


3-8729833 


2-466212 


40 


6-3245553 


3-419952 


16 


4 0000000 


2-519842 


41 


6-4031242 


3-448217 


17 


4-1231056 


2-571282 


42 


6*4807407 


3-476027 


18 


4-2426407 


2-620741 


43 


6-5574385 


3-503398 


19 


4-3588989 


. 2-668402 


44 


6-6332496 


3-530348 


20 


4-4721360 


2-714418 


45 


6*7082039 


3-556893 


21 


4-5825757 


2-758923 


46 


6*7823300 


3-583048 


22 


4-6904158 


2-802039 


47 


6'%556546 


3-608826 


23 


4-7958315 


2-843867 


48 


6-9282032 


3-634241 


24 


4-8989795 


2-884499 


49 


7-0000000 


3*659306 


25 


5-0000000 


2-924018 


50 


7-0710678 


3*684031 


26 


50990195 


2-962496 


51 


7 141 4284 


3-708430 
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Exhibit the following expresfdons in their simplest fonns. 
_ /aftV . he /ac be , — 

8. ^—^- ^ns,^^^-^,0T-,^be(a^b). 

9. ^{3a^b+6ab^-^3b^). Ant. (a +6)^/36. 



1' 



•«• \/5 




Vflj7* — 2ar+a ^ a?— 1 /a ar— 1 , — 

^*' V^ a26-2fl62^-63' 
102. A multiplier of a radical may be brought under the 
influence of its index by reversing the process of the last §. 

Thus, 2v^3=^4x>%/S=>/12: 3>5^2= ^2.7 X >^2=>y54; 

I i 

and a6" = (a"6)".* 

103. To add or subtract radical quantities, when the radical 
part is the same in all ; perform the addition or subtraction on 
their multipliers or coeiHcients, according to the rules for the 
addition or subtraction of other quantities, and prefix the result 
to the common radical part. If the radical parte be not the 
same, reduce the given quantities, by § 102., to their simplest 
forms, if they admit of such reduction. Then, if the radical 
parts be the same, proceed according to the rule just given : but if 
they be different, the quantities must be connected by the sign + 
or — , as the case may require. 

Thus, the sum of ^5, 2 v/ 5, and 5 .y/5y is 8 \/5 ; and the 

* Tliis principle enables iis to solve questions such as the following, 
without the actual extraction of the roots: Whether is 5^2 or 4^3 
greater ? By the principle above pointed out, 5^/2 is the same as ^/50, 
and 4«^S the same as a/48; the first of which is greater than the second, 
as 50 is greater than 48. In the same manner, it would be shown, that 
9^/3 is greater than 11^/2; that 5%V2 is greater than 31 '•T ; and that 
«^o /1 5 1 i« greater, by a very little, than 301 -v/HP. 

e5 
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difference of Gx^S and ^$ ia 5 ^/S, Also^ the sum of >^192 
and ^375 is 9\^S; for, by § 102., the first of these is equi- 
valent to 4 i^S, and the second to 5 4^3, The sum, however, of 
^2 and 4^3 cannot be expressed otherwise than by connecting 
them by the sign +, thus ^/2+ \^3 ; and, in like manner, the 
difference of 6^^3 and 5\/2 is 6/8 — 5 v^ 2; the radicals not 
being capable of incorporation in either case. The following ex- 
amples will illustrate this subject : — 

Exam, 1. Exam. 2. 

^/S2=4/2 ^/a3=o x/fl 

^/72==6^/ 2 Sum= xy/a " 

Sum = 17v';2 

Exam, 3,- 

^/(a^'-ax^)=x v/(a? — a) 
j^/(a'^X''cfi)=a v/(«— a) 

Diff. =(x'-a) ^{x — a) 

13. Add together ^/112, v/175, and ^343. Ang, l6V7. 

14. From SV44 take ^/275. Am. ^/ll. 

15. Find the sum and difference of the cube roots of 108 
and 32. Ans. 5 -^4 and ^4e. 

16. Add together the square roots of a^x, h^x, and c^x. 

Ans, {a-^b-^rC^A/x, 

17. Find the sum and diflference of ^(ji^-\-^x^y-\-xy^) and 

^/{ix^ — Zx^y^-xy^), Ans, 2x/a?, or 2jr?, and Zyy/x, 

1 04. By means of the principles established in §§ 96 and 97, 
we may reduce radicals having different indices to equivalent ones 
having the same index. Thus, if we have ^2 and 4^3, or, as 

they may be better written in the present case, 2^ and 3\ these 

quantities, by the principles referred to, are equivalent to 2« and 

3^, or 8^ and Q^, which have the same index. In like manner, 

a" and &•' are equivalent to a»*' and 6*»'., or to (a""')""* and 

1 
(ft"'")*"'. 7^ reduce, therefore, radicals having different indices 

to equivalent ones having the same index, reduce the given ind ces 

(§ 73. or 74. )i to equivalent ones having Uie same denominator, and 
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raise the quantities affected by the original indices to the powers 
denoted respectively by the new numerators. Lastly, apply to 
each of the results so found unity divided by the common deno- 
minator, as index.* 

Exercise*, In each of the following exercises, reduce the 
several quantities to equivalent ones having the same index. 

18. Si and 4i Ans, 81*, and 64*. 

19. 2», 5i, and 7*. . Ana, 16*, 25*, and 7*. 

20. a?J, y\ and «'. Ana. (ir«)A, (y«)A, and («io)A. 

21. a, a\ a\ and a\ Ana. (a»«)A, (a6)A, (a^y^ and («0^''- 

105. The muUipiioaUon and division of radicals are conducted 
on the same principles as the multiplication and division of in- 
tegral quantities. 

Thus, the product of 2ai and 5ai is lOirf. This is found ac- 
cording to §§ 37. and 38., by taking the product of the coeffi. 
cients and adding the indices. To prepare for the addition of the 
indices, they must be reduced to equivalent ones having a common 
denominator. We thus get f and |, the sum of which is |. 

If, again, we divide €«* by 2a?l, we get (§ 45.) 3^*"*, or 

So^Vj. So likewise, 2a^l-5-«?i=2«?*'"i^2;F"*= — 

4r** 

106. When two or more radicals have the same index, their pro* 
duct will be obtained by finding the product of the quantiLie£ 
without the indices, and attaching to it the common index. 

Thus, the product of «* an^ (a 4- 6)* is (a«+a6)l; while that 
of (aa — a^_j>xa)* and (a 4- 47)* is (a3+d?3)J. 

On the same principle, if (aa— a?^)* be divided by (a— jr)5>the 
quot'ent (§ 57.) is (a -fa;)*. 

The following additional examples will farther iUustittbe tlie 
subject. 

• In this way we may determine the cemparative magQitudes of mim« 
bars affected by different indices, without performing the actual exlractioru- 
llius, if the square root of 5 and the cube root of 1 1 be proposed, we 

have 5*«5««1254,and ]l*«lli«i2l*; the former of which is tW 
greater. In a similar manner it would be diown, that the fourth reo« 
•f 34 is leM than the third root of 14. 
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Ex(Mfn, 4. 






Or thus: 




3iiJ-4fll-2 




3 


-4 -2 




2a +4aJ-«l 




2 


4 -1 




6ai.8at — 4a 




6 


-8 — 4 
12 —16 -8 




12fl^-l6a 


-8oi 




- 3 4 


3 


^Sa 


-f4a}+2a} 


6 


4 -23 -4 


• 2 



6ai+4ai — 23a-4ai+2ai 

In this example^ as the indices of a diminish from term to term 
by the same quantity^ 4, the method of detached coefficients is 
admissible^ and its facility is strikingly felt 

Emm. 5. Divide «jf*-3d?+6«i-8j7i by «i-2 

2*^-4*^ 

? 1 2-306 -8:1 O -2 
-3« + 4x« + 6«» 2 0-4 2~::3 4 



— 3ar + 6jr 



1 



-3 


4 


6 




-3 





6 






4 





-8 




4 





-8 



4«^-8«i 

4^[-8x^ 



This example also affords an instance of the advantage of em- 
ploying only the coefficients. The process might have been 
abridged still more^ as in Exam. 10. p. 37. 

Exercises, 
Find the products of the following quantities. 

22. 2ai and 3ai Ans. Sa^. 

23. x^ and 4a?'* Ans. 4rB. 

24. ^/(6a)ajid ^/(lOa). Ans. 2a y/ 1 5. 

25. ^{x^'-aX'\-a^)BXidV{x^ + ax+a^). ^»*. ^/(i7*+aV-ha<) 

26. v/S + l and ^2-1. Ans. I. 

27. X, «i, and x^. Ans. xV, 

28. .y(12a«)and-5/(14a»). ^n*. 2a«.5'(21a). 

29. ^(2^-1), ^(2^+3), and ^(a?-l). 

Ans. ^(4>x^^7x+3). 

30. ^(x-\'a),Bjad\/{x-'a). Ans. ^/(x^—d^). 

31. V(«+2)-hl and v(a? + 2)— 1. Ans.x-\-l. 
32,J7-2«* + S and d;2^4^-|.64,, iiii*.«»+2ji^+j?» + 18#. 
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Ans. 6a?3-6*3— 7*+13 + — -«.• 

In the following exercises^ divide the first quantity in each by 
the second. 

34. 6ai and Sa^ Ans, ^ai 

35. and 3^x, Ans. - . 

36. a/— and ./^. .,n,.^+^ 

37. v/30 and V5, Ans. ^6. 

38. ^{ai^y) and ^(V)- ^a*. ^-. 

II ^ 

39. Cj?4-3a;3-2a?2)i and ar\ Ans. (a?2-3^«2)i. 

41. 4arS-ya!5-f 14a?— 19a?*4-4a7i andx*-2^l+3^-4. 

-4?w, 4i74— jri. 

42. OT* — a* and a?« — a». ^n*. oh -\- aW -|- J 

107. If the numerator and denominator of a fractional radical 
be multiplied by a quantity, which will gire a rational denomi- 
nator in the result, the quantity so obtained will be simpler in its 
nature than the original one, especially, in reference to any nume- 
rical computations to which it may be subjected. 

Thus, if we wish to extract the square root of 4 ; that is, to 
find the yalue of (f )«, numerically, by multiplying the numerator 

and denominator by 3*, we get j. Hence the required root is 

one third of the square root of 6.t 

* This exercise will be most simply 2 — 2 — 1 3 
wrought by writing the given terms thus ; 3 — 2 

2x' — 2;ri — x"^ + ^x'^y *nd 3a?5 + Orl — 2» ~i» "g - 6 — 3 9 

and then proceeding as in the margin, by "-4 4 2 — 6 

the method of detached coefficients. 6 — 6 — 7 13 2 — 6 

t In this instance, the required root will be found either by actually 
extracting the square root of 6, or by taking it from the table in p. 80. ; 
and the same plan may be followed in other similar cases. 



86 filMPLIFlOATlON OF RADICAL!* 

In like manner, if we multiply the numerator and denominator 

of (4)* by 7', we get ^ — 7—^=^ — 7^~~ 7 * Hence the 

cube root of 4 ^s one seventh of the cube root of I96. 

In such casea^ when the denominator is a monomial^ a, with an 

If} 

index, —, the fraction will be changed into an equivalent one 
n 

with a rational denominator, by multiplying its terms by a with 

m n—m 

the index 1 , or . 

n n 

108. If the denominator be a binomial of the form a^b^ 
or a^+ b\ the multiplier is the same as the denominator with 
one of its signs changed; that is, it is in the one case 0+ b^, 

and in the other a\^ bK 

3 + a/7 
Thus, by multiplying the terms of ^ j^^Y ^ "^Vli we get 

f— -j^=8 + 3^7: andfrom ^J^^f, by multiplymg its terms 
6 — v7 ^I'-^Vo 

1- /« r. 7+2,/21-fS 10 + 2^/2i ,,^ 
byV'7+ v/3.weget *^ ^_^ = _^-:^L_ =:|(54->/21). 

109. If the denominator be of the form a^-j-fts, the multiplier 

will be a^+tfS^i-f 53: and a general multiplier may be easily 
found, but it is seldom of use/ 

* Thus, by dividing every index by n io the genersd formula at the 
end of § 58., we get 

-m X +a X +a X +,&c. 

^ JL 

»■— a* 

where the cecond member is the multiplier. AVben beth terms of the 
denominator are positive, the multiplier will be the same, except that the 
signs of its even terms (the second, fourth, &c.) are negative ; as is plain 
from § 60. That the indices may be divided by n will readily appear by 
substituting throughout :^ and a for r* and a", and dropping the accents 
in the result. 

The reader cannot Ml to observe, besides other advantages, how much 
the reductions pointed out above will facilitate computations regarding 
many radicals. Thus, in the last example in § 108., without the reduc-^ 
tion, the square roots of 7 and 3 must be extracted to as many places of 
decimals as may be considered necessary ; then their sum and difference 
must be taken, and the former must be divided by the latter. In the 
other mode, we have merely to extract one root, that of 21, to add 5 to it^ 
md to hsdve the re mlt 
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Exercises, Express the following fractions with rational de- 
nominators. 



V2 + 1 



rr • Ans, — ~j — , 



Ans. — - — . 



46. 



47. 



1 



^/2+l 
1 



. Ans. ^Q^i, 



-z, Ans, v^2-Hl* 



48. 

49. 
50. 
51. 



^( ^4-a)-i-^/(a7— fl) 
1 



2-1 



ilfw. 3 + 2 v/2. 



-4n#,ll^/2— 4>v/15. 



./liitf. 



^ntf. 



a 
a^a-^h^y 



52. and 5S. Prove that ^-^ — ov— — = o • 

and that 

1 _ 7a/54 -3^/10 

V5— >/104->/20-v'4jO + V80 "■ 155 "' 
54. Show that _^^^(^-+^ 



Miscellaneous Exercises reyarding RedicaU, 

b5. Required the sum and difference of the squares of 

, a/^-1 / 2jr24.12jp+2 , 8(^+1) v/* 

V'^+1 (J7— 1)2 («— 1)2 

56. in the last change x into /ry'S and thus show^ that the 
turn and diflference of (^±^^\ and { '^""Z '' "V ^^^ 
2^2 + 1 2j?y + 23^3 ^ , 8(^ -f y)a?y 
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57. Prove that the product of ^^ and ^^ is 1+ 4^** 

58. Multiply 3jch^4-\+ -^ by 4jFifj-l + -, bythe 

method of detached coefficients.* 

4a?-5l— 10J7-&. 

59. Divide 3ar+6j;i— jy^ + llo?!— 2j7fi+4ri— 3^t5^6jr^ by 
Sari — J?} 4- 2jri, using only the coefficients. -4 »#. a?J + 2j?J + 3j^» 

60. Show that {C(a^-*)-2]-a}-*=a?24; and 

that {[(«-i)-J]-i}-i=:rTb. 

61. Prove that 

( V iS"" V iT^) "^ (a/i"^"^ vr+i) 

62. Reduce ?Lll:? _ to its lowest 

terms. ai -f jpi 

110. The principal elementary processes in the resolution of 
equations have been given in Section I. It still remains^ how- 
ever^ that we should investigate the method of managing equations 
in which the unknown quantity is involved in terms which are 
radicals. This we are now prepared to do ; and the necessary 
reductions will be effected by means of one or other of the follow- 
ing methods. 

When an equation contains a single radical, let that radical, by 

* Here (Arith. p. 86.) the indices of the given factors become respec- 
tively, by reducing them to equivalent ones having a common denomi- 
nator, ^ 0, — ^^ —^i and A,0, — ^,^ — ^^. Now, in both of these, the 
index ^ is wanting; as is also — ^i ^" ^^^ 

second. We put 0, therefore, as the coeffi- 3 — 4 — 2 5 
cient of each of the terms in which these 4 — 1 3 — 2 
quantities would occur, and the detached co- 
efficients stand as in the margin. The work then proceeds in the usual 
way. In the answer, for rendering the subject plainer to the learner, the 
indices are left unreduced, and the quantities having negative indices are 
not taken to the denominator, 'i'he learner ought to make those changes. 
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transposition^ or other operations^ be made to stand alone^ if it do 
not stand so already. Then, if both members be raised to the 
power corresponding to the root expressed in the radical, a neyr 
equation will be obtained, which will be free from radicals. 

Exam. 6. Given the equation, «— iv/(«®— 5) = 1, to find or. 

Here, we get a?— -1 = \/(j?*— 5), by transposition ; and thence, 
by squaring both members, a?*— 2j?-f-l=a?*— 5. Then, by re- 
jecting x^y and resolving the equation, we get or =3.* 

1 ^ /•»+ 1 

Exam. 7* Resolve the equation, A / -37=3* 

Here, by squaring and clearing of fractions^ we get a? + ls 
9jr — 63 ; whence j7=8. 

Exam. 8. Resolve the equation, a-\-h !It/(ar— c)=rf. 

Here, we get x^c-^-l—r—] , by transposing a, dividing 

by bj raising the members of the result to their nth powers, and 
transposing — c. 

Exerciser. 

Resolve the following equations. 
b'3. ar— 3-1- v^(4j73— 3«— 4)=3x— 4. Am. x=i5 

64. ^(6V + c2) + 6jr=rf. Ant. x=- ^ . 

65. ;r-f-a+ V(*H2ar+ft')=c. 

111. When an equation contains more radicah than one^ we 
may remove one of them as in the last § ; then, after modifying 
the result, we may remove another by the same means ; and thus 
we may proceed till none remains. 

Exam. 9- Resolve the equation, ^x-\- v^(ar-|-7)=7. 

Here, by transposing ^x, and by squaring the members of 
the result, we get « -h 7 = 49 — 1 4 ^x f x. Hence, by rejecting t, 

* Had the propo«ed equation been x+ ^/(x^—S)^!, we should still 
have found xs3. In this case —3 must be taken as the root of the 
radical ; so that in reality the equation in this form is idenb?cal with the. 
one in the text 



re- 
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transposing 14a and 7^ and dividing by 14^ we obtain //a7=s5, 
and therefore x=9- 

Exam, 10. To generalise the last example^ let it be required 
to resolve the equation^ V'-^H- ^/(^+a)=6« 

- J . 

If we had transposed ^/(iP+a) instead of js/x, squared, &c.^ we 

should have got x=zl —aiT ) ""^^ * value which is easily 

duced to the same form as the last 

112. In some cases^ the solution may be obtained neatly and 
simply, without separating the radicals. This will often be so, 
when the radicals bear any peculiar relations to each other. In 
particular instances also^ methods may be employed^ for which 
it would be difficult to give a general rule. 

Exam, 11. Resolve the equation, 4^(«+*)+ ^(o— a?)=rft. 

Here, by cubing both members according to § 5^,, we get 
a-fx+a— ar + 36 ^{a^ ^ x^) = h^. Hence, by contracting, traUs* 

(3 2a 

posing 2o, and dividing by S6, we obtain ^{a^'-x^)^^—— — . 

/J8_2fl\8 

By cubing this, we get a^— ^2— / — ^^ j . whence, by trans*- 
position, and by extracting the square root, we find 

Exam, 12. Resolve the equation, ^ax^ ^/hx-^ a/c. 

Here, we obtain by transposition, ^ax-~ 's/hx^^A/cy or, § 51. 
(>v/«-- a/6)a/*=a/<?. Hence, by dividing by ^/a— ^/h, and 

squaring both members of the result, we get x=--^—. --^. 

Exercises in the Resolution of Equations containing Radicals. 
Resolve the following equations. 

66. a/(« + 7) + S = 7. . ^fw. a:s=9. 

67. vlx + a)+b = c. ^n*. ar=— a+(c— 6)2 = — a-|-(6— c)2, 

68. af+>v/(d?2+ll)=ll. Ans, a:=5. 

69. «+ A/(«2+a)=r6. Ans. «=^-^" 
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10. a^jB-\-h^/x — c^/x=zd. Ans. z^i ; ) 

71. ^(2^?— 3o)+ vigors 3 Va, Am. x=:2a. 

72. ^f = . A An.. x= (^^^r. 

VJ? 6 -j- V^ \a—bj 

74. V'(4a+^)=2^/(6+ar)->v/*. ^n*. ^^^^ 

^ /a?-|-a /a?— a , . ab 



SECTION VI. 

INVOLUTION, EVOLUTION, IMAGINARY QUANTITIES, ETC. 



V»/^WV>/V%<'«/N/^<S 



113. When we find any assigned power of a given quantity, 
the process is termed involution. The converse process, the 
finding, or, as it is generally expressed, the extracting, of an as- 
dgned root of a given quantity, is called evolution* 

114. Let ti, t2, ^3, Sec, be the successive terms of a com- 
pound quantity. Then, according to the method pointed out in 
§ 54., we have 

• It is evident from § 10., that a power, in its primitive meaning, may 
always be found by means of multiplication ; and we have already had 
Keveral instances of the finding of powers and the extracting of roots. In 
this Section, evolution will be taken up more particularly, and in more 
detail ; and in a subsequent part of the work the consideration of both 
involution and evolution will be resumed, in establishing and applying 
the binomial theorem. 
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or, u the last may be written, 

(^ + <2 + '8 + «4)'= 'l* 

+ (2«1+«2V2 

+ Wi+^a + <3) + M'4- 
In this arrangement, the first line of the second member is the 
square of t^, the first term of the polynomial; the first and 
second lines together are the square of ^^ + ^2 ; the first three 
lines are the square of <i + ^2 "f" ^3 > '^^ ^^^ whole four the square 
of ^1 + ^2 "^^3 + ^4- ^^^ ^^ ^^ that the second line is the pro- 
duct of the second term into the sum of that term and twice the 
first; that the third line id the product of the third term into the 
sum of that term and twice th^ two preceding it ; and that the 
fourth is the product of the fourth term into the sum of that 
term and the double of all the terms that precede it By ex- 
amining the mode of formation of these quantities, we shall see 
that if there were additional terms, such as t^, t^ &c. ; and if 
the foregoing arrangement were continued, the same property 
would hold universally, the nth line being the product of the 
nth term into the sum of that term and the double of all th^ pre- 
ceding ones. 

115. From the relations that have now been arrived at, we are 
enabled to establish the method of extracting the square root of 
a compound quantity, such as the second member of the equation 
in § 114. Thus, the square root of the first line gives t^. 
Subtracting the square of this from the second member, we 
have remaining the second, third, and fourth lines. We then 
see, that /^ will be found by dividing the first of the remaining 
terms, 2tit^ by Zt^, the double of the part already obtained. 
Adding t2, when so found, to the divisor 2<|, and multiplying 

the sum by t^, we get (2^i + ^2)^2> ^^^f ^ ^^^^ ^^ ^^^ same as 
ttie second line, by subtracting it from the three lines which we 
had formerly remaining, we leave simply the third and fourth. 
In like manner, ^3 will be found by dividing the first term 

i^h^z) o^ ^^ ^^^^^ ^^^ ^y ^^* Then, by adding ^3 to 
2 (<i -f ^3), and multiplying the sum by t^ we get the third line : 
and taking this from the last remainder, the third and fourth 
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lineSj we have now only the fourth line remaining. By dividing 
the first term of this remainder by 2<j^ we get t^, Then^ by 
adding this to 2(^1+^2 + ^3), ^^^ multiplying the sum by t^j we 
obtain for product the fourth line. Subtracting it^ therefore^ we 
have no remainder^ and the work terminates : and it is plain^ that 
this process will succeed in every case in which the proposed 
quantity is a complete square^ such as (^i + ^s+ .... +<• )^* 
When the given quantity is not a complete square^ the root may 
be carried out in a series to any extent we please^ by a continu- 
ation of the same process^ as is done in the analogous case An 
common arithmetic by means of decimal fractions. 

It may be remarked that^ as in multiplication and division^ so 
in the extraction of roots^ the quantities should be arranged 
(§ ^9-) according to the powers of one of the quantities con- 
cerned. Any other arrangement would give irregular and com- 
plicated results that would be of no use. 

The substance of the conclusions at which we have arrived^ 
might he expressed in a formal rule. Their application, however^ 
will perhaps be better understood from the following examples. 

Exam. 1. Find the square root of 4ar*— 24aa:3+ lOSoar^ + Slo*. 
4jf*— 24<w:«+108a»^+8la< (2^— 6ar— 9a« 

4jr* — Qax) — 24ad7' 

4jf«— 12ad7— 9a«) — 36a2S« + l08a»af+81a^ 

-*36g^jy^^- 108a% + 81g* 


Or thus : 

4 -24 108 81(2 -6 —9, or 
4 2jf*— 6(M?— 9fl*. 

4-F) -24 
-6 -24 36 

4—12-9) —S6 108 81 
— SQ 108 81 



In the foregoing work, which is arranged according to the 
descending powers of x, and the ascending ones of a, we have 
%x^ for the first term of the root ; the subtraction of ^e square 
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of which destroys the first of the given terms. In division^ we 
bring down, each time, one ternu In extracting the square root^ 
however, the divisor is each time increased by a term, and 
therefore we annex two terms to each remainder. In the present 
example it is unnecessary to take down two terms, as the latter of 
the terms that would be brought down, a term containing x^y is 
wanting. We take down, therefore, — 24ajr3 ; and dividing this 
by 4^, the double of what has been already found, we get — Qax^ 
which is written both as a part of the root and a part of the 
divisor. Then, multiplying the divisor by ^^ax, and subtract- 
ing as in division, we get — 36a^a7^ ; to which we annex the two 
remaining terms. We add also — ^ax, the term last found, to 
the last complete divisor ; and thus we get, in an easy way, the 
double of the part of the root already found. By dividing 
-— 36a*j;* by 4a:*, we get — 9^^ which is annexed both to the 
root and the divisor. Then, by multiplying and subtracting, as 
in division, we find no remainder; and therefore 2j7* — 6<m7 — 9«* 
is the root. The work, by means of detached coefficients, is also 
given, but without any attempt at contraction, except the omission 
of the powers of x and a. 

Exam. 2. Find the square root of a?*— 40:*+ 10j?*+9- 



gjpa— 2j?) — 4j;3^.i0j?a 
— 2jr — 4*M-_4^« 
2*2— 4jr + 3 ) 6j?2 4. 9 

6x^—12x4-9 
12^ 

Or thus: 



1 — 4 

1 


10 





9(1 - 2 


2 _ 2) - 4 

-2-4 


10 
4 




2-4 3 ) 
3 


6 

6- 




-12 


9 
9 


2-4 6 


i> 


12 
12- 




-24 36 36 


2-4 6 


12 


) 


24-- 36-36 



12 
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In this exercise^ after we hare obtained jc^ — Zjp-^S, there is 
the remainder 12jp ; and, as in dividing this by 2a^, the first 
term of the divisor^ the term so obtained would contain « in its 
denominator^ according to the usual practice the work may be 
regarded as terminating here with the remainder 12jc, which^ if 
we proved the operation by multiplying the root by itself, must 
be added to the product. The work might be carried farther, 
however^ so as to give a series. This is most easily eflfected by 
means of detached coefficients, as in the second process, and the 
root is found to be a?^— 2d7 + S+6a?-i-f 12j?''2-f-&c, 

Exercises^ Find the square roots of the following quantities. 
1. *2_5jf+9. Ans. J7— 3. 

8. 4jd7^-f 4aj7 + a^. Ans.^x-^-a, 

3. a7* + 2 + a7~*. Ans, a!±_x'^. 

4. 16'^— 24-f9'2^"*. Jn*. 4ri— 3.r-i. 

« 

5. «?♦+ 4d7*— 8j?+4. Ans. a?*-|-2a?— 2. 

6. «« + 8^— 80aH»H-128j?+64. Jn*.^ + 4a7»— 8^— 8. 

X x^ 0^ 5x* 

7. 1+4.. An». i + -_-g- + -.g_^--+&c. 

1 16. The nth power of a polynomial x+y-^ . . . ., which has 
X for its first term^ and y for its 

second^ commences with the two x + y-\-x + &c. 
terms, X^ and nx^^^y. To prove this, x -f y + ar -|- &c, 
when n is an integer, let us multiply a?2 4- xy^{lci 4~&c. 
as in the margin, so as to get the xy-^y'^ -f &c. 

first and second terms for the second ^jy ^ ^e. 

and third powers ; a third term z ^^c^^y 4.. qr Sc! 

being annexed, to show that it, or ^ ^ y +j» + &c. 

others that might follow it, would ^3 . c > ~2~~r7 , a ' 

not affect the first and second terms ^^^^'yf , j^ *^- 

of the resulting powers. In this way, ^^'^ ^ j" ^' 

^3 and t\ being put, for brevity, to «^ » -r «c. 

denote the third terms, we find, that ^+3^72^+^ ^ -|- &c. 
the first and second terms, in the se- 
cond power, are x^ -f 2^y, and, in the third power, a^ + Sx^y ; 
which are of the form above stated. Now, we can show, tliat, 
if the property be true for any one power, it is also true for 
the one next above it. To prove this, let us suppose it true for 
the nth power, and let us multiply, as in the Margin, by 
*+y+ &c., to find the next power. In this way, we get 



Q6 extraction of boots or any obdbr. 

jp«+i -I- (n + 1 ) a"y + &c. : in which 

the property holds^ the index oi x a^ •{-Tud^^y -)- &c 
in the first term, and the coefficient in x -^-^ y -f &c. 

the second, being each n + 1, which af^^^-^-naf^y •{• &c. 

denotes the order of the power; while ^y _|_ ^^^ 

in the second terra, y is multiplied ^+i_^/^ . ^n^^^ ^^ 
by the next lower power of ar. ^ 

Now it has been shown that the property holds in the second 
and third powers ; it must therefore hold in the next higher, the 
fourth ; and, holding in the fourth, it must hold in the fifth, and 
therefore in the sixth ; and so on : so that it is true universidly. 

117* This property, it is plain, will be true equally in reference 
to the powers of a binomial x-^-y; and it will appear hereafter 
that it also holds when n is negative or fractional. What has now 
been shown, however, is sufficient for our present purpose, which 
is to establish tlie following general rule for extracting the root* 
qf compound quantities. 

To find the nth root of a compound quantity, arrange the terms 
as in § 39.; then the nth root of the first term will be the first 
term of the required root. Take the nth power of this term from 
the given quantity, and divide the first term of the remainder by 
n times the term already found, raised to the power n — I ; the 
quotient will be the next term of the root Annex this to the 
term already found ; raise the binomial so obtained to the nth 
power, and subtract the result from the given quantity. If there 
be no remainder, the operation is terminated ; but, if there be a 
remainder, divide its first term by the same divisor as before, to 
get the next term of the root. Involve the trinomial thus found 
to the nth power, and subtract as before : and thus proceed till 
there is no remainder, or till a sufficient number of terms baa 
been obtained. The reason of the process will be evident from 
the following example, in connexion with the principle established 
in§ 116. 

Exam, S, Given a?®-|-6aa7*— 40a3j7^-f-96a*J? — 64a^; to find 
its third root 

076 + 600;*— 40o3j;3 ^ 96a*o?— 64a6(o?* f Qax^4ia^ 



3j^) Car* 



x« + 6a^'>~40a8^ 960*0?— 64flg=(or» + 2a*— 4o«)». 



eXEltCIBlSS IN EVOLUTION. 97 

Here the third root of a^ is a^y the cube of which being takes 
away, we get ^aofi, the first term of the remainder. Then, 
n— '1, or 3 — 1, being 2, We raise x^ to the second power; the 
product of which, by ^{^=:.n) is 3^. Dividing ^x by this, we 
obtain 9mb, Hence we have jt^+Sot as part of the root. By 
finding the third power of this, and subtracting it from the given 
quantity, we find that the first term of the remainder is —\*ia^a^ ; 
the division of which by So* gives —40^, another term of the root 
This completes the root, as the third power of x^ + 2aw ~ 4a^ is 
ibond to be the same as the given quantity.* 

In operations of this kind, the method of detached coefficients 
may be used with nauda advantage. 

Exercises. Extract the third root in the first of the foUowing 
exercises, and the fifth in the second. 

8. 64i^— «88a?»H- tO80a?«-1458d?— 729. Ans. 4*«-6^-9. 

9. 243^- SlOop* + I080a2^— 720€|3j?2 4.240a4j._32a6. 

Ane. Sx — ^a. 



* The method of extracting rOof s explained above, is generally labori- 
ous, and is addom required in practice. It may be remarked also, that 
in many instances roots may be readily discovered by inspection, and 
sometimes by other expedients. Thus, if it were required to find the 
fourth root of x* — 8x3 + 244r«— S2x + 16, the fourth roots of the first and 
last terms being x and 2, and the signs in the given quantity being partly 
positive and partly negative, we try x — 2 as the root ; and by raising it 
to the fourth power, we find it to be correct, as the result is equal to the 
given quantity. In Exam. 3., also, the third roots of the first and last 
terms are x^ and -•4a3, cubing, therefore, x^— 4a9, we get x> — 12a«x^ 
-i- 48a4x^ — 64afi ; and subtracting this from the given quantity, we find 
that the first and last terms of the remainder are 6ax^ and 96a^x, Then 
if we divide the first of these by three times the square of the first term 

of x9 4a% and the last by three times the square of its latter part, we 

get the same quotient, 2ax : which, therefore, we may be sure is the re> 
maining term, if there be an exact root The reason of this will be sees 
by applying the principle established in § 116., to the given quantity 
both as that quantity stands, and also in a reversed order. 

It should also be recollected, that, as is apparent from § 95., the fourth 
root may be obtained by two extractions of the second root ; the sixth 
by one extraction of the second, and one of the third, or by one of 
the third and one of the second, &c. It may be farther remarked, that 
algebraists have given direct and distinct rules for the extraction of the 
third and higher roMs, derived from the form of the third and the suc- 
ceeding powers of a binomial. These are easily investigated, but are of 
little practical value. 
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118. By the nature of powers, and by the rule of the signs in 
multiplication, every power of a positive quantity is positive. So 
also are the even powers of a negative quantity ; but its odd powers 
are negative. 

Thus, every power of x is positive : also (— *)* = x^, ( — *)* 

— JE^, &c. ; while (— j7)3= — jyS^ (—4?)*= — jjs, &c. ; or, in 
general terms, (-f a7)"=a:r"; (— a?)^'» = a;^; and ( — 47)2*»+i= 

— jy2n+i . ^ being a whole number : or somewhat differently,r 
(-far)» = a?", and (—J7)»=:(—147)» = (— !)»««. 

119. Hence, since (-f 47)2 = 47^, and ( — a?)* = #2; or, con- 
jointly, ( + a?)2 = «2 . it follows, conversely, that ^Ja^ =1 w, or 
—47, or as it may be expressed, ^x^ = ±4?. Hence we see, that, 
in the algebraic sense, every number or quantity has two square 
roots, which are equal in magnitude, but have opposite signs. 

Thus, the square root of 100 is either 10 or —10, since 
10 X 10 — 100, and— lOx— 10= 100. In like manner, the 
square root of x^ — 2<M7-|-a2 is x — o, or a — x; while that of. 
x^-\-9MX-\-a^ is x-^-a or —07-0 ; and the answer to Exam. 1. 
p. 93. is either what is there given, or 9a*-f 6ar— 2j?^, which is 
obtained from the other by changing its signs. So likewise, 2 and 
—2 are fourth roots of I6, and are sixth roots of 64. We thus 
see also, that a quantity of the form, a-\'j>/b, has two values. 
Thus, 7 + /v/9 is either 10 or 4, since the square root of 9 is either 
3 or —3. 

120. In extracting odd roots, the case is different; as we do 
not find two equal roots with opposite signs. Thus, for the third 
root of 27, we get 3, and not — S ; as the cube of —3 is not 27> 
but —27^ which is not the number proposed ; while, for the fifth 
root of —32, we get, not 2, but —2, the fifth power of the latter, 
and not of the former, being —32. 

121. It follows from § 119*> that a negative quantity has no 
even root ; since any quantity, either positive or negative, raised 
to an even power, gives a positive result. Thus, — x^ has no 
square root; since the square, not only of x, but of — J7, is x^, 

and not — jr^. Hence, any such expression as ^—x^, indicates 
an operation which it is impossible to perform ; and it is, there- 
fore, failed an imaginary or impossible quantity. We shall see in 
a subsequent part of the work, that, in many instances, when 
quantities of this kind occur in the solution of a problem, they 
serve the purpose of pointing out in what circumstances it is pos- 
sible, and in what impossible. They are also of much use on 
other occasions, particularly as instruments of investigation. 
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' As distinguished from imaginary quantities^ others are called 
real quantities. 

122. It is hoth usual and advantageous to express imaginary 
quantities of the second degree^ so that they may have the symbol 
v/ — 1^ as a factor^ which is always possible. Thus^ since 
^d^=a^ X — 1, we have (§ 98.) V'— o^ = a a/^- In like man- 
nw, we should have \/—b, or /v/(6x — 1) = a/6x \/— 1 or 
-^y ^ — 1, if 6' be put to denote ^h. This mode of notation 
facilitate^ operations on imaginary quantities^ and obviates diffi- 
culties that would otherwise be felt. With this notation, indeed, 
if we merely keep in mind, that, according to the nature of roots 
and powers, the square of*^/— 1 is —1, we can perform on ima- 
ginary quantities, and by the same rules, all the operations to which 
real quantities can be subjected. 

Thus, the product offl a/— • 1 and h v^-- 1 is aft X — 1 or —aft; 
and the square of a/y/— 1 is a* x — 1 or —a^. If, again, a aJ— 1 

be diyided by 6 a/— 1, the quotient is — — ^, or simply -. 

6^-1 "^ ' b 

The example in the margin is interesting, as affording one 

instance, out of many, in which imaginary 

quantities used in operations disappear in the a + b^/ — 1 
conclusions ; and thus give real results. The a — 6\/— 1 
product in this exercise might also be ob- a^^ab\/^^ 
tained by means of §,5?., since the factors -a6^ZT-)-62 

are the sum and difference of a and 6 a/— 1 ; ^Xp 

the squares of which are a* and — 6^ : and, 
by taking the latter from the former, we get a^-^-b^y as before. 
From this example, in connexion with § 57., we see how any 
binomial, having both its terms positive, may be exhibited as the 
product of two imaginary factors. Thus, 40^ + 962 may be 
written 4o*— 9**X— 1. T hen, the square roots of 4a2 and 
gj2 X -^ 1 being 2a and 36 a/— 1, we get for the required factors, 
2a-|-3&A/--l and 2a— 36 a/— 1. In like manner, 2, or 1 + 1, 
may be put under the form (1 -|- >/— 1)(1 — ^—l). 

123. The square of V— 1 being —1, by multiplying this by 
//— ~i, we get, for the third power, — ^Z— 1; the product of 
which by a/ — 1 (or ^c square of the second power, —1) is 1, 
the fourth power. The first four powers, therefore, of this symbol 
are V--T> — 1, — a/— 1, and 1 . Now, by multiplying the first 

F 2 
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power, the second, the third, &c., by the fourth power, vre get 
(§ 38.) the fifth power, the sixth, the seventh, &c. : and since the 
fourth power is I, it foUows that the fifth power, the sixth, the 
seventh, &c., are the same over again as the first, second, third, &c. ; 
and, on the same principle^ the ninth power, the tenth, &c. will be 
likewise the same. Hence if n be any whole number, we have 

the 4th, 8th, 12th ... 4nth powers of ^/^ I each =1 ; 

the Ist, 5th, 9th ... (4»H-l)th or (4n— 3)th - =z^^—l; 

the 2d, 6th, lOth ... (4n+2)th - . - = — 1; and 

the 3d, 7th, 11th ... (4»-f-S)th or (4n— l>th - = — ^/— 1. 

10. Multiply 20+86^/^ by 3a— 26-/^. 

Am. 6o«+5a&^/— H-66>. 



11. Cubea+6^/— 1. Jiw. a3 + 3aa6^/— 1— 3<ift2— ft^V—l- 

12. Find the fourth powers of 1— 2^/^, and 2— ^/^. 

Ans. 24^^—7, and — 24v'^^— 7. 



13. Cube -.^-f J^ v'— 3, and -.^— |^— 3. Am. 1. 

14. Show that 1±:^=^— I, and that ?±*^^: 

l-V'-l a— 6V-1 



15. 252 is equal to 24»+7*, and also to 15^-^-20^. Hence 
resolve 25^ into imaginary factors. 

Am. 244- 7 V^, and 24-7\/^; or 

7-H24V— 1, and 7— 24>/— 1 : 
also 15-f-20^/-»l, and 15-20 ^/j-1; or 
20+15>/^, and 20-15 ^/-l. 

124. The following principles, which will be useful in subse- 
quent inquiries, and in the investigation of which we are assisted in 
part by what is established in this section, may be introduced here. 

A quantity, however smaU, may be taken so many times, that the 
result shall exceed any quantity, however great. 

To prove this, let a be any quantity, and b another exceeding 
it in any degree whatever. Then, let b be mcreased by e, and lei 
it be assumed, that na ^ b-\'€. Hence, dividing by a we get 

n = - — , a formula by means of which we can find a number n. 
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such tliat if a be multiplied by it, the product shall heb-{'e, which 
is greater dian b by e, 

Thusy as an example^ let a = 0*001 (die thousandth part of a 

1000 I e 
unit)^ and h = 1000, and we shall have n = ^.^^v- > or, by mul- 
tiplying the numerator and denominator by 1000, Ji= 1000000 
+ 1000c ; and thus n is assigned so that, if O'OOl be multiplie<f 
by it, die product shall exceed 1000, being equal to 1000+c. 

125. The following principle is of equal importance. If- a 
iltumtUy be greater than unity by any quantity, howef>er smaU, a 
pOuoer of it may be foundy whkh shaU exceed any given quantity, 
however great. To prove this, let a be a positive quantity, and 
consequently \^a will be greater than unity. Then^ by the rule 
for the signs in multiplication, all the terms of every power of 
1 4-a will be positive ; and, by § 1 14., the first and second terms 
of (1 +0)" will be 1 and no. Hence, {\-\-a)^ may be represented 
by l+na-^-Sy where « is a positive quantity,, being the sum of all 
the terms after 1 -^na, which, as we have just seen, are all posi- 
tive. Now, by § 124., n may be taken so great, that even the 
fieoood term na alone would exceed any number, however great : 
much more, then, will 1 +ffia+«, that is, (1 +a)"i he greater than 
any assigned number. 

126. It may be shown in the h|8t place, that if there be a con^ 
etant quantity, a, a quantity, d, may be found, such that if a be 
divided by it, the quotient ehaU exceed any quantity, b, however 
great : and another quantity, d^, may be found, such that if a be 
divided by ii, the quotient shatt be tees than any quantityy V, how* 

ever smaU, To i^ove the first, we have merely to assume - = h 

a 

+e, where e is any positive quantity j then, by multiplying by 

a 
4a and dividing by 6 +0, we get ^ = - — . To prove the second, 

©-f"C 

assume -p = 6' -«', where </ is a positive quantity less than b^ : 

a 
then d' ^ y^ .. Hence we see, that to find the one divisor, d, 

we have merely to divide a by a quantity greater than b, by any 
quantity c, however small ; while to find d', we have to divide the 
same by a quantity less than b' by a quantity, 1/, which may be 
•s small as we please. 

As an example, let it be required to find a' divisor for 2, socJi 

p 3 
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that the quotient shall exceed 10000. Here A = 2 imd 

2 
b = 10000, and we shall have d = ; where c may be 

1, 2, 10, 100, ^, or any other positive number. As another ex- 
ample, let it be required to find a divisor for 12, such that the 

quotient may be less than ^^^^ . We have here a =12, and 

3.f 1 A.I. f ^ 12 ., 120000 

^ = ^r^r^ 9 "^d therefore a = — ; -%, or a = 



10000' T^his—*^' 1 — lOOOOc" 

where c' may be any number less than w;^7^ such as 0*00001, 

0-000025, &c. Thus, if </ = 0*00002, we should get d' = 1 50000, 
the required divisor ; and dividing 12 by this, we obtain 0*00008, 

which is less than or 0*0001 ; and, therefore, the divisor 

answers. 

127* The views that have now been given, will assist in en- 
abling us to interpret the meaning of the remarkable expression, 

-, where a is a constant quantity. If a be divided lay quantities, 

each smaller than the one preceding it, any quotient after the first 
will be greater than the one before it ; and, by the first part of 
§ 123., a divisor may be found, so small, lliat the quotient 
shall exceed any assigned quantity, however great. Thus, if 
we divide a, first by 2, then by 1, and after that by 0*1, 0*01, 
0*001, and 0*000001, in succession, we get the quotients, ^a, a, 
10a, 100a, 1000a, and 1000000a; and, by taking divisors 
smaller and smaller, we might find quotients as great as we please, 
exceeding, in fact, any number, however gteat. Thus> if we 
divide by the extremely small decimal fraction, which is expressed 
by 1 with eleven ciphers prefixed, and which would be the mil- 
lionth part of the millionth part of a uni(, the quotient would be 
a million of millions times a. It is clear, therefore, that the more 
nearly the divisor approaches to zero, the greater is the quotient; 

and hence, - is regarded as expressing a quantity greater than 

any thing that can be assigned, or, in other words, an infinite 

quantity, 

d 
To illustrate this subject still farther, let ^=^: then, by mu}-» 

tiplying by 0, and dividing by jp, we get successively a^op X 0, 
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«n(l -:=0. "Sow, to make the first member of this equation 

absolutely equal to 0^ the dividend^ a, being a quantity of a fixed 

magnitude^ is impossible. The larger a becomes^ however^ the 

more nearly does the value approach to zero ; and from this limit, 

by the continual increase of of, it may be made to difibr by the 

minutest quantity, — by a quantity less than any thing that can be 

assigned; as is plain from the second part of § 123. Hence 

o 

- could become zero in no other way than by <r becoming 

infinite : and^ therefore, we reasonably regard -, which x was 

lUBsumed to represent, as being infinite. The symbol oo is used 
to signify a quantity that is infinitely great. 

128. The expression - is another remarkable one, which not 

unfrequently occurs in investigations, and which is commonly 
called a vanishing Jractum* Now, with regard to such an ex- 
pression, if we know nothing more than what meets the eye, we 
can assign to it no definite value whatever : it may have, in fact, 
any value we please. To show this, assume it equal to « ; then, 
by multiplying by the denominator 0, we get = 07 x 0, an ex- 
pression which is evidently true, whatever finite value is given 
to a. Thus, whether a; be 0, 1, 1000, —100, or any other 
number, positive or negative, w X 0=0. 

The case, however, is generally different, if we know the origin 
of the fraction : and it is easy to show that, for the most part, 
the value of such a fraction may, according to circumstances, be 
nothing or infinite, or a determinate quantity different from both. 

Thus, the fraction ^^ 4 becomes -, when a?=a. By dividing 

ax—a^ rf o 

its terms, however, by a —a, we get , which (§ 68.) is 

equivalent to it. Now, when x=a^ the numerator will vanish, 
while the denominator is a : the value, therefore, is zero. 

* This name is inappropriate, and is calculated to mislead ; as it is not 
ihefractiony that is evanescent, but its terms. Such expressions might be 
properly called /racfion« ivith vanishing terms. 

The management of such fractions is, in general, greatly facilitated by 
means of the differential calculus. See the author's work on the sub- 
ject. Section vi. 
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X^ — 0^ 

AgfUDj t)be expreasioQ / _ \i ^ ***® * vanirfiing fraction^ 

when «=^; but, by diyidinng Che numerator apd ^QotQiaator by 

J7— a, We iret -7; — vo ; wnicn hecomes -— , when x — az an 
° (^— a)* 

efiprfssioffli which (§ 1S4«) i* infinilie. LftBtly^ vhes a^a, the 

fraction, -^ — , also becomes -. By diyiduig ^e tenns, how- 
to* — Hr 

, 47^4-0^7 J- a* . . , . 
ever, by a?— o, we get • ; which, fmen «sa, beeotne^ 

the determinate quantity, ^a. 

129. From what we have just seen, it wil] ftpp^ar, th^t^ when 
a fraction, for a particular value of some quantity contained in 
it, becomes a vanishing one, we ought to reduce it to its lowest* 
terms, and in the result to give that quantity tbtf same particular 
value. If the fraction cannot be reduced to lower terms, its 
value is indeterminate. 

It is plain also, that any fraction whatever may be made to 
assume the vanishing form, by multiplying its terms by a quan- 
tity which, on a particular supposition, would become nothing. 
Tnus, suppose the numerator and denominator to he x^-\-a^ and 
x-\-ai then, if each were multiplied by x-\'94i, a fraction would 
be obtained, which would be a vanishing one, when ^= — 2a. 



Ewereises. 

16. Find the value of the fraction, ^ "I" -3-, when a-=:Xa, 

^2 2^ 3 

17. What is the value of -„ ^-, when j; =3 ? Ans, 4. 

12^— 25ar2-)-Q 

18. What does ig 3^13 j, 3 *^ome, when *=|? Ana. — ^g. 

19. Required the value of -yt^ ^^®" ^= ^^ M*. {a\ 
^0, Find th^ value of 3^ , , when a?=l. An*. ^. 



^1. When does, -^-5 — 7:-k- become a vanishing fraction^ and 

Utet is its value then f * Am. It is a vanishing fraction when 

x=s|a, and its value is |a. 

22. Find the value of -=- — r, when «=0. Ans. oo. 



SECTION VII. 

ABITHMETIOAL AND GEOMETRICAL PR00RB8SI0NB. 



^^^^^^^^^^^^^ 



130. If a series of three or more quantities be such^ that^ after 
the first, each is derived from the one immediately preceding it^ 
by the addition of a constant quantity^ these quantities are said to 
be in arithmetical pragfeinon, or to be equidifflerent ; and the con- 
stant quantity is called the common difference of the series. If 
the common difference be positive^ the series is said to be ascend- 
ing; if negative, descending. Thus, 1, 2, 5, 4, 5, &c., is an 
ascending series, having the common difference 1 ; and 40, 37^ 34, 
31, &c., is a descending one, having the common difference —3. 

In series of every kind, the first and last terms are called the 
"extremes, and the rest the means. 

In series of this kind, there are ^ye quantities which require 
consideration : the tM)o extremes, the common difference, the 
number of terms, and their sum. Now, if we put n to denote 
the number of terms> we may convenientLjr express the terms of 

such a series by t^, t^y t^ f,.i, t^; in Which notation t^ 

and t^ will be the extremes : and, to complete the notation, we may 
represent the common diflfeience {t^ — tj, t^-^^ » . .. , <,— ^^j) 
by d, and the sum of n terms by «,. 

131. This notation being adopted, we have evidently, from the 
definition given above, the foUo^^ng as the successive tenns of 
any mdi series : 

* To solve this questiony put the denominatOE equal to nothing. Then, 
by resolving the equation so obtained, we get x^^ a value which, 
Vhen substituted for x in the numerator, makes it vanish also. It is 
plain, that instead ^f putting the denominator eq^al to nothing, we might 
nave put the numerator equal to it, and might have substituted the 
^ting value of ar in the denominator. 

v5 
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ti, <i+rf, <i-|-2rf, ti+Sd, , /i-f (n-l)rf; 

one d being added for finding each tenn^ after the firsts to the 
preceding term ; so that, to find the nth term^ n— 1 times d are 
added to the first term. Hence we have <. = fj +(n— l)d 

This formula contains the four quantities, ti, t^ n, and d ; and 
it will give any one of the four, when the other three are known ; 
or, as it may be expressed, it will give any one of them in terms 
of the other three. Thus, without change, it gives the value of <" ; 
while by mere transposition it gives <i ~ *, -(n— l)d. Also, hy 

resolving the equation for rf, we get rf= — — -^ ; and, by similar 

means, we should find »= — -r— ^ + 1. What has now been 

d 

established will be illustrated by the following examples. 

Exam, 1. Required the fifteenth term of the series 1, 3, 5, 7> &c. 

Here we have <i = I, dr=.% and n=15; and therefore, by the 
last §, we have <i6=l -f (15--1)2=:29. 

Exam, 2. Find the twenty-fifth term of the series, 100, 97, 
94, 91, &c. 

In this example, we have t^ = 100, d = — 3, and n :;l 25 ; and, 
therefore, <26= 100— (25 - 1)3 = 28. 

Eaiam, 3, In a series of forty terms, given the extremes equal 
to 10 and 100 ; to find the common difference. 

Here, from the expression above obtained for d, we get 

._ 100- 10 _^^ 
^- 40-1 ""^^^ 

132. The last or nth term of the series being ^j-f (n— l)rf, 
and each term being less by d, than the succeeding one, it is 
plain, that the last but one will be <i+(n— 2)(f ; the last but 
two <i + (n— S)d; &c. Now, by taking the sum of the first 
term and the last, that of the second and the last but one, that of 
the third and the last but two, &c., we get, in every instance, 
2<i-|-(n — IW. Hence, it follows, that the mm of the extremes 
is equal to the sum of any two terms equally distant from them. 

If n, the number of terms be odd, the middle tenn of the series 
will be ^i-f -J(n— l)d, the common difference being added only 
half as often to find that term as to find the nth term ; and, as 
this is exactly the half of 2t^ + (^— 1 )<'> the sum of the extremes 
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found above^ it follows^ that^ when the number of terms is odd, the 
sum of the extremes is double of the middle term. 

Thus, in the series, 2, 5, 8, 11,14, 2 + 14 = 5 + 11 = 8x2. 

133. We are now prepared to find the sum of an equidifferent 
series. Denoting, as already mentioned, the sum of n terms by 
s^o and writing tb^ series both in direct and in reversed order, we 
have 

and*, = ^+«,_i+<,_3+ . . . + <8 +^2 +<!. 

Now, by the last §, the sum of each quantity in the second 
member of the first line, and of the term below it in the next 
line, is 2/i +(n— \)d. By the actual addition, therefore, of the 
two lines we get 2«„ equal to 2f| + (n— 1)(2 taken n times-; and, 
consequently, by multiplying by n and dividing by 2, 

*,=|w{2fi + (n— l)d}=nfi+|n(n— 1)a 

From the first form of this sum, it appears that the sum of 
the series is equal to the sum of the extremes multiplied by half the 
number of terms. 

This equation, like the one in § 131., contains four quantities, 
^], d, fly and s^; and therefore it wiU give any one of them in 
terms of the other three. 

Exam, 4. Required the sum of 200 terms of the series 1, 4, 
7, 10, &c 

Here fi = l, rf=8, and n=200 ; and, therefore, *200= 
200 X 1 +i X 200 X (200— 1) X 3 ; or, by performing the work, 
«200=59900. 

Exam. 5, Find the sum of 150 terms of the series, 333, 331, 
329, &c. 

Here ^i=333, d=— 2, and « = 150; and, consequently, 
*i50=i >^ 150{66'6+(l50-l)x-2}=27600. 

Exam, 6, Required the sum of n terms of the series, 1, 3, 
5, 7, &c. 

In this question we have ifi = l, and d=2; wherefore *,= 
n X 1 4- ■Jn(»— l) X 2=w + n^—n=n\ We thus arrive at the 
interesting conclusion, that, in the series of odd numbers, 1, 3, 5, 
7, SiC,, the sum of any number of terms is the square of that 
number. Thiis, the sum of the first 10 terms is 10^ or 100; 
and that of the first 100 terms, lOO^ or 10000. 

F 6 
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Eaercites. 
1. Find the 10th tenn^ and tibe 150th^ of the equidifibrent 
•eries, 3, 5, 7, 9, &c. Am. 21 and 301. 

S. Find the 47th and 60th terms of the series, 100, 98, 96, &c. 

An$. 8 and r-18. 
S. If the extremes of an equidi^rent sefies be 4 and 85, and 
the common difference 3, what is the number of its terms ? 

Ans, 28, 

4. Whi^t will be the common differenee by which $5 equldif-' 
fe^rent means may be i^^rted b^tweeq the; e3^trc[mes 1 and 100 ? 

Ans, 2i. 

5. Find the sum of the first lOOQ ni^mbers, 1, 2, 3, &c. ; and 
also the sum of the first 1000 odd numbers. 

An9. 500,500 and 1,000,000. 

6. Required the sum of 101 ten^s of the series, 50, 49^ 48, &c. 

Ana, 0, the poi^tire and negative terms 
destroying each qlber. 

7. Find the sura of n t^ms of the series 5, 5, 7, 9y &<^ 

Av^. n8+2». 

8. The famous t»droeliun tower ^f Nankia ia aacended by 884 
steps. Now, suppose a peraon to ascend one of those stepy, and 
then to descend to the ground ; then to ascend two, and to descend 
to the ground again; then three; and so on, till he should reach 
the top and again descend to the ground : through how many steps 
would he have ascended in all ? And, if each step were 6 inches 
in height, what would be the entire height a(aQended. ? Also, if each 
step were 14 inches in breadth, through what spa(pe,,in a hpriapntal 
direction, would he have gone in both his ascents and descents P 

Am, 391^170 steps; and 37 miles, 225 feet, in ascent, and 

the same in descent. Also the horisontal space de« 

scribed in both is 172 miles, 4570 feet. 

9« If a person commence trade with 1000/. ; and, if he add 

to this capital 100/. the first year, 200/. the second, 300/. the 

third; and so on during the first 20 years: and if he then 

increase it in tibe first of the ensuing 20 years by isSOO/., in the 

second by 400/., in the third by 6OO/., and so on : how much will 

he be worth at the end of the whole 40 years ? Ang^ 64,000/, 

134. When three or more quantities are such, that, after the 
first, each is obtained by multiplying the one immediately pre- 
ceding it by the same number, those quantities are said to be in 
geometrical progreMwn, or to be continual ftroportionale ; and the 
multiplier is called the common ratioy or simply the ratio of the 
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«eri^ If th^ rfttlo^ without regard to its mga» be greater than 
miity, th^ series i? said to be asceTiding ; but if less^ it is de- 
9cen4ing, Thus^ the series 1^ 2^ 4, 8^ \6, 32, Sid,, is an ascend** 
ing |;eqmetrical one; as is also 1, —3, 9, ^27, 81, &c.; th« 
former having 2 as ratio, and the latter ^S. The two following 
are descending series, the first having ^ as ratio, and the second 

-i : 9, 3, h h h &o- J •»<! 1> — i> i^ —i* tV^ &c- 

Wh^ the aeries consists of three terms, the second is said to 
be a mean proportional between the other two. 

135. In series of this kind, there are five quantities chiefly to 
be considered, the two extreraf s ti and t^ ; the number of terms, 
n ; the sum of the series, «, ; and the common ratio or mul-^ 
tiplier r. Now, by tlie definition given above^ the second term 
will be found by multiplying the first by r, the third by mul- 
tlplyii^ the second by the same, and so on : and therefore the suc- 
cessive taraas will be 

<i, rt^j rH^, r3f 1, , r^'H^, 

The tenn before the last, found by dividing that one by r, will 
be r^Hi ; the next preceding term r^-^^i, &c. 

We hav^ therefore, t sr""^^}. This formula contains the 
four quantities t^, t„, n, and r ; and, by means <^ it, any one of 
them may be found, if the other three be given. The value of 
tt, however, cannot be obtained by means of the principles thus 
farentabliBhed, as the finding of it requires the use of logarithms* 

136. By tiJiing the product of the first term t^, and the last 
r*~i^j, we get v'^Hi^ : also, by taking the product of the second 
term r^j, and the last but one r"''Hi, w^ obtain the same result : 
and, by multiplying the third term into the last but two, we get 
the same still ; and so on. Hence, therefore, the product of the 
extremes U equal to the product of any two terms equally distant 
from them. If the number of terms be odd, the middle term of 

the series will be r'^^'^^f i, the multiplication by r being repeated 
only half as often to find that term, as to find the last : and, as 
the square of this is 't^^^t^, the same as the product of the ex- 
tremes foiuid above, it follows, that, when the number qf terms is 
odd, the product of the extremes is equal to the square of the middle 
term. Hence, if the extremes be given, the middle term is found 
by taking their product, and extracting its square root. 

Eofam, 1 . Find the 7th term of the series 2, 8, 32, &c* 
Here <,=2, r=4, and n=7 : therefore 

f^=4« X 2= 4096 X 2=8192. 
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Exam, 2. Required the 6th term of the Beriee ^, ^, -^y &e. 

We have here ^i=^; »'=f^ found by dividing the second 
term by the first; and n-=.^. Then, n— 1 being 5, we raise f 
to the 5th power, which we find to be -^-f^ ; and, by multiplyilig 
this by ti^^, we get -.jf^, the required term. 

Exam, S» Find a mean proportional between 20 and 45. 

The product of these is 900 ; the square root of which is SO, 
the required mean. 

Exam, 4. If the extremes of a series of four terms be 27 and 
64, what are the means ? 

Here t^~i=r3, is found by dividing t„ by ty Hence we have 
f^=f ^ ; and, therefore, by extracting the cube root, we find r to 
be 4* Lastly, by multiplying 27 by this, we get 36, and by mul- 
tiplying SQ by tbe same, we get 48 : $6 and 48, therefore, are 
the required means. 

Hence we see, that to solve the celebrated problem in which it 
is required to find two mean proportionals between two given 
numbers or magnitttdes, we have merely to divide the second by 
the first, and to extract the cube root of the quotient, which 
will be the ratio ; and we then multiply the first extreme by this 
ratio to find the first mean, and this mean by the same to find 
the second. The equivalent geometrical operation, however, 
cannot be effected by means of elementary geometry. 

137* For investigating the method of tumming a series of 
this kind, we have, as in § 133., 

Below this write its product by r, setting the second members 
so that like terms may stand in the same column. By this means 
we shall have the two lines standing thus : 

rs,=: rti + r\-^r»ti+ . . +f^%-^f^H^-\-r*-%'\-r^ti. 

In these two equations all the terms of the second members 
are plainly the same, except the first of the first and the last of 
the second. Subtracting, therefore, the members of the first from 
those of the second, we get 

. r*--^=r7,-<„ or (r-lX=(r"-l>, , 
whence *„= — — . . . (a). 
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Had we subtracted the members of the second equation from 
those of the firsts we should have founds in a similar manner^ that 
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••= l-r 

Ids. If r be a fraction less than unity^ and n become infinite^ 

r" will vanish. For r may be put under the form -^ where / is 

the reciprocal of r, and is therefore greater than unity. Hence 

we have r"= v^. Now (§ 125.) the denominator of the second 

member will be infinite when n is infinite : and hence (by § 127- 
concluding part) the second member^ and consequently its equals 
r^, will be equal to nothing. In this case^ therefore^ the nume- 
rator in (6) becomes simply t^, and we have 



1— r ^ ^ . 



whence it appears, that to find the sum of an infinite number of 
terms of a descending geometrical progression, we subtract the 
ratio from unity, and divide the first term by the remainder. 

Exam, 5, Required the sirni of the first seven terras of the 
series, 1, 3, 9^ 27, &c. 

37 1 

Here ^i = l, r=S, and n=7; and, by (a), *7=-r — r-= 

2 



* This latter expression would be obtained from the former by multi- 
plying the numerator and denominator by —1, or, which is the same, by 
changing the signs of all the terms of both. 

It may be remarked, that if or be taken equal to 1, and a be changed 

into r, in the formula at the end of § 58., and if the result be multiplied 

(1 —t'^M 
by <i, we obtain ._^ =*| + rt^ + r^^ + + r"-U, ; which agrees 

exactly with what has just been found. In fact, the method of summa^ 
tion employed above is virtually the same as the multiplying of the series 
by I —r, and is therefore a reversing of the process in division, by 
which the formula in § 58. is obtained. 

If r sly the last two expressions (a) and (&), become (§ 128.) vanish- 
ipg fractions. In this case, however, we find, by reverting to § 132., that 
#,»*j + *j + <i + +<j=an^p the sum required. 
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Maam. 6. Find the sum of the first six terms of the serSefij 

We have here t^^^^y ^"^h *^*^ n^6. Then r»=:(|.)«:=s 
•^^jr. Taking this from 1, and multiplying the remainder hy -|, 
We find for the numerator of the decond member of (b), gjg -^ | 
While the denominator is 1 — |, or ^. Dividing the former result 
by the latter, we get *6=IM*=1 JHt- 

Eaam, 7* Find the sum of nine terms of the series, I^ — ^^ 
Here *i=l, r= — -J, and fi=9- Therefore we have, by (6), 

£d7am. 8. Required the sum of the infinite series, ^, ^, f , &c. 
We have here fi=i, ^=i, and n=do. Then (§ 138.) 

»g5=-^— =1, the required sum.* 

* As learners generally feel sotne diASculty in eoneeiring how the sum 
of an infinite number of terras ean be a finite quantity, it may be proper 
to give some illustration of the subject, and the last example serves well 
for the purpose. Let the line AB represent the unit of which the terms 
of the series are the half, the fourth, the eighth, &c. Bisect AB in C, 
CB in D, DB in £, £B in F, &c. Tben AC is one half of the given 
line, CD one fourth of it, DE 

one eighth, &c, ; and, there- ^ £ P .^ ^ * 

fore, AC, CD, D£, &c., are 

the successive terms of the series. Now, it will be seen at once» that no 
finite number of these terms, however great, can amount completely to the 
whole line AB ; as, in finding the terms by the successive bisections, 
there is always a portion of A B remaining unexhausted. Thus, if we 
take only the first term AC, there remains CB^^; the first and second 
terms amount to AD, and the unexhausted part is DBs^, or equal to 
half the last remainder CB. In like manner the sum of three terms is 
A£, and the unexhausted part £B, which is one half of DB, the last re* 
mainder. We thus see that there will always be a remainder, but that 
each remainder will be only half the preceding one. After the first term 
the remainder is J ; after the second, the square of ( ; and after n terms, 
the nth power of J. Now, (§' 138.) the nth power of } becomes zero, 
when n is infinite. Hence, the sum of an infinite number of terms of the 
series is equal to the unit AB, the remainder becomiqg evanescent. It 
thus appears, that the Mum of an injinite series is the amount to which lA« 
turn of its terms eontinuaBy approaches, as more and more of them are taken ; 
tmdfrom which ^eir sum, if a sufficient ntmiber of them be employed, wiH 
dijffer by a quantity less than any thing that can be assi^fned t and unless a 
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Eamn* 9< Requiied tibe sum of five terms^ and (Im ram of 
an infinite nnmber of temu^ of the leries -f^, -j^, tAts* ^^ 



Bumbor can be feund which has these two distinctive properties the 
series will haye no finite sum, but will give an amount exceeding any 
number, however great, if a sufficient number of its terms be taken. Thus, 
in the series, |> )> )« &c., we have seen, in the first place, that the sum 
approaches continually to I, as more and m<nre terms are taken ; and, in 
the second place, that if a sufficient number of them be taken, tiieir sum 
will differ from 1 by as small a quantity as we please : the sum, there- 
fore, is 1 . The sum of the same series also continually approaches to 2 ; 
but the difference between it and 2 cannot be made as small as we please, 
as it must always exceed 1 ; and, therefore, 8 is not the sum, as it has only 
one of the two properties mentioned above. 

There may plaiidy be numberless series, in each of which the sum of 
an infinite number of terms will be infinitely great. Such is the sepes, 
1,1,1, &C. ; as also, 1, 2, 3^ &c. It may be remarked, also* that a series, 
the terms of which go on continually diminishing, and becoming smaller 
and smaller without limit, has not necessarily a finite $um. Thus, as 
will be diown hereafter in the Section on series, so many terms of the 
series, }> J* !> |» &c>> niay be taken, that their sum shall exceed a&y num- 
ber however great. 

An infinite series which has a finite sum is said to convert, or to be a 
eonverpent one. 

The illustration given above is very plain and palpable. We shall arrive, 
however, at the same conclusion more briefly thus : by formula (ft), we 
shall have in the series, J, }, }, &c «.» 1 —(})". Hence we see that the sum 
of any number of terms, n, will always be less than 1 by the nth power 
of 4 ; and, since (§ 138.) n nuty be taken so great as to render the nth 
power of i as small as we please, the sum will tend to 1 as its limit, differ* 
ing from It by a quantity less than any thing that can be assigned, when 
n is taken sufficiently large. 

It may be remarked, that if 1 be divided by 1 under the form 2—], 

the quotient will be the series which we have been considering. In like 

manner, if 1 be divided by 2 under the form 3 — 1, the quotient will be 

the infinite series i + J + ^ + » &c. ; the sum of which is therefore ~ * - or ^ 

So likewise* if we divide 3 by 1 under the form, 4—3, we get the in* 

finite series, 3 + ft + fj + > &c. ; Uie sum of which, accordingly, is 3. Again, 

if 1 be divided by 3 in the form 2 + 1, the quotient will be ^-.^ + ^_ ^i, + , 

ite, i and the sum of this is }. In infinite series, such as this, having the 

terms alternately positive and negative, the values of one term, of two 

terms, of three,. &c., are alternately greater and less than the sum of the 

series ; to which, however, they continually approach. Thus, in the last 

series, the first term is |: which exceeds the sum ^ by 1 : the first and 

second together nutke \, which is less than 1 by -^ ; . the first three terms 

amount to {, which is greater thanj by ^ &c. This series, it nuty be 

fiurther remarked, is evidently the difference of the two series, ) + 1 + ^ + » 

&c., and i +<^ + j!| + i &c. ; and as the latter of these is plainly half the 

former, each of its terms being half the corresponding one in the other, 
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Here we have <i =tV *"^ ***=tV^ ^^^> therefore, ^=TffTj"VffiT* 
Suhtracting this from 1, we get -p^j^j^, which is the sum of 
five terms, as, according to (6), it should be multiplied by ^^j^ 
and divided by 1 — tV ^ ^^^ these being the same, the two 
operations neutralise one another. Again, for the sum of the 
infinite series, we divide ^j^ by 1— ^^{j, and the quotient is 1, the 
■um required. We thus see that the value of the interminate 
decimal '9999* » • ^> or, as it may be written, 

JSxercises, In each of the following exercises, find the sum of 
as many terms as are denoted by the number attached to « in 
the answer of the same exercise. 

Exercises* Answers. Exercises. Answers. 






1. 1,4, l6,&c. Sq-1365. 

2. 3, 6, 12, &c. *i8 = 196605. 

5. h h ih> ^^' -4w«- *8-l|m> and*«=2. 

6. -rh (i*)'> (Aiy> &c. Am, *6=8'4,87171. 

8- i> - 7^ ?V - A> ^c- ^'**- «5 =ift^> and *„ = ;J 

9. 1, —2,4, -8, &e. ^rw. *«=4{l— 2»x( — 1)"}. 

11. If a person buy twenty horses, paying a farthing for the 
first, a halfpenny for the second, a penny for the third, and so 
on, always giving for each horse, after the' first, the double of 
what he paid for the preceding one, how much would the whole 
cost? Ans. ^1092 5s. 3^. 

12. If there had been trebling instead of doubling in the last 
question, what would have been the cost of the twenty horses, 
the first still costing a farthing? Ans. <^1 ,816,033 10«. lOd. 



the original series is the same as | + <^ + jj!{ + » &c. It would be reduced 
to this also by subtracting each negative term from the positive one im- 
mediately preceding it. 
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SECTION VIII. 

RESOLUTION OF SIMULTANEOUS EQUATIONS. 



139. We have already seen (Sect I. and V.) the mode ot 
resolving a single equation of the first degree containing one un- 
known quantity: and we may now proceed to investigate the 
method of finding the values of two or more unknown quantities. 
We shall see in what foUows^ that^ for limiting a question^ there 
must always be as many equations given^ as there are unknown 
quantities to be determined: and^ as these' equations coexist^ so 
as to be all true at the same time^ they have been called simuU 
taneou/t equatUms, 

For resolving questions in which two unknown quantities are 
to be founds four methods have been given by algebraists ; and it 
will be proper to illustrate all these^ as sometimes one of them is 
preferable^ and sometimes another. 

140. By eliminating a quantity between two or more eqtuUions, 
is meant the deriving of one or more other equations from them 
which shall not contain that quantity. This may often be 
effected very simply^ in case of two equations, by multiplying 
them by such numbers or quantities, as shall give results having 
the terms which contain the quantity to be eliminated^ the same 
in both^ except that their signs may be the same or opposite ; then, 
by taking the difference or sum of the results, according as those 
terms have the same or contrary signs, the required equation will 
be obtained.* 

Exam, 1. Let it be required to find the values of x and y in 
the two equations 6a7+25j^=:37) and 9^~10j^s=s8; that is, to 
find such values of those quantities, as shall satisfy the two 
equations simultaneously. 

* This, for brevity, b often called the method of addition and tubtraction. 
It is plain, that by using, when necessary, a negative multiplier, we 
might make the terms to be eliminated exactly the same, so that subtrac- 
tion might always be employed. 
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Here^ equation (3.) is found 6a:4-25y-=37- ... * (1.) 

from (1.) by multiplying by 3, 9x— lOy -8 (2.^ 

and (4.) from (2.) by multiplying 18a?-t-75y - 111 .... (3.) 

by 2. Now, (3.) and (4*) having l&r— 2()y=l6 (4.) 

each 18d7 with the same sign, we 9^y=9^ (S.S 

subtract the one from the other ^ ^=1 (6.) 

thus destroying that term, and con- 6ar -|-25 =37 (7.) 

sequently diminating a?, as the re- ar=2 (8.) 

suiting equation 9^jf=9^ contains 9^~~10 =8 (9*) 

only y : and from this (§ 26.) by 47=2 (10.) 

dividing by 95, we get y = 1. 

Equation (7.) is obtained from (1.) by taking y=t; and 
thence, by transposition, &c. we get x = % Equation (9.)9 
again, is the same as (2.) with y taken = 1 ; and hence we have 
another mode of finding x. The agreement of the results proves 
the correctness of the part of the work that follows equation (4.)* 
To give a complete proof of the correctness of the results, we 
have merely to show that the values found for x and y satisfy 
both the given equations. Thus, since x — Q and y=l, the first 
member of (1.) becomes 12 + 25, or, by addition 37, which is 
what it ought to be ; and, by a like substitution, the first member 
of (2.) becomes 18 — 10, or, by contraction 8, which is the same 
as die second member. This method of proof is applicable in all 
cases. 

The principles on which the process depends are quite ob-^ 
vious. Thus, equations (3.) and (4.) aie true by Axiom 3. p. 9.> 
and (5.) by Axiom 2. The rest of the process all depends on 
what has been already shown regarding equations having one 
unknown quantity each. If we wished to eliminate y instead of 
sp, the operation would be as in 

the margin. In this process (3.) 6^*-|-25y=37 (1. 

and (4.) are obtained from (1.) 9x— 10y=8 (2. 

and (2.) by multiplying them re- 12^ + 50^ = 74 (3.' 

fipectively by 2 and 5. Then, as 45j7*-50^=40 (4.) 

(3.) and (4.) have the terms con- 57^=114 (.5.) 

taining y the same, but with op- ar=2 (6.) 

posite signs, these two terms are 12+25y=37 (7,) 

destroyed by the addition of the y=l (8.) 

two equations, and we get 57^ 

=:= 1 14, an equation which does not contain y, and which, by divi- 
sion by 57^ gives ^=2, as before. We then find y by substi- 
tuting the value of J7 in (1.), thus getting equation (7.); and it 
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might be found with equal facility, by substitatiiig the same valw 
in (2.). 

141. In the practical application of this principle, we may al- 
ways employ as multipliers the coefficients of the quantity to be 
eliminated, taking them in a reversed order. When these have a 
common measure, howerer, they should be divided by it, and, for 
simplicity, the quotients c^uld be employed • instead of the co« 
efficients themselves. Thus, in the present example, for elimi- 
nating Wy the coefficients of that quantity being 6 and 9^ we might 
have midtiplied (1.) by 9^ and (2.) by o, thus employing the co- 
efficients. It is better, however, to divide these by 3, and to use 
the quotients^ S and 2. In like manner, for eliminating y, the 
coefficients of that quantity being 25 and 10, we might multiply 
the first equation by 10, and the second by 25. Dividing these, 
however, by 5, we use in preference the quotients, 2 and 5. 

■ 

Exam, 2. Resolve the two general equations, (1.) and (2.) 
in the margin. 

oJJ..^f^t -r4=;::::-.:-.:::-.-.v.;8;5 

(4.). The difference ^\\. T k hi- h\ (d, < 

of the results is (5.) : ^a,h^^aj>{)x=h^c,-^h,c^ (5.) 

and from this (o. ) is^*^ h ^ h . 

, , . J -1 J* 'J* *'2^1 — ''1' 



e 



obtained by dividing a?=-^l^ ~ (6.) 



flifto — flofti 



efficient of x. We «iV+«36iy=«2<'i (7.) 

then multiply (l.) by ^i^+^i^f =''i<'2 W 



aja2a7 + a}62y=aiC2 (8*) 

/=aiC2— a 

(2.)bya, tofind(8.). y= ?J^«2^j' (10.) 



a^ to find (7.); and 



The difference of (7.) a^h^^aj>^ 

and (8.) is (9.) ; and 

(10.) is obtained from this by dividing by the coefficient of y. 

In taking the difference of (3.) and (4), and of (8.) and (9.), 
it is of no consequence which is taken from the other : as the 
results obtained by the two variations of the process in each case 
would be the same^ except that the signs of the numerator and 
those of the denominator would be all changed into the contrary 

* This expresmon fbr y would be found from that of x before obtained, 
by interchanging Oj and &p and also a^ and 6, throughout, and thenchang? 
ing fbe sagns of the numerator and denominator. 
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cme8^ which (§ 187.) would make no difference in the values of 
these results. 

142. We can now see that two independent equations^ and 
only two^ are required fqr finding two unknown quantities. 
Thus^ in each of the foregoing examples^ we employ both the 
given equations^ and nothing more : and were there but one 
equation^ we could not find eitlier x or y. In Exam. 1., for 
instance^ if only equation (1.) were given, we should find 

X = ^ ' , by transposing 25y, and dividing by 6. This 

expression, however, we cannot compute, as it contains y, which 
is unknown. With only one equation, in fact, the question is 
indeterminate; as there may be found an infinite number of • 
values of x and y that will satisfy the equation. Thus, if in the 
expression just found for x, we take y=0, we get a:=6^ ; and if 
these two values of x and y be substituted for them in equation 
(1.) they will satisfy it. If, again, y=^, we should find 
or =4-]^ ; and these values would also answer. So, likewise, if 
y= — 1, we should get x - 10^: and thus we might proceed 
without limit. The consideration of indeterminate equations will 
be resumed hereafter. 

143. A second method * of eliminating a quantity between 
two equations, is to find an expres- 
sion for it from each of them, and Exam, 3. 

to put the two expressions equal to Sx^9.y^\\ (1.^ 

eadi other; as the result will be an 2x-\'3y=^29 (2.) 

equation not containing that quan- 11+ 2y .. 

tity. ^— 3 ' • • • v^v 

In this example, (3.) is found from ' gp _3^ 

(1.) by transposing — 2y, and di- ^= — g .... (4.) 

viding by 3 ; and (4.) fro;n (2.) by j j ^v 2Q-3« , 

transposing 3y, and dividing by 2. — ^— ^ = — - — . (5.) 

The values of a: in (3.) and (4.) are J 4„ -g?- Qt/ (6 ^ 

then put equal to one another, and ^-^ + *y —» ' yy • • V".; 

give equation (5.). By clearing this Q^""fnl*i',' * " >! \ 

equation of fractions, we get (6.); 3a:-iu-ii . . (».; 

and thence the value of y is readily * ' ^"*^ 

found to be 5. Equation (8.) is the same as (1.), with the sub- 
stitution of 5 for y; and &om this we get a: =7 in the common 
way. This value of x might also be found in a similar manner 

* lliis method of eliminating has been called the method ofcompari$(m. 
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from (2.). Another solution would be obtained^ by finding ex- 
pressions fory from (1.) and (2.), and equalling them : as y would 
thus be eliminated. 

144. A third m«Mod of elimination is, to find an expression 
from one of the equations for the quantity to be eliminated^ and to 
substitute that value instead of it in the other.* 

In this example^ from equation 
(1.) we get (3.) by transposition. Exam. 4. 

Then, as — Sy occurs in (2.), we 2.r+y=7 (l ) 

raultiply (3.) by 3, to find (4,). 5a?~Sy=l' .' .' .' .* .* .' ' .* (2,) 

Substituting the value of 3y thus «_.y_2ir * (s'i 

found in (2.), that is, subtracting gy—gl — 6^ .' ' f 4X 

it from 5x, we get (5.), an equa- 5^— 21 -f 6.r=l . [[] [ (5,) 

tion which contains only jp ; and ^=2 ; ! * (6) 

from it a? is found in the usual ^=7—4=3 ..'!.'.** (7 { 

way to be 2. Lastly, by substi- 

tuting this value of j? in (3.) we get equation (7.), wliich gives 
the value of y. The steps of the process are all self-evident. 

It may be remarked also, that the problem might be solved, but 
not so easily, by finding the value of y from the second equation, 
and substituting it in the first ; by finding the value of a; from 
the first, and substituting it in the second ; or, finally, by finding 
the value of or from the second, and substituting it in the first. 
The facility of the mode above adopted, arises from the circum- 
stance, that the coeflicient of y in (1.) is unity. 

In this example, equation (S. ), 
which gives an expression for Exam, 5. 

X, is found from (1.), by trans- 7:r— 5v=l ... (l\ 

posing 5y and dividing by 7. 2^+3y=18 ......... (2) 

To prepare for substitution, (3.) l-\-5v 

is multiplied by 2, the coeffi- ^ = — ~ (3.) 

cient of a? in (2.). Then the 2X10 

value of 2jr, thus found, is sub- 2ar= ~ — ? (4.) 

stituted for that quantity in (2.); '^ 

and thus we get (5.), an equa- ^"rlOy ^ g-. — jg (q\ 

tion which does not contain ^, 7 

and from which we obtam y in 2 + l()y+21y=126. . . . (6,) 

the usual way. Then a? is found y=4> (7.) 

at once from (3.) by substituting _ _ 1 + 20 __ . 

4fory. * T""" "^'^ 

* This has been called the method of iubsHtutum, 
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The work might be varied by finding the value of so from (2*) 
and substituting the result in (1.) ; or by finding an expression 
for y from either (I.) or (2.)^ and substituting it in the other. 

145. A fourth method is to multiply one of the equations by 
a quantity^ m, and to add the members of the result to those of 
the other equation. Then^ by putting the coefficient of y in the 
resulting equation equal to no^ing^ we shall eliminate yj and x 
will be found in the usual way : and, again, by putting the co- 
efficient of X in the same equation equal to nothing, x will be 
eliminated, and the value of y will be obtained. 

Eaiam. 6. 2ar+Sy=l6 (1.^ 

So?— %=:11 h 

Zmx-^Smy:=z\Qm \t 

(2m-}-S)* + (3m— 2)y=l6m+ll (4.; 

Sw— 2=0 (5.' 

m=^f (6.' 

a+3>=.v+ii (7.; 

x=i5 (8.' 

2m + S=0 i (9.' 

m=:-| (10.; 

(-|-2)y=-24 + ll (11.; 

y=2 (12.; 

In this example (3.) is obtained from (1.) ^y multiplying by 
m : and the equation so found will obviously be true, whatever 
may be the value of m ; so that we may give m any value that 
may answer the oliject in view. Then equation (4.) is found 
from (2.) and (3.) by addition. Now, it is plain, that the second 
term of this will vanish, if 3m— 2=r0; and the first, if 
2m -I- 3 — : and these are equations (5.) and (9.)« By resolving 
the first of these we get m - -^ ; which is the value of m, out of 
all the infinite number of values which it may have, that will 
destroy the second term of equation (4.). Taking m, therefore, 
equal to |- in (4.), wanting the second term, we get (70^ *° equa- 
tion which does not contain y, and from which x is found in the 
usual way. From equation (p.)^ *gain, we get m= — ^ ; and by 
substituting this frar m in (4.), and omitting the first term, we 
obtain (11.), which gives y=2. 

146. When fractions or radicals occur, they must be removed 
by the methods pointed out in §§ 110, &c., and the results must 
be simplified, if possible, by transposition or any other means 
that may be admissible, before the principles that have just been 
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given can be employed. In a few instances^ which will be best 
learned by practice^ such as in Exercise 10.^ the removal of frac- 
tions and radicals may be advantageously dispensed with^ but in 
general they must be removed. 

It may be remarked^ also, that the values for x and y, obtained 
in Exam. 2., will serve for solving aU questions of the kind 
which we have been considering^ when the equations have been 
reduced to the proper form. Thus, in Exam. 1. we have 
^i=6> &i = 25, Ci=37; 03=9, 62 = — 10, and Cg =8; and, 
therefore. 



^""«i*2— «2^i~ 6x — 10— 9x25 "■ ' 



and 



y= 



ClC^— QgC 



«1*2— «2*1 



1__ 



6x8-9x37 __. . 
6x -10-^9x25"^ ' 



the same as the values found by the particular solution of the 
example. 

Exercises* 

Find the values of a and j^ in the foUpwing simultaneous equa- 
tions. 



Exercises. 



1. 



2. 



3. 



4. 



5. 



3x 

X 

3x 



a?+3y=17,l 
.r + y=ll.| 

+ 3y=13,l 
- y= 9. J 

:r4-|y=l6,l 

i^~iy=i- J 
^y=26.J 



x-\-y=z 
2a? 



Answers. 
a?=2, 

y=5. 

a?=4, 

y=3, 

ar=lO, 
y=12. 

d?=.12, 
y = 24. 






6. 



Exercises. 
a: + 2y 



7. 



3 
3ar— 2y 

5 

2a:— Sy 

2~~ 
6^+y_ 

3 
ar— 1 



-1-47=22, 



fy=i2. 



-|-ar=2, 



a:=l. 



Answers. 
a?=13, 

y=7. 



^=1, 
y=o. 



*-+-2 y— 1 I y=5. 



* The student should perform these exercises, as well as those that 
follow them, in which the values of three unknown quantities are to be 
found, partly by one of the foregoing methods, and partly by the others, 
practising in the use of each method, till he feels hbnself sufficiently 
acquainted with the mode of employing it. He will find it usefiil, also, 
to work a number of the exercises by all the rules, as he will thus see 
the relations which the rules bear to one another ; md be ought to per- 
form several of then^ by means of the formulas obtiuned in Exam. 2. 

a 
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Exercises. 
9. Saf-h5y=68, 



Saf-h5y=68,l 

10. -+-=5,1 , 

ar y "J 



RESOLUTION OF 

Answers. Exercises. 

ll.a; + 2y 



Exercises. 



18. a:+^y=y-2,l 
y+ia?=ar+6. J 

14. ^+y g^-y^ 



-|-2a:=10, 
4^=19-4,. 

■ • 3 ~ 2 ' 

Answers. 
:r=4, 

y=9. 



AnswerSb 






ar=5, 

y=5. 



''•"2" 5 -^^ I 

5g— y . Q_4ar4-y « ( 
___+8_._ 3. J 



f=6, 1 
^=c J 



0?= 



15. ar+ay=i 
or+y: 

50-g _ 50-hy f y=20. 

4 " 7 

17. V(ar« + 2y-l)-l=ar,l ar=3, 

V(y2 + Sa?)-l=y. J y=4. 



y=5J. 



a^-l 



18. aa:+&y=o. 









:r= 



y= 



g^V— a'Wc 



147. IFft^n Tnore than twi uvMxMvon quantities are concerned, 
the elimination can be effected by means of the same genend 

• Or «-»+y-»=5, and 5*-*— Sy-»«1. The solution will be ob- 
tained most easily by finding x^^ and y\ and taking their reciprocals. 
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principles that have been explained with regard to two equations 
containing two unknown quantities. This will be illustrated in 
the following example. 

Here^ to eliminate x between the given equations^ (1.), (2.), 
and (3.)^ we first eliminate it 
between (1.) and (2.), multi- Exam. 7. 

plying the first by 3 and the 2ar — Sy -f- 4«=:S (1.) 

second by 2. We thus obtain 3ar -|- 2y — 5i2r=13 (2.) 

(4.) and (5.); and, by taking 4ar — 5y -|- 3af=4 (3.) 

the former of these from the 6j: — 9y + 12«=9 (4.) 

latter, we get (6.), an equa- 6x -f 4y— 10af=26 (5.) 

tion containing only y and x, 13^— 222r=17 (6.) 

We next eliminate x between 4x — 6y -f 8«=6 (7.) 

(1.) and (3.), by multiplying y — 5af=— 2 .... (8.) 

the former by 2, and siibtract- 13y— 65*= —26 . . . (90 

ing the result (7.) from the 43*5=43 . . . .(10.) 

latter, and thus obtaining (8.). ^=1 ( 1 !•) 

We have now, therefore, two y— 5 = — 2..,(12.^ 

equations (6.) and (8.), con- y=3 (l^O 

taining two unknown quanti- 2a:— 9 + ^=3 (1^) 

ties, y and » ; and the rest of ;r = 4 . • . . . (15.) 

the work may be carried out 

by means of any of the four methods established above. As it 
stands here, (90 Is found from (8.) by multiplying by 13 ; and 
(10.) from (O.) and (90 by subtracting: while (12.) is found from 
(8.) and (11.) ; and (14.) from (1.), (13.), and (11.). 

The work, according to this method, would admit of several 
variations. Thus, x might be eliminated between (L) and (20^ 
and between (2.) and (3.) ; or between (1.) and (3.), and be- 
tween (2.) and (3.). We might also commence by eliminating 
either y or x instead of a; ; and the effecting of each of these eli- 
minations, like the foregoing elimination of jr, would admit of 
three variations. 

The solution might also be effected by means of any of the 
three remaining methods, with variations corresponding to those 
just mentioned. Thus, suppose we wished to eUminate x by the 
second method, we should find expressions for that quantity from 
each of the three given equations. Then, by setting the first of 
these equal to the second, and also the first equal to the third, 
we shoidd get two equations containing only x and y : and one 
variation would be obtained by equalling the first and second 
values of »y and also the second and third ; and another by equal- 

o2 
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ling the first and third and the second and third. In case of 
variations in this and other instances, the student, after some prac- 
tice, will frequently he ahle to see heforehand which of the methods 
will give the simplest solution. On this poitit, it may he stated 
as a general principle, to which there are few exceptions, that the 
simplest expressions, such as those containing the smallest num- 
hers, should he used as much as possible, in preference to ones of 
a more complicated kind. 

Suppose, £^ain, that we wish to eliminate y by the third me- 
thod, we have only to find its value in any one of the three given 
equations, and to substitute that value for it in the other two ; as 
the results will be two equations, containing only x and z. 

In working by the fourth method, we may multiply (1.) by f» 
and (2.) by n, and add together the results and (3.). In the sum 
we can eliminate any two of the quantities, x, y, and x, by put- 
ting their coefficients equal to nothing, thus destroying two terms 
of the equation. Then, in what remains undestroyed, we sub- 
stitute the values found for m and n in the equations obtained by 
putting, as above mentioned, the coefficients equal to nothing ; 
and from the result we get at once the value of the uneliminated 
quantity. 

Exercises. Find the values of or, y, and «y in the following 
sets of simultaneous equations. 



Exercises. 


Answers. 


20. 




ar-f 2y + 3» = 34, " 


X=zS, 


2d7— 3y+4af=19, 


• y~5. 


307 -f 4y — 5af= — 6. ^ 


«=7. 


21. 




5a?— 4y + 2af--48,1 


ar=lO, 


3ar + 3y— 4af=24, • 


y=2, 


2o7— 5y-f 3af=19.^ 


5r=3. 



Exercises. 


Answers. 


22. 




ar + y+af =6,1 


x=\, 


3ar-:y-h2«=7, \ 


»=2, 


4ar + 3y— i»=7.J 


«=3. 


23. 




«+iy=io-Jfir,-] 


*=7, 


^(ar-h2f)=9-y, ^ 


y=4. 


K^-^)=2y-7.J 


«=3. 



148. The general modes of effecting elimination in the simple 
and more elementary cases have now been given. In many par- 
ticular instances, however, solutions may be obtained more easily 
and degantly by other means. This is particularly the case when 
the equations resemble one another in form and structure, and 
especially when more than two unknown quantities are concerned. 
The following examples and exercises will exhibit instances of 
this kind. 
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Excmn 
ar4 2y=7 . 
2r-|-3y=12 • 
x-iiry:=z5 . . . 

y=2 . . . 

ar=5— v=8 



8. 



9. 



In this operation we derive (3.) 
from the given equations (1.) and 
(2.), by subtraction ; and (4.) is 
derived from (1.) and (3.) by the 
same means. Lasdy^ (5.) is de- 
rived from (3.) by transposition^ 

Here^ from (1.) and (2.), we 
get (3.), according to § 57y by 
division. Then the two expres- 
sions marked (4.) are obtained 
from (2.) and (3.) by § 52. ; 
and^ by squaring the results thus 
fomid^ we get x and y, 

In Exam. 10. we find (4.) by adding to- 
gether equations (1.)^ (2.)^ and (3.)^ and taking __ 
half the result, putting * for brevity, here ^1]^~? ' * 
and in some other instances, to denote half + — • • 
the sum of a, h, and c. Then (5.) is found 
from (3.) and (4.) by subtraction : and, in the 
same manner, (6.) i^ obtained from (2.) and 
(4.), and (7«) from (1.) and (4.). Hence, to 
get Xy y, and z, we are to find half the sum 
of a, &, and c, and from it to subtract, suc- 
cessively, c, 6, and a. 

In Exam. 11. we get (4.) from 
the three given equations, where, as 
in the last example, a-f6+<7 is de- 
noted by 2«. Then the values of 
X, y, and z are obtained by sub- 
tracting (1.), (2.), (3,) severally from 
(4.), and . halving each of the re- 
mainders. 

Here (4.) , is found by 
taking the continual product 
of the members of (1.), (2.), 
and (3.), and extracting the 
square roots of the results. 
Then (5.) is obtained by di- 
viding (4.) by (3.) ; and y 
would be found similarly 
from (4.) and (2.), and z from (4.) and (1.). 

o3 



(2.) 
(3.) 

(4.) 
(5.) 



Exam, 
X — y=l6 . 
.V J?— v^y=2 

j^xz=.b, and A/y=3 
07=25, and y=9 . 



Exam. 10. 



X '^S'^C • . 

y=*— 6 . . 
z^is—a . . 




Exam, 11. 

— ^+y+*=a • • . 

ar— y4-«=6 . . . 
• ar+y— af=c . . . 

x+y-^-z^Zs . . 

ar=»— |a 
y=*— 16 



Exam. 12. 



xy=a 
xz^h 



yz=ic 

xyz=zawy^ 



(7. 



1.) 

(2-) 
(3.) 
(4.) 

(5.) 
(6.) 

(7.) 

0-) 

(2.) 
(3.) 
(4.) 

(5.) 
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XISCEIiLANEOUB EXAMPLES 



Exercises, Resolve the following sets of equations^ witfaofut 
employing any of the four general methods that have been given. 



24. X +y =a, I 



Ans. «=|f^fl+-V 



25. 8j?— 4v=; 
5x 



-8y=7.J 

26. i+i=a, 

y X J 

27. ap+y4-s?=9, 

a:-f-2y+Sflr=20, 
a:+3y+6ar=35. 



y=l. 

1 
Ans, 07= 



y= 



(Jf^S 



1 



*— a 



} 



Ans. «=:2^ 

y=3, 

;ir=4. 



28. 



29. 




Ans,w= 



v=i{s—d). 

149* This Section may be terminated by some miscellaneons 
matter^ and particularly by some examples and exercises^ illus- 
trative of the principles that have been established in this and 
some of the preceding Sections. 

Exam, IS. Let it be required to resolve the two equations^ 

6^+9y=27, and 8ar-f 12y=36, 

by the formulas found in £xam. 2. 

By substituting for a„ h^, &c, 6, 9> &c.> ^e get 

12x27-9x36 . 6x36-8x27 
d7= 'rr- — -=-. and vzzz-x =-. 

6x12-8x9 (^ ^ 6x12-8x9 



R£OARDINO SIMULTANEOUS EQUATIONS. 12? 

'Sow, the values of J7 and y in £xer. 2., being fractions in their 
lowest terms, and the results obtained in the present question 
being vanishing fractions, it follows, from § 126., that the question 
is indeterminate. In fact, the two equations are not independent 
of one another, the second being formed from the first by in- 
creasing each of its terms 'by one third of itself; so that (§ 142.) 
the question is indeterminate.* 

Exanu 14. Let it be required to resolve the equations 

12d;-f 2Qy=:9, and 15^+25^=11, 

by means of equations (6.) and (10.) page 117. 
Here, by the proper substitutions, we get 

a: = ^ = 00, and y = — ^= — 00. 

Hence it appears, that there are no finite values for a and y, 
that will satisfy the two equations. The equations, in fact, are 
incompatible with one another; and if they had their origin 
from any question, that question would be absurd. That they 
vie incompatible with one another, will appear evident from the 
circumstance, that the first member of the first equation is four 
fifths of the first member of the second, while there is not the 
same relation between the second members.f 

Exam, 15. The following instructive problem has often been 
resolved and discussed. Two couriers, A and B, start at the 



* By patting the denominator and numerator of (6.) in Exam. 2. each 
bO, we should find, that 

-*„-?, and -r*«-^; and, consequently, ^a.-iax^. 
a, ©1 o, c, a, 6, c/ 

and the same conclusions would be obtained from (10.^ in the same ex- 
ample. K now we put each of these three equal quantities equal to 9, it 
will appear that, umyersally, the case in which the values of x and y will 
be vanishing fractions, will be that in which the numbers a,, &„, c, m the 
second equation are derivable from those in the first by multiplying each 
of them by 9( «i| in the example given above). 

f This might be readily shown in a general way, by a process nearly 
the same as the one employed in the preceding note. That the values of 
X and y satisfy the given equations in an algebraical sense, will be seen by 
substituting them in those equations. By this means, we get in the 

first, — ^-i 9; whence, by multiplying by the denominator, 0^ 

we obtain 60— 60«0: and a like result would be obtained from the 

G 4 
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same time from two points, C and D, and travel in the straight 

line passing through those ^, q E" d b 

points, A at the rate of a 1 1— i 

miles, and B at the rate of b 

miles, an hour. How far will each travel hefore they shall be 

together, CD being given =6? 

For solving this problem, let £ be the point where the couriers, 

travelling in the direction CDE, will be together ; and put CK 

=zx, and DE=y. Then we have x—y=.c. Also, since A 

travels a miles an hour, if the time before they come together 

were multiplied by a, the product would he x ; and, conversely, 

X y 

— would be the time. For the same reason, - would also be the 

a 

X y 
same time. Hence - = ^ ; and consequently hx=^ay. From 

the resolution of this equation and the former, or— 2^= c, we get 

OjC . he 

X = r, and y = 7. 

a-b' ^ a—b 

As particular examples, let the distance c=CD, be 10 miles, 
and let a=7 and 6=6. Then, from the foregoing expressions, 
we get ar=70 and y=60 miles, the spaces travelled by A and B 
respectively before being together. If a had been = 15 and b = 
14, we should have had :r=l50 and ^=140 miles. If, again, 
a were == 10 and b = 9*99^ we should have a: =10000, and y = 
9990 miles ; the spaces to be travelled before the oiie should 
overtake the other, the spaces being always greater, the less the 
velocities of the travellers differ. 

Suppose now a=& ; that is, that the rates of travelling are 
equal: then :r=oo, and ^=00; whence it appears, that they 
can never come together at any distance, however great. 

Suppose, again, a=10, and 6=11: then a: = — 100, and 
2^=~110. To interpret the meaning of these negative results, 
it is plain, in the first place, that the couriers can never come 
together on the side towards E ; since, because B travels more 



second equation. This would be illustrated still better, by using for x 
and y their uncontracted values, 

25x9-20x11 _ 12x 11-15x9 

*"'l2x 25-20x15' *" ^""12x25-20x15' 

and then multiplying by the denominators, still unincorporated ; as it 
would be found that the members of the results would be identical. 



PROBLEM OF THE COURIEBSy ETC. 129 

rapidly than A^ their distance asunder would be continually in* 
creasing. If, however^ they started from C and D, as before, at 
the rates we have supposed, but travelled in the opposite direc- 
tion^ they would be together at a point £^, 100 miles from C, 
and 110 from D, as would appear by interchanging a and h iu 
the value of jd and y. Keeping up the supposition, however, 
that they are moving in the direction CD£, we shall readily see, 
that had they been travelling at the same rates before arriving at 
the points C and D, they must have been together at a point £^, 
100 miles behind C, and 1 10 behind D ; and, in travelling through 
this space, B would have gained 10 miles on A, so that they 
would be simultaneously at C and D. The true interpretation, 
therefore, of the negative results, —100 and —110, is, that they 
denote lines or distances, lying in a direction opposite to that con- 
templated in the solution : and this will be found to be the true 
mode of interpretation in all similar cases. 

If, again, a=3, and 6=— 2, we get x=6, and y=— 4. 
Here, — 2 denotes a supposition contrary to that adopted in the 
solution, signifying that B travels in the direction DC£' : and the 
result, — 4, corresponds to this ^ew supposition, showing that 
the point of meeting will be between C and D, and 4 miles to 
the left of D. 

In the last place, if c (=CD)=0, so that D may coincide with 
C, the values of x and y, with one exception immediately to be 
noticed, will be each equal to nothing; which shows, what is 
otherwise evident, that the couriers will be U^ether, at C, and 
only there. The exception referred to is the case in which 
a and b are equal. In that case, the values of x and y become 
vanishing fractions, the terms of which have no common vanish- 
ing factor. Hence (§ 129.) these values and the question itself 
are indeterminate. It is plain, indeed, that the couriers will 
be always together, however far they travel. 

Exam. 16. If a cask be supplied by three cocks, which can 
fill it in a minutes, b minutes, and c minutes, respectively ; in 
what time would it be filled, if they were all opened at once ? 

To solve this question, let or be the required time : then, the 
whole cask being taken as the unit, the parts of it filled by the 
three cocks in 1 minute, 2 minutes, . . . ., x minutes, will evi- 
dently be severally as follows : 

12 arl2 arl2 x 

a' a'""' a' b'b""'b' ^'Is' ' " ' ' "c' 

o5 
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and, as the whole cask is filled in the time x^ the parts filled bjr 

the three cocks must be equal 

to 1, the whole cask. Hence x x x 

we have equation (1.), the fl"^i "'"^"^ " ' ' * ^^'^ 

more the denominators ; and ar= -r- r- .... (4.) 

(3.) is the same as (2.), the ab-\-ac+bc 

form of the first member 

(§ 51.), and the order of the terms being changed. Then the 

value of X is found by division. 

If, as a particular example, a=10, 6=20, and 0=80, x will 
be found to be 5-^ minutes. 

Suppose, again, a=20, 6=30, and c= oo. In this caae, the 
two terms, ac and 6c, in the denominator of (4.), becoming in- 
finite, the finite term ab will be infinitely smsll in comparison of 
them, and may therefore be rejected. Then> by dividing the 

ab 

numerator and denominator by c, we get ar= — -z = 12mi- 

^ ^ 0+6 

nutes. It is better, however, to divide the numerator and deno- 
minator of (4.) by c. Then, (§ 127.) c being infinite, the term 

db 

— in the denominator vanishes, and we get the same result as 

c 

before* 

The interpretation here is plain. If c be a very long time, 
the third cock must introduce the fiuid very slowly : and, if it be 
infinite, the meaning is, that no fiuid is introduced by that cock ; 
since, if it introduced even the smallest quantity, it would fill 
the cask in some finite time. The question, therefore, is thus 
changed into one regarding two cocks instead of three. 

If, again, a=10, 6=20, and c=— 30, we get x=z8^ The 
meaning here is, that the third cock draws off* fiuid, instead of 
introducing it This will be plain from equation (l.), in which, 
when c is negative, the third term, which is the eff'ect produced 
by the third cock, is negative, and thus it is subtracted from the 
sum of the first and second terms, which is the joint effect pro- 
duced by the other two cocks. 

If a were =20, 6=30, and c=^lS, x would be found to 
be infinite ; as, in that case, the quantity carried off by the third 
cock would be exactly equal to what would be introduced by the 
other two. 
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In the last place^ if a=^20, b=SO, and c= — 10^ we should 

find x= — 60 ; a result which shows that, in this case, there is an 

inoomxMitibility in the conditions of the question. The prohlem 

would then be yirtually reduced to the following. If a vessel be 

supplied with two cocks^ one of which would fill it in 20 

minutes^ and the other in SO, and with a third which can empty 

it in 10 minutes ; in what time, if it were empty, toould it he fitted, 

if all the cocks were opened. Now this enunciation is absurd ; 

as the first and second requiring, as we have already seen^ 12 

minutes to fill it, cannot introduce so much as would be carried 

off by the third; and the value, — 60, shows that^ if it had 

been full 60 minutes before, it would now have been emptied by 

the action of all the three ; and the question would be rendered 

correct by changing the words in italics into the following ;ifU 

wereJuUf would U be emptied,* 

Exam, 1 7* Find a number expressed in the decimal notation by 
two di^ts, whose sum is 10 ; and such, that if 1 be taken from 
its double, the remainder will be expressed by the same digits in 
a reversed order. 

Let X and j^ be the digits. Then, by the nature of the 
decimal notation, the number will be lOor+y; and the other 
number expressed by the same 

digits will be lOy+d?. Hence, «?4-y=10 (1.^ 

by the question, we shall have 20ar + 2y — 1 = 1 Oy + « . . . . (2.) 

the two equations (1.) and 19*— 8y=l (3.) 

(2.) in the margin. We find 

equation (3.) from (2.) by transposition: and from (1.) and 
(3.), we readily find^ by any of the ordinary metiiods, x=z3, 
and 2^=7 : so that the requhed number is 37- This answers 
the conditions of the question, as its double is 74 ; and, if 1 be 
taken firom this, the remainder 73 is expressed by the same digits 
as 37^ but in a reversed order, and having their sum =10. 

Had there been tiuree digits, the number would have been 
expressed by 100a?4-10y+«: and, in. general, any number 
would be expressed in the decimal notation by 

10"'ari + 10*-^ar2+««-- +10«^i+ar^ 
where m is a whole number, and x^, x^, x^ &c, are each of 
them any one of the digits, 1,2, 3, . . . ., 9, or the cipher, 0. 

* The student will find it easy to generalise the views here given 
regarding the foregoing question, by using a, b, and c, instead of the 
particular values employed above. 

o 6 
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JExercises, 

30. A cask contains a certain number of gallons of rum^ and 
an mth part of that quantity of water : but^ if a gallons of ram 
and h of water be added to the mixture, the water in the whde 
compound will be an nth part of the rum. Required the quan- 
tity of each contained in the cask at first. Examine also and 
explain the case, in which, m being equal to n, a is equal to nh, 
and the one in which it is not equal to it ; and also the case in 
which X and y come out negative, x denoting the original number 
of gallons of the rum, and y those of the water. 

nb—a . m(nb—a) _^_ , 

Afu, y= — , and x = — ^^ -, When w = n, and 

a=znb, the question is indeterminate : when fn=n, and 
a > or < nb, the values of x and y are infinite, and the 
question absurd. When x and y are negative, the 
question will be changed into oile in which the quantity 
of rum is diminished by a gallons, and that of the water 
by b gallons. 

31. Find a fraction, such that if its denominator be increased 
by 1, the value becomes ^ ; while if the numerator be increased 
by 1 , the value is ^. Ans. ■^, 

32. Required a fraction, such that if the numerator and denomi- 
nator be each increased by 1, the value is changed into ^; but, if 
they be each diminished by 1, the value becomes ^. Ans. ^. 

33. One person says to another: " If you give me half your 
money, I shall have a hundred pounds." The other replies: 
'^ I shall have a hundred pounds, if you give me a third of your 
money." How much had each ? Ans, £60 and sS80, 

34. Given the mean of three equidifierent numbers = a (=20), 
and the product of the extremes = b (=279) ; to find the ex- 
tremes. Ana, a^^/(a^^b) (=9), and a-\- ^{a^—b) (=31). 

35. Find the extremes of three numbers in arithmetical pro- 
gression, the mean being = a (=11), and the sum of the squares 
of the extremes = b (=260) : and find the extremes of three 
others, such that the mean may be = a (= 13), and the difibrence 
of the squares of the extremes = b (=416). 

Ana. The first pair, a— ^(^— a^) (=8), and 
a + \/(i&— a^) {=14); and the second 

pair, a——- (=5), and a +-7- (=21). 

36. Find four equidifierent numbers, such that the sum of 
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the squares of the extremes may he = a (=410), and the sum of 

the squares of the means = b (=34!6). 

Ans. i{ ^ (96-«)-S./(a-6)} (=7), 
Hy/(9b-a)^V(a^b)} (=11), 
il x/(96-o) + >v/(a- 6)} (=15), and 
i{v(96-fl) + 3>v/(a-6)}( = 19). 

37. Given the difference of the squares of the extremes of four 
equidifferent numbers = o, and the difference of the squares of' 
the means = & : to find the numhers. 

Aru. The question is indeterminate, if o = 36; otherwise it is 
absurd : the one difference being always treble of the other. 

38. Given the sum of four equidifferent numbers =o(=26), 
and the sum of thdr squares = 6(=214); to find them. 



An». i(a-S^^^) (=2), 



39. Given the difi^renoe of the squares of the first and third of 
four equidifferent numbers = a (^=z56), and the difference of the 
squares of the second and fourtli = b (=40) ; to find the numbers. 

27(^=6) (=^>'""'^27(^=*)(=^)- 

40. At what time, between eleven and twelve o'clock, are the 
hour and minute hands of a common clock exactly together ? 

Ans, At 5^ minutes before twelve. 
41 • Find two numbers, such that one third of the first exceeds one 
fourth of the second by 3, and that one fourth of the first and one 
fifth of the second are together equal to 10. Ans. 24 and 20. 

42. Required two numbers, such that the sum of one half of 
the first and one third of the second may be 29, and that one 
third of the first and one fourth of the second may amount to 21. 

Ans, 18 and 60. 

43. A number expressed by three digits, whose sum is 22, is 
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lesB by 397 than the number expressed by the same digits in a 
reversed order^ and its first digit is less by 1 than its second. 
What is the number ? Ans, 679- 

44. A bill of 100/. may be paid by 50 bank notes of one valne 
each, and by 38 of another ; or it may be paid by means of 75 
of the former kind^ and 17 of the latter. What are the values 
of the notes ? Aru. Those of the first kind 21 shillings each^ 

and those of the second 25 shillings. 

45. Two persons set out from a certain plaoe^ on the same day^ 
and proceed in the same direction, the one travelling 30 miles the 
first day^ and going each day a mile less than he did on the pre- 
ceding ; while the other travels at the constant rate of 20 miles 
a day. When will they next be together ? 

Ans, At the end of 21 days. 

46. How many lines are contained in a page of a book^ and 
how many letters at an average in each line of that page, if it 
be found that by adding one line to each page, and making each 
line contain an additional letter, the page will be increased by 
96 letters ; while, by adding two lines to the original page, and 
making each line contain four additional letters, the number of 
letters will be increased by 286 ? 

An*. 44 linte^ each containing 51 letters. 

47. Two persons get each a legacy of ^300, and one of them is 
then found to be worth three times as much as the other : but had 
the l^acy to each been ^800, the one would have been worth only 
twice as much as the other. How much had each originally ? 

iln«. ^1200 and ^200. 
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aVADRATIG EQUATIONS. 



150. PuBE equations of the second or any higher degree are 
resolved in the same manner, in every respect, as equations of 
the first d^ree^ except that, at the conclusion, the root cor- 
responding to the degree of the equation is to be extracted. 

Thus, if 7*^— 4=4x^4-23, we get, by transposition and con- 
traction^ and by dividing by 3, x^=9; whence by extracting 
the square root, we find ar= + 3. Such equations have already 
been resolved in a few instances of a simple kind, such as in 
Exam. 11. p. 90. 
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161. The general fonn m which a compound quadratic equa- 
tion may always he exhibited is ax^-^bx=ic, where a, b, and o 
are known or given quantities^ and x is the quantity to he 
found : and we may now proceed, as in the margin^ to investigate 
the method of determining that quantity. 

In this process, equa- ax^^bx=zc (1.) 

tion (2.) is found from 4^^x^^4<ibx=4>ac (2.) 

(1.) by multi^ymg by 4aV + 4a6ir-f 62=62 + 4ac . . . (3.) 

^'Xln?i rS 2aa: + 6=±V(6« + 4ac) ..4.5 

by adding ft^j to both , /m + 4^\ 

members. We then find ar= - ^^ \^-±^^) . . (5.) 

(4.) from (3.) by ex- 2a 

tracting the square root, according to § 53, and 119*; And (5.) 
from (4.), by transposing b and dividing by So. 

By examining the expression thus found for x, in connexion 
with the given equation (1.), we see that the first term of the 
numeraufr is the coefficient of the second term of (1.) with its sign 
changed: that this is followed by the double sign +, and by the 
sign of the square root : that the quantity aff*ected by the latter 
sign consists of two parts, the first 5^, which is the square of the 
coefficient b, and the second 4ac, which is four times the product 
of a, the coefficient of the higher power of ar, and c, the absolute 
term of the equation, that is, the term which does not contain x. 
Hence we have the folloytring general rule. 

To resolve an eqtuUion of the second degree ; reduce the given 
equation, by transposition or other operations, to the form 
ar^+&r=c, if itbe not of that form already. Then, to find x, 
to the coefficient of the second term, with its sign changed, annex, 
by the double sign+, the square root of the quantity obtained by 
adding together the square of that coefficient, and four times the 
product of the absolute term and the coefficient of the first term i 
and, lastly, divide the whole Exam, 1. 
ex|>ression thus obtained by ar^+Sz 
t^ice this last-mentioned co- x'^-\-Zx—Qi= — . . (1.) 

^^^''''It «. 1 A ^ Sx^-\-6x^9n^x'^^-Sx ... (2.) 

In this example we denve 2a?2j.3a:=27 (3) 

(2.) from ( 1 .) by multiplying __ ^ ,, g^gx ' " ^ 'f 

by 3, so as to remove the de- x = ^ • • • (*•) 

nominator. We then obtain 

(3.) from (2.) by transposing ^ -- n?±i? (5,) 

a?2, Sx^ and —27, and con- 4 

tracting the result : and thus ^ = 3, and ar= — 4^ . . • . . (6.) 
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tbe preparatory operatioiui are completed. Then, to resolve 
the equation ibua obtained^ we write down x and the sign 
of equality ; and to find the expression equivalent to a, we 
write in succession^ in the numerator^ ^8, the second co- 
efficient^ with its sign changed; the double sign +, and the 
sign of the square root: after this sign« we place^ in a vin- 
culum^ the square of the coefficient 3, together with 216^ which 
is four times the product of the coefficient 2 and the absolute 
term 27 : and^ lasdy^ we write as denominator 4^ the double of 
the first coefficient; thus finishing the solution, except the 
numerical operation. To effect this, we commence, as we ought 
always to do, with the radical, which by addition becomes 
+ \/225, or, by actual extraction, + 15 ; and we thus get equa- 
tion (5.). Now, as 15 is preceded not only by the sign +, but 
also by ^, we must take it first with the one and then with the 
other. If -f- be taken, the numerator becomes — 3-|-15, or 12; 
and dividing this by the denominator 4, we get x=^ : but if 
— be taken, the numerator will be —3 — 15, or —18; and, by 
dividing this by the denominator, we find a; =—4^. 

It thus appears, that op has two distinct values ; each of which 
will be found to satisfy the given equation. Thus if ir=3, we 
have x^=9, and the first member of (1.) will become 9-\-6 — 9, 

Q_LQ 

or, by contraction 6 ; while the second will become — „— , which, 

by contraction, also bebomes 6 : so that when ^=3, the equation 
is satisfied, its two members being rendered equal. Again, if 
jf •= —4^, or — ^, we have x^=z ^^ or 20^ ; and the first member 
of (1.) becomes 20J— 9— 9, or 2^ ; while the second becomes 

a y ^^y ^y contraction, 2^, the same as the first member ; 
3 

so that this value of x likewise satisfies the equation. It is plain, 
also, that equation (4.) or (5.) can give no other value for a:. 
The unknown qudntity x, therefore, has two values or roots, and 
only two ; and, this is universally the case ; as is evident from 
the general expression (5.) in § 151 ., which will give one value, 
if the radical be taken positive, and another if negative ; but it 
will admit of no other variety in its results. The relations and 
properties of the roots of quadratic equations will form a future 
and separate subject of consideration. In the mean time the 
student should make himself master of the mode of finding the 
roots; and he ought frequently to verify his results by sub- 
stituting them in the given equation. 
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Here (2.) is foifnd 
from (1.) by multi- ^^^'^^ ^' 

plying by 5, and (3.) ff_+£f =^2+ g^^ 10 (1.) 

from (2.) by trans- 5 

posing 5x^ and 10^, 8^2 + 5xz^5x^Jf 100? + 50 (2.) 

and contracting; and Sai^—5x=i50 (3.) 

this finishes the pre- ^_ 5 + v^(25 + 4x3 x50) ,^ . 

paratory operations. 6 • • V / 

To find (4.), we write _ 5^^5 . 

down a, followed by ""^ 6 ^^'' 

the sign of equality ; ^=5^ and ^= --3|. 

and^ to get the second 

member^ we write in succession^ as forming the numerator^ 5 
(the second coefficient with its sign changed)^ the double sign^ 
and the sign of the square root; after which we place in a 
vinculum the sum of the square of 5, and four times the product 
of the first coefficient 3, and the absolute term 50 ; and, lastly^ 
we write the double of the first coefficient as denominator. For 
the numerical operation we contract the radical^ which thus be- 
comes ± /v/625, or, by extraction, jr^ 25 ; and thus we get (4.). 
If 25 be taken positive, the numerator becomes 5-\'^5, or 30; 
and dividing this by 6, we find 07=5 : but, if 25 be taken nega- 
tive, the numerator becomes 5—25, or —20; and, dividing ^is 
by 6, we get — 3^ for the other value of xi and this value, as 
weU as the foregoing, will be found to satisfy the equation. 

In Ais exaniple ^^^^^ 3 

by multiplying by 7 

we get (2.), and ^g + g-g^^^i^t? f^) 

thence, by transposi- 7 ^ ' 

tion and by contract- 7^24.42=4207— 3a7— 2 (2.) 

ing, we obtain (3.). 74?^— 39^?=— 44 (3.) 

Then, for the nume- _ 39± >v/(39^— 4 X 7 X 44) 

rator of the value of ^-~ 14 y^') 

X in (4.), we write in _39± 17 

succession S^i the se- ^— -^^ — (5.; 

cond coefficient, with ^^^^ ^„^ ^^ ^ 4 

Its sign changed; the ^ 

signs ± and ^/ ; and after the latter we place, in a vinculum, 

the square of 39, and —4 X 7 X 44, four times the product of 

the absolute term, and the first coefficient ; and the denominator 

14 is the double of this coefficient. In computing the radical, 

we find the square of 39> which is 1521 ; and the continual 
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product of 4, 7, and 44 is found to be 1232. This, as the sign 
directs, is taken from 1521 ; and, the remainder being 289, its 
square root is extracted, and is found to be 17. We thus get 
(5.), and from it we find J7=4, and a=l^, each of which an- 
swers. The student will observe that, contrary to what was the 
case in the two preceding examples, the roots here are both positive. 

Here we first clear Exam, 4. 

the equation of the ^-i=: ^(a?+l) + 4 (!•) 

radical, by the me- ^-.5=^/(^ + 1) (2.) 

thod pointed out in a.2_io^-|-25=a?+l (3.) 

§ 110. To efffect -,,2_ii^=_24 (4.) 

this, we transpose 4 ^ 4. ^/jgi ^gg) 

m (1.), and thus we *= — = — ^ K^-) 

obtain (2.); and, by 114.5 

squaring the mem- a?= — ^=— (6.) 

hers of this, we get o j /'T ^ 

(3.); from which, by *=®> ^^ •^=^ }^'^ 

transposing 25 and ar, we derive (4.). Then, by resolving this by 
§ 151. we get (5.), and thence, successively, (6,) and (70* 

If, for the sake of verification, we substitute 8 for ar, we get 
the first and second members each equal to 7> so that the value 8 
satisfies the equation. Substituting 3, however, we have appa- 
rently the first member equal to 2 and the second to 6. The 
interpretation here is simply this, that in (1.) the term //(^-Hl) 
may have either -f or — prefixed to it, as the case may require; 
so that equation (1.) might be written a:— 1=4+ //(a: +1), 
8 being the value that must be given to a?, when the upper sign 
is used ; while 3 is the value corresponding to the lower.* 

The work here proceeds in the same manner as in the pre- 
ceding examples, after the _ ^ 
preparatory operations were 

performed in each; and the 13a7^— 22ar=8 (1.) 

answers are found to be 2 _ 22 + //(484-f 4l6) .^ . 

and — tV When, how- *"" 26 " ^ '^ 

ever, as in this example, 22±30 • /^x 

the coefficient of the second *^ 26 ' 

term is even, the solution 3.— g^ ^^ a;=— ^^ (4.) 

may be obtained more easily 

by means of a rule, which may now be investigated. 

* Most of the succeeding examples will be assumed so as to require 
no preparatory work, as that can in general present no difficulty. 



SECOND RULE FOB BESOLYINO QUilDBATIOS. 139 

152. Let the equation to be resolved be ax^+^bx^c, where 
the coefficient 26 is divisible by 2. 

Here (2.) is derived from the given equation by multiplying 
by a, and (3.) from (2.) by 

- (4.) « 



62. Then (4.) is az^-^2bx=:c (1.) 

obtained from (3.) by ex- ^2-1.2^2^^^.--^^^ ......... (2.) 

tracting the square root, and a^x^+2dbx-{-Ij^=zb^'^ac . . . (3.) 

(5,) from (4^) by transposing ax'\-b=:+^/(b'^+ac) (4.) 

b and dividing by a. By _^ — ^± \/(b^+oe) 
comparing this result with ^~ ^ «... (5.) 

the given equation, and ex- 
pressing it in words^ we have the following rule : 

To resolve an equation of the second degree in the easiest 
manner, when the coefficient of the second term is even ; to half 
that coefficient with its sign changed^ annex^ by the sign +^ the 
square root of the sum obtained by adding together the square of 
that half coefficient, and the product of the absolute term by the first 
coefficient, and divide the result by the last-mentioned coefficient. 

The work of the last example by this rule will be as in the margin. 
The second member of equa- 

tion(2.) is found from (1.) I3ar«— 22ar=8 (l ) 

by writing 11, half the se- ^ ^ ^/(i21 -f 104) 

cond coefficient with its sign d?= ^ ^^ • • (2 ) 

changed; by placing after 11 + 15 

it the signs ± and a/ ; and a?= — =^ (3.) 

by subjoining to the Litter, __o ^ — 4 / ^ 

in a vinculum, the square *— 2, and ar— — y^ ... . (4.^ 

of 11, together with the 

product of 8, the absolute term, and 13, the first coefficient: and, 
finally, by dividing the result by this coefficient. The mode of 
performing the rest of the work is obvious : and it will be seen, 
that the facility obtained in this method consists simply in em- 
ploying smaller numbers than those required in using the first 
rule. Thus, by comparing the two solutions, we find that 11, 
13, and 15, in the latter method, are respectively the halves of 
the corresponding numbers in the former; while 121 and 104, 
the numbers in the one radical, are each only a fourth part of 
those in the other. 

It may be remarked that each of the foregoing rules will 
resolve any quadratic equation whatever ; but that, in practice, 
the latter ought to be used when the second coefficient is even, 
and the former when it is odd* 
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Exam, 6. Given the sum of two numbers = 1 8^ and their 
product = 77 ; to find them. 

Here^ let a be one of the numbers; then 18— a; will be the 
other. Taking the product of 

these^ we obtain l^ai^x^ lSx'—a/^=77 (1.) 

which by the question is to be x^-^l8x=: —77 ^2.) 

equal to 77 ; and we thus get ar=9± /v/(81 — 77) . • • (3.) 

equation (1.). Then (2.) is x=9±^ ... • • (4.) 

pbtained from (1.) by chang- ^=11^ and 07=7 . • . . (5.) 
ing all the signs^ and (3.) 

from (2.) hy the second nde. In this operation, since, in equa- 
tion (2.V the coefficient of ^^ is 1^ it is unnecessary to divide by 
it in (3.) ; and the same is the case in all similar instances. We 
finally get 07=11, and 07=7* If we take the former of these 
values, we get for the second number 18 — 11, or 7; while if we 
take the latter, we get 18 — 7^ or 11. Hence the required 
numbers are 11 and 7> or 7 and 11. In this example, therefore, 
we have in reality only one distinct solution, as the numbers ob- 
tained are the same in both cases, but in a reversed order.* 

* Tbi9 circumstance (that of two values being obtained for the un- 
known quantity, when the question admits of only one solution,) takes 
place, in the present and similar instances, where the two required quan- . 
titles are employed in the question in exactly the same manner. Thus, 
in the present question, the two are added together to find 18, and are 
multiplied together to find 77. In the solution, x was assumed to denote 
one of the parts of 18 ; and there was nothing either in that assumption 
or in the process, to make it denote one part in preference to the other. 
The operation, therefore, gives them both, as it ought. 

It may be remarked, that the two rules might be readily modified, so 
as to give the values of x directly from equation (1.), without changing 
the signs so as to find (2.). Algebraists, however, universally write equa- 
tions, when prepared for resolution, so that the highest power of the 
unknown quantity may stand first, and may be positive ; and this uni- 
formity of arrangement is attended with advantage. 

Exiunple 6. may also be solved in a neat manner, as in the margin, by 
means o( two unknown quantities, and 

without employing either of the rules x+y^slS . .• (1.) 

given in $ 151. and § 152. In this pro- xy^n (2.) 

cess, (d.) is obtained from (1.) by squar- x^ + 2xj/ + if^=S24 .... (3.) 

ing both members, and (4.) from (2.) by 4j:;y =308 (4.) 

multiplying by 4. Then (5.) is found a:«-2a7 + y9-Bl6 (5.) 

from (3.) and (4.) by subtraction; and x^y^4 (6.) 

the first member of this being ($ 53.) the ar«>ll, and xt^l (7.) 

square of x—y (or of y— «), we get (6.) 

by taking the square roots df both members. By (l.)> therefore, we have 



OF QUADBATI08 CONTINUED. 141 

To give a general solution of this rrf*— :r)=|) ....•.» (1.) 

problem^ let * denote the sum and x^ *ar=— p (2.) 

V the product of the given num- ^4. ^(^2__4,pN 

hers, and let x he one of them: ^=-^= o • • (3.) 

then * — X will he the other; and 

the work will he as in the margin. From (S.) it appears that 
to find the numbers^ we are to subtract four times the given pro- 
duct from the square of the given sum^ and to take the square 
root of the remainder. Then we are to take the sum and differ- 
ence of that root and the given sum, and to divide the results 
by 2. 

Thus^ if the sum were 17, and the product 60, we should 
have the square of 17 equal to 289» and four times 60 equal to 
240. Taking the latter of these from the former^ we should get 
49, the square root of which is 7. Then 17 + 7=24, and 
17 — 7=10; the halves of which are 12 and 5, the required 
numbers. 

If, again, the sum of two numbers be given equal to 13, and 
their product equal to 50, we should have, by equation (3.), 

_ 13 + >v/(l69-200) _ 13 + a/-31 

X — ' — — — ~ . 

2 2 

Now, since (§ 121.) —SI has no square root, there can he no 
solution to this question. The data, in fact, are inconsistent with 
one another ; as it is impossible that there can be two numbers 
whose sum is 13 and product 50. Equation (3.) contains the 
radical Vi^^^^p) '> and this will always be imaginary, if 4p be 

the sum, and by (6.) the difference, of or andy : and these quantities are 
then found by § 52, 

This question may also be solved by means of a pure quadratic, by 
putting half the difference of the numbers 
=ar. Then, since half their sum is 9, we (9 + Jr)(9— ar) = 77 .... (1.) 

shall have (§ 52.) the numbers them- x^— 81 = — 77 (2.) 

selves expressed by 9 + x and 9— or; and, x2s4 (S.) 

since the product of these is to be 77, we xss2 (4.) 

get at once equation ( 1 . ). From this we 

derive (2.) by actual multiplication (§57.), and by changing the signs ; 
and thence by transposition, &c., we get or — 2. Then, half the sum being 
9 and half the difference 2, we get the numbers by means of § 52. 

Had the difference, and consequently the half-difference been given, we 
might with equal advantage have put x to denote half the sum. We 
have thus two instances, (and there are numberless others,) in which 
it is advantageous to find, instead of the quantity required, another which can 
be obtained more eatUy, andfroui whiiA t&e one required eon be derived. 
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greater than 8^. The greatest possible value^ therefore that p 
can have is ^^, or^ in the present instance^ 4^; and, conse- 
quently, when the product is given = 50, the question is absurd. 
By means of this principle we have it in our power, in many in- 
stances, to ascertain whether problems are posfflble or impossible, 
and also to determine the greatest or least values that quantities 
can have in particular cases. 

Exam. 7* Given the sum of the side and diagonal of a square 
=: a ; to find the side. 

Let X be the side : then 

(Euc. I. 47.) the diagonal will ^/2x^'\'X=ia (1.) 



be ^2x^ ; and adding je to this, ^/2jp^=ia-^x ^2.) 

a?2 (S.S 

equation (2.) is obtahied by x^-\-2ax=za^ (4.} 



we get equation (1.). Then 2a^=:a^^2ax-{-, 



transposing x, and (3.) by x=— a+ /v/(fl' + o^) ..(5.^ 

squaring. From this we get (4.) ar= — a+a/v/2 (6.) 

by transposing and contracting : 

and from it (5.) is obtained by § 1 52. : and (6.) is the same as 
(5.) contracted, and modified by § lOl. Were we here to take 
the lower sign, so that a V'2 would be negative, the value of x 
would be negative ; and therefore, for giving a solution in the 
plain arithmetical sense of the problem, this term must be taken 
positive. Hence, suppose the given sum to be 100 inches, and 
from (6.) we shall have the side, 

ar=(^2-l)xl00=(l-4142lS6,&c.-l)Xl00=41'421S6, 
&c. 

This question may be solved very 

easily, as in the margin; where \/2a:2-f ar=a ^j^^ 

equation (2.) is the same as (1.) ar //2-|- ar=a (2.^ 

modified by § 101. ; and (3.) the (^/2 + l>=a (3.) 

same as (2.) modified by § 51. __ « ^^ x 

Equation (4.) is obtained from (3.) ^~ V2 + 1 ^ ^^ 

by division; and (5.) is derived a:=(v'2 — l)a (5.) 

from (4.) by § 108. 

153. While, as we have seen in Exam. 1., negative values of 
the unknown quantity will satisfy the eqitetion from which they 
are derived, any such value is inadmissible as a solution of the 
question of which that equation is the algebraic expression, when 
the enunciation of the question is taken in its plain, ordinary 
meaning. It is an important fact, however, that in quadratic 
equations, and, in many instances, in others, every such value^ 
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with its sign changed^ is a solution of a problem analogous to the 
original one; differing from it merely in this^ that certain quan- 
tities are added instead of being subtracted^ or are subtracted 
instead of being added. Thus^ in the equation^ ax^'\'hx^=c, if 
we change %e sign of x, we get a(— a:)^ — &ar=<;^ or asc^ — hx^zc, 
which is the same as the original equation^ except that the term 
fto; is to be subtracted instead of being added. In a similar way, 
aa:^— 6a:=c becomes a(— ar)^ — 6x — ar=c, or oar^-f&xrscj 
where the term (x is to be added instead of being subtracted. 

The last example affords an illustration of this principle. In 
it the negative root was —a— aV2; which^ if its signs.be 
changed, becomes a+a ^/S. To find ihe corresponding problem 
to which this is the solution^ we change the sign of x in equation 
(1.). By this means, we get >v/2ar^— ar=a; an expression 
wiiich is plainly the algebraic translation of the following pro- 
blem : — Given the difference of the eide and diagonal ofaequaare 
=z a, to find the side; and the length of the side will be a+^VS, 
the quantity obtained above. The student will find it usefol to 
work the question just enunciated, by putting x to denote the 
side, and proceeding as in Exam. 7* In doing so, he will find the 
positive root to be what is here stated ; while the other^ with its 
^Bign changed, will be the positive root of Exam. 7* 

Exam* 8. A person bought a number of yards of cbth for a 
shillings ; ai^d he finds that, if he had got h yards more for the 
same money, each yard would have cost him c shillings less. How 
many yards did he purchase ? 

To solve this, let x be the number of yards : then each yard 

must have cost - shillings ; but, if he had got a: +& yards for the 

same money, each yard 

would have cost him ^ • ^ ^ /, \ 

— r-r -hc= - f 1. > 

— ^ shilhngs, which, ^^2^6,^^^... (2.) 

by the question is less ^_. -^±\/(6V4-4io&c )„. ^g \ 

by than the actual price -2c * ' * • \ •) 

of each yard, as found 

above; and hence we have equation (1.). By clearing this of 
fractions and rejecting ax^ we get (2.) ; and fnnn this (3.) is ob- 

* The numerator and denominator of this fraction are divisible by 
a/c. For the purposes of computationf however, it is better to retain it 
as it is. 
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tained by § 151. As a particular example, let a =60^ 6=1^ and 
c=2 ; and x will be found from (3.) to be 5, or —6. The 
former of these is the answer to the proposed question in its or- 
dinary meaning. To find the general problem to which the nega- 
tive value of X, with its sign changed, is the answer^ we have 
merely to change x into — x in equation (1.) : then^ by changing 

the signs of all the terms in the result, we get — c=- ; an equa- 

X — X 

tion which is evidently the algebraic expression of the following 
question : — 

A person bought a certain number of yards of cloth for a shil- 
lings ; and he finds, that if he had got h yards fewer for the same 
money, each yard would have cost c shillings more. How many 
yards did he purchase ? 

Resolving &e equation just found we should get for x the same 
expression as in equation (3.), except that the first term of the 
numerator would be he not —he; and taking, as above^ a=60, 
6=1, and c=2, we should have d7=6, and zp= — 5, the former 
of which is the answer to the new question in its obvious meaning.* 

Exam, 9. Given one leg of a right-angled triangle =12 inches^ 
and the excess of twice the hypotenuse above the remaining leg 
= 21 inches ; to find that leg and the hypotenuse. 

Let X be put to denote the remaining leg ; then (Euc. I. 47.) 
•the hypotenuse will be //(a?^ + 144); and, by the question, we 
have equation (1.). From 

this we get (2.) by squar- 2^/(a?2 -|- 144) =d7 +21 (1.) 

ing; and (3.) is obtained 4ar2-|.576=ar2-|-42a;-h441 (2.) 

from (2.) by transposing Sa;^— 42a: = — 135 (3.) 

and contracting. Equa- ar^— 14ar=— 45 (4.) 

tion (4.) is derived from a:=7± V(49— 45)=7±2 . . . (5.) 

this by (dividing by 3 for a;=9, and a?=5 (6.) 

a simplification; and (5.) 

* To gain fiurther improvement in tracing such relations as we have 
been considering, the student may solve the following question, either 
deriving its solution from equation (3.), or solving it independently of 
what is done above. A persop bought a number of yards of cloth for a 
shillings ; and he finds that, if he had got h yards fewer for the same money, 
each yard would have cost him c shillings less. How many yards did he 
purchase ? This question is evidently absurd ; and the student may con- 
sider how the absurdity is manifested by the algebraic solution. He may 
also illustrate it in numbers, taking a^^lS, &b5, and calO; and also 
as 12, 6s5j and c=8. 
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is obtained by § 1 52. It thus appears^ therefore^ that x may 
be either 9 or 5. Taking the former^ we find the hypotenuse^ 
V(^^+ 144), to be 15 ; but taking 5, we get IS for the hypote- 
nuse. Hence, there are two triangles, entirely distinct and dis' 
similar, each of which equally answers the question ; the sides of 
one of them being 12, 9> &nd 15, and those of the other 12, 5, and 
IS. That each of these answers the question is plain, since each 
of them has one leg := 12, and since twice 15 exceeds 9> in the 
one by 21, and twice IS exceeds 5 by the same in the other. 
To have a gene- ^ ,r^ ^av ^ , ^ , ^ v 

ral solution of this „2^2VnV=:r2-h26ar + 6^' \ \ \ \ \ \ \ \ (2*. 

problem, let the („2_iN)^2.2&r=,62„»2a2 ^3.^ 

given leg be de- ^ r , ,fr9 . / 2 ,vj.9 2 2\^ 

noted by a, and the ^^ »± ^/{ftH(n^-lX»'-»'«^)} , , (^ ) 

excess of n times ** — 1 

the hypotenuse _ 6 j: \/{y>^^^ —v^jir? — 1 )a^ j . . 

above the remain- *~ n^— 1 ^ f 

ing leg by 6; and 6+»^{6'2-(«2-l>,?} 

the process will «'=■• 2^— j (o.) 

stand as in the mar- 
gin. In this, (5.) is derived from (4.) by performing the actual 
multiplication of h^ by n^— 1, and r^ecting 6*— 6* in the result; 
and (6.) is obtained from (5.) by means of § 101 . 

In considering the nature of the results that will be given by 
this equation according to the relations of the data, we may, 
throughout, naturally regard the given 1^ a as positive. Then, 
if n be positive, it will be greater than 1, or a positive fraction 
less than 1, or it will hie equal to 1. Now, from equatbn (6'.), 
it will be seen, that the question will be possible only when 
(n^— l)a^ does not exceed (^. Hence, if, as in the foregoing 
question, n were = 2, and a = 12, but h = 20, instead of 21 ; 
these data would be inconsistent with each other, and the question 
would admit of no solution. If (n^--l)a* were equal to 6*, 
there would be but one solution, as the radical would disappear. 

Suppose, in the second place, n<l: then n^— 1 would be 
n^ative, and therefore — (»^— -l)o^ would be positive. In this 
case, since 6^ is necessarily positive, the radical would never be 
imaginary, and the solution would always be possible. 

In the third place, suppose n=*l. Then (6.) becomes 

h-^h , 26 J 

d?=-^~-j whence a:=— -=00, and «=^. 
1 — I 

Each of these values, if substituted in equation (1.), will satisfy that 
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equation^ 'when n=l. Thus^ by substitutiiig the former^ we get 

and, by multiplying both members by 0, we get /v/462 for the 
one, and 25 for the other, which are equal, as they ought. By 
a similar process, the substitution of the other value of a; will 
give each member = 0. Now, to obtain the interpretation, we 
have merely to take n=l, in equation (1.). We thus obtain 
V(^^ -f a2)=:a; + ft : whence, by squaring and contracting, we get 

ii2=26ar + 62 . and consequently a:= , the value required.* 

It may be remarked, that in this case the problem becomes the 
simplest possible, being merely this : Given one leg of a right- 
angled triangle, and the difference between the hypotenuse and 
the other ; to find the latter. 

The case in which b is negative, and which implies that n times 
the hypotenuse (n being evidently a proper fraction) is less than 
the required lieg, presents no difficulty ; and the expression for 
/r will be found to be the same as the one obtained above, except 
that the first term of the numerator would be ~( and not b. If & 

/> u iji. -1 «a\/(l— n2) na , 

were = 0, we should have ^simply = — — ^^ — 5 — ^= -77; 5^. f 

' ^ "^ 1— n2 /v/(l— w2) 

Exam. 10. 

Here, equation (2.) A^^i A + 2_ 

is obtained by squaring a/ ^4-2 \/ ar— g"" ^** 

the members of (1.), ^_^ ^ , g 

and transposing 2. — — H s = l* (2.) 

We then clear (2.) of ^ + 2 x-2 

fractions; and (4.) and Sa:2 -1-8 = 14x2 -56 /g \ 

(5.) are obtained by 12^2=64 (4.) 

transposition, &c.t l_A_— -l^ /« /-« \ 

• This value may also be obtained from ^ — - — ^--^, by 

multiplying its numerator and denominator by 6 + n/v/{6«— (n*— 1)0*} ; 
as the numerator and denominator of the result can each be divided by 
91^— 1 : and by taking »« 1 in what is obtained, the same value as above 
will be found for x, 

t This is a solution of the question, in which one leg of a right-angled 
triangle and the ratio of the hypotenuse and the other are given, to find 
the latter leg. 

% The following solution of this example, taken from Kelland's Algt' 
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154. The methods that have been established for the resolution 
of quadratic equations enable us to resolve trinomial equations 
of any degree whatever^ which contain only two powers of the 
unknown quantity^ provided the index of the one power be 

bra, pp. 122. and 12S., shows the disadvantage of introducing the sub- 
sidiary quantity y in this instance, though such substitutions are in many . 
cases beneficial. 

« Given v/^ + \/^-4,to find ;c. 
ar + 2 ar— 2 

•• Here we observe, that if \/^~2 ^ ^^^ y* *^® eq^tion becomes 

y 

" Let us first solve this equation: it is, 

y«-4y-.-I, 

y«2± V3s 

y*— 2 

or, V^ "jTq °*^ * ^/S^e suppose ; 

X — 2 » e^ar + 2) by squaring, 

2c« + 2 ^ l+c« 

ar«« ^2. 

l-c« l-c« 

l + (4±4V8 + 3) 

" l-(4±4v'3 + s; 

^ 8i;4v^3 . 2±v'S 



-6T4^/3 * -3T2V3' 
the ngnification of the double sign being, that, if the upper one be +, 
the lower is — , and tnee vena, 

** This value of x may be simplified in the following mimiiCT : .. 

-3T2V3«-(3±2v'3) 

-- V3(-%/S±2) 

... x«_-i_ ^^^^ 
** — V3 ' /v/3 ± 2' 
If the upper sign be taken, we get 

4 



if the lower. 



* — Vs* 



4 2-^/8 



therefore the values of x are 



V3 V3-a' 

_4 

V3' 



*V3- 

h2 
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exactly double of the index of the other. To show this^ let us 
take the general equation 

(1.), where n is any nuin- aa:'-« + te»=c (l.) 

her, positive or negative, ar"=y (2.) 

whole or fractional. Then, a:2«=y2 (g ) 

assuming af'*=y, as equa- a^-|-6y=c (4.) 

tion (2.), we get equation _ —^ ± VQ>^^ + 4ac) . . 

(3.) by squaring : and ^^ g^ v^v 

equation (4.) is found ^h+ ^(H^ 4-4^6) 

from (1.) by substitutmg x^^ PJiV^P-f^c; ^g^ 

1/ for x^ and i/ for x^ 

Equation (5.) is derived ^_ J -»+ >/(ft2+4ag) 1 ^ /«. x 

from (4.) by means of I 2a J * ' v v 

§ 151. ; and (6.) is the 

same as (5.), except, that instead of y, its equal x^ is written. 

Then, in the last place, (7.) is obtained from (6.) by taking the 

nth root. It thus appears from (6.) that we obtain the lower of 

the two powers of x by means of § 151. ; and thence the value 

of X itself by extracting the nth root. 

It would be shown in a similar way, that § 152. may be em- 
ployed, when the second coefficient is even. 

Here (2.) is found from 
(1.) by means of § 152. ^^^^ 1^- 

Then (3.) is found from 3a^-24^?=224» (I.) 

(2.) by contracting the ra- ^2_. \±V{l+6l5) 

dical, and extracting its root. 3 '* * * \ ') 

We finally get a? = 3, at ^_ 1+26 

= ~3^ x=^^^, and * ~ 3 ^^'^ 

x=: — V— V ; the first and J^=9» and x^= — ^» (4.) 

second values being real, a?= + 3, and a?=Hh V^^ .(5.) 
and the others imaginary. 

In this example we get (2.) by means of § 151. From the 
first value of x^ in (3.) we 

get (4.) by cubing; and Eaanu 12. 

thence we obtain (5.) by 5a?i-|-7xi=108 (1 ) 

extracting the square root. -7+y(49 + 2i60) " , ', 

We might also get ex- «»= = — ~— . (2.) 

pressions for x from the , ^ 

second value of :rl in (3.); ^^=*^ and ««=-»/.. . (3.^ 

but they woifld be ima- ^P* (4.) 

ginary. *— 1 ° {^0 
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In £xainpk 13. equation 

(2.) is got from (1.) by Exam. 13. 

means of § 47. ; and (3.) 48 32 

from this by § 152. Equa- ^^a + V ~ ^^ ^^'^ 

tion (5.) is the same as (4.) 48^^-2 ^. 32x^» = 11 (2.) 

Wiethe indicated operations -l6-h ^(256 + 528) ' ' 

performed, and the mode ^ *= ^"^"4,0 •\^') 

of writing x'^^ changed; _ifi4-2ft 

and the values in (6.) are a:"*= - — . (4.) 

the reciprocals of those in ^^ 

(5.). We have thus an ^ = 1 and ^ =-U (5.) 

instance in which an equa- x x 

tion is resolved without a:=4, and ar=— -^ (6.) 

clearing it of fractions. 

Exam, 14. Given the sum of four equidiflfbrent numbers = 
24, and their continual product = 945 ; to find them. 

Here {§ 132.) the sum of the means as well as that of the 
extremes will be ' 12, the 
half of 24. Putting, there- 1296— S60d?>+9^=r945 . . (1.) 

fore, 2d7 to denote 3ie com- a:^— 40ar^+ 144=105 (2.) 

mon difference, we shaU jt^— '40dr'=-- 39 (3.) 

have (§ 52.) the means #2=20± ^/ (400— 39) .... (4.' 

= 6— a:, and Q-\-x', and ar«=39, and a:«=l {s! 

(§ 130.) the extremes will a:=.y/3^y and j;=l (6.J 

be 6 — Sx, and 6 +3^;. Now 
(§ ^7*) ^^ prodnct of the means is S6—x\ and that of the ex- 
tremes $6—9^'^' '^^^ product of these two results is then found, 
and placed equal to 945 ; and thus we get equation (1.), From 
this (2.) is obtained by changing the order of the terms, and, for 
a contraction, dividing by 9* Then (3.) is found by transposition, 
and (4.) by § 152. We finally get a;=V39, and ar=l. Taking 
the latter of these, we find the four numbers (12—34:, 12 — ar, 
&C.) to be 3, 5, 1i and 9, which satisfy the conditions of the 
question. If we take the first value of Xy we find the four num- 
bers to be 6-3^39, 6->v/S9, 6-f a/39, and 6^3 ^S9; and 
these will also be found to answer. The first and second of them, 
however, are negative ; and, therefore, in the ordinary arithmetical 
meaning, it is only 3, 5, 1, and 9) that are to be regarded as the 
answers to the question. In this problem, it is unnecessary to 
take — V^9 ^<i —1, the negative values of ^r, as they would give 
the same terms in a reversed order. Thus, if —1 had been 
taken, the terms of the series would have been 9» 1» ^, 9nd 3. 

H 8 
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155. The principle established in the last § sometimes gives 
an easy and elegant method of resolving equations containing 
radicals^ without previously removing the radicals by Involution 
according to § 110. This applicfttion of the principle will be 
understood from the following examples. 

Exam, 15. Let it be required to resolve the equation^ 
ar— yv/(3a?— 2) = 14, without previous involution. 

In solving this^ , 
because the radical * - (Sa?-2)4=14 (1.) 

contains the term So?, Sar— S(3d7-2)i=42 (2.) 

we multiply by 3 in 3^-2-S(Sar-2)i=r40 (3.) 

equation (1.) to get 3^ WQ + l60^ 

(2.). Then, by sub- (3^-2)^= ^- ^^^^"-^ (4.) 

tracting 2, we get 

equation (3.), in (3a?-2)i=8, and (3ar«2)i=-5. . (5.) 

which 307— 2 and its 3a7 — 2 = 64, and 30?— 2=25 (6.) 

square root both 07=22, and x=.Q (7.) 

occur in connexion 

with Jl (the coefficient of 3a: — 2), —3, and 40, which are known 

quantities. In the next place, considering (3a:— 2)' as the quan^ 
tity to be determined, we find(§ 151.) the values of that quantity 
to be 8 and — 5, as in equation (5.). Thence, by squaring, we get 
(6.) ; and, from the expressions thus obtained, we find a:=s22, 
and o:=9 in (7.)' The former of these is the value of x, which 
satisfies the question in the terms in which it was proposed ; and, 
therefore, it is naturally to be regarded as the answer. The other 

value 9^ however, will also answer it, if (3o7 — 2)' be taken nega- 
tive; as we should then have 2 — (—5), or 9 + 5, which is 
equal to 14, as it ought. 

Exam, 1 6. Resolve the equation, a:^ — 26 =9 a/(^ — 4), with- 
out previous involution. 

eqSn (I) f£ ^-26=9(^^-4)i (1.) 

(1.) by adding 22 0^^-4-9(^^-4)4=22 (2.) 

to both members, . i.>4— ^^ >v/(81 +88) , . 

and by transposing ^ 4; — ^ \p,) 

9(^»-4)i. Then (^'5-4)Ull, and {x^^^)\^^^ . . (4.) 

the coefficient of ^=5, and a: =2 (5.) 

a:^— 4, regarded as 

a single term, being 1, and that of its square root being — -9> ^^ 
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get (3) by § 151. From this the two parts of (4.) are obtained 
by using first the upper^ and then the lower sign of the radical : 
and from these, by squaring, transposing, and extracting the cube 
root, we get the values of x in (5.). The first of these satisfies 
the given equation, if V(«'— 4) be taken positiye; the other, 
if it be taken negative. The former, therefore, is the answer to 
the question understood in the plain arithmetical sense. 

It will be seen from these examples, that the first object, in such 
cases, is to modify the given equation so that its second member 
may be a known quantity, and that its first may consist of a quan- 
tity, simple or compound, with a known coefficient, together with 
another which is die square root of the same quantity having 
also a known coefficient. When such a modification cannot be 
made, this method is inadmissible. The process will be simplified 
to the student, when commencing, if a single character be put for 

the radical Thus, in Exam. 15., we might put {Sx—9,)^=iy ; 
and then equation (3.) would become y^— 3^=^40. In like 

manner, in Exam. l6., we might put {x^—^y=y, and equation 
(2.) would become y*— 9y=22. 

156. When two or more simultaneous equations are given, 
one or more of the unknown quantities must generally * be eli- 
minated, till an equation is obtained which contains only one 
unknown quantity : and if this equation be of the second degree, 
it will be resolved by one or other of the modes that have been 
explained. The elimination will be effected by means of some 
of the methods explained in Section VIII.; and most usually by 
the second or third method. 

Exam, 17* Find the values of oo and y in the equations, 
3x— 4y=3, and a?2-.y2=l6. 

Here, equation (3.) is de- 3a;— 4y=3 (l.J 

rived from (1.) by transposi- a?'— y2=l6 (2.; 

tion and division; and (4.) ^Sx—S . . 

from (3.) by squaring. ^"^ 4 v v 

Then, by substituting the Qx^—ISjc-^-O 

value of yS thus obtained, in y = jg (*•) 

(2.), we get (5.), which does 

* In some particular instances, we may advantageously proceed other- 
wise. Thus, if the equations, x^y^Oy and (ar + y)2*» + 6(ar + y )" « c, were 
proposed, we might find x-\-yhy means of § 1 52. ; and then the values of 
X and y would hi found by means of § 52. 

H 4 
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not contain y. The peat of ^ 9a:^— 18a: + 9 _,^ . 

the operation proceeds in the * "^ iQ "^^^ ..-(5.) 

usual way, and presents no l6;r2-9ar« + 18;c-9=256 . (6.) 

difficulty. In addition to the fx^-^lSx^^^GS • • (7-i 

positive values, d7=5, and ^ —gj. ^(81 + 1855) 

y:=3, we have the two ne^ *— i^ • • (8.) 

tiveones, ^=-7^, «nd y= ^^5^ ^^^ ;r=-7t (9.) 

As a slight variation of the ^ ^ 

process, we might have found the value of y^ from (2.), and have 
put it equal to its value in (4.) : or we might have commenced 
hy eliminating or. 

Exercises. Find the values of x in the following equations. 

1. 18+«2=i80— a:« Ans.x=±9. 

2. x = X. Ans. x::=-\- 11, 

XX "" 

3. ^/(a^^^x^)=:bx. Ans. ^=± \f/ft2_i\ * 

4. =6. Ans, ar=-f a A / £ — -• 

a:— a ar-f a ~" '\^ 0—2 

a:+^(2a2— ar2)^a:— ^(2a2— ar^) a — -v -^ 

^ a:*H-aa: + 6 a . , /b^—ac 
^ ~mr-l- = V Ans.x=:±yL/ -. 

7. x^-\-6x=7» iln*. x=l, and ar=— 7. 

8. a:^^6a:=7. Ans, ar= — 1, and a:=7. 

9. ^a:*— ^a:=9. Ans, x=:6, and ar=— 4J^ 

10. 2007— a?2=5l. Ans, a?=17, and x=:S. 

11. a?^—a?=i(3a?a— 7^+70.) ^iw. x=7, and «= — 10. 

12. 2a7— 7=10— «+ a/(65— x2). ^In*. a:=7, and x=S^, 

13. a?— A/(2ar2— 9a?+l)=l. ^^^^ ^-.7^ and ^— q, 

14. 07— //(flMp'— &r-}-c*)=c. -4iw. 07= --, and 07=0. 

15. 4arHt7*=*+468. i4n*. «f=9, and 07= — IS. 

16. So7 + 5 >v/o?=22. Ans, 0? = 4, and 07 = 1 3^. 

17. 2a72-f 2o7+2=24— 5o?. i4»*. 07=2, and 07=— 5^ 

18. arS— 6o7=:6ar + 28. Ans, 07=14, and 07=— 2. 
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I9« 8+^— 5 = !• -4n*. a7=6, and «=— 5. 

4 6 

20. a? + -=- + l. ^iM. «=:2. and x=-- 1. 

12 10 
21. 1 7=9« -4»w. a?=3, and d?=4. 

n 2na 

23. x+j?->=fl. ^iw. «=i{a± \/(«^— 4)}. 

24. 4?»+a:-»=fl, ^iw. af={^[a± ^(a^— 4)]}". 

25. (^— 3)« + (^+4)'=(a?+5)3. iln*. d?=8, and 47=0. 

26. (ar— 2)2+(«+5)«=(ar + 6)«. iifw. ar=7, and «^=-l. 

27. ^(jt + 5)«+8.5'(«+5)=28. i4»*. «= 59, and ar=— 348. 

28. jp— y=6, and jc^-f y^=50. Ans. x=7, and y=l ; or 

a:= — 1, andy=— 7. 

29. ar + 2y=5, and ar2+2jr2r=ll. i4n*. ar=3, and y=l ; or 

«=ri, and y=|. 

30. X'\-ny=sa, and ar^-f-nyS—j, 

n + 1. 

* If n be very large in comparison with a, 90 that, the coefficient of x 

being unity, the absolute term - may be very small in comparison of the 

coefficient of :rS it will appear, from this result, that the positive yalae of 
X will be a small fraction. To show this, divide the niunerator and 

denominator of that value of :r by n; then *« — ^ _^ . an 

Sa 

expreasimi in which, because of % being very large in comparison of a, 

the radical part is very little greater than 1. Hence the numerator is 

very small ; and, the denominator being 2a, this value of x must be a very 

small quantity. 

Thus, suppose a were » 1 and % » 100, the positive value of x would 

be found to be less than 0*01 . It would appear, in fact, frt>m § 1S64, 

that, if n be very great in comparison of o, the positive value of x will be 

very nearly -, the terms in the square root of 1 +a^~i, after the first 

and second, being extremely small in value. 
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31. ^+^=a, and ^^b. ^^,^ ^(a6+26)- V(a6-26)}. 

32. anf=36, andy']-2V(x—y)=x—S. Ans. ar=12, y=3; 

or «=^( a/145 + 1), andy=^A/U5-l). 

33. a:24.A/(x2-ar-6)=a? + 48. 

^n*. ar=7 or —6; or ar=i(l+ a/221 ). 

o. 49 . 28 _ 7 ^_3 

iin*. ar=4, and y=3 ; or d?=— |^, and y=f^. 



Miscellaneous Exercises in Quadratic Equations* 

1. Given the sum of two numbers = 8 (=«j)^ and the sum of 
their squares = 50 (=^2) > ^ ^^^ ^^ numbers. 

iin*. 7 and 1 ; general expression^ i{*i± a/(2*2""*i^)' 

2. Given the sum of two numbers = 7 (='i), and the sum 01 
their cubes = 133 (=^3) ; to find the numbers. 

Ans, 5 and 2 ; general expression^ ^ I *ii A/ ('«~^'"^) I • 

3. Given the difference of two numbers = 2 (=<fj), and the 
difference of their cubes = 218 (=^^3) ; to find the numbers. 

Ans. 7 and 5, or —5 and — 7 ; general expresslonti. 



1 



* In solving these exercises, it may perhaps be better for the beginner 
merely to use the particular numbers, and thus to get the numerical 
answers ; but when he has had more practice^ he ought to employ the 
characters a, &,;>, &c., so as to get the general solutions, and thence to find 
the numerical answers by sul^tituting for those letters their particular 
values. As usual, the positive results alone would be recognised as the 
solutions to the questions in their literal meanings ; but the learner should 
find the others, and endeavour to discover their interpretations. Some of 
them may be better solved by other means than by employing the rulea 
that have been established for resolving quadratics. Such in particular 
is Exercise 8. Tlie student should compare Exercises 9. and 10. with' 
4. and 5. He ought also to compare Exercises IS. and 14., and like> 
wise 15. and 16. In Exercise 17. he will find the time during which the 
first person travelled to be 11 days or —60 days. Let him consider the 
meaning of the latter result. 
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4. Giyen the sum of two numbers = £2 (='1)9 and their pro- 
duct = 117 (=p); to find the numbers. 

Ans, 13 and 9 ; general expression^ i{'ii a/(*i^~^)}* 

5. Given the difference of two numbers = 5 (=(fi), and theii 
product =r 36 (=p) ; to find the numbers. 

Ans. 9 And 4^ or —4 and —9; general expressions^ 
i{d^± a/W+4p)}, and^{-di«± ^/W-^^)'} 

6. Given the product of two numbers = 18 (=/>)« and the 
sum of their squares = 85 (=«2) > to find the numbers. 

Ans. 9 aiid 2, or — 9 and — 2 ; 

general expressions, ^f a/(«2+2p)+ V(*2^^P)}f 

and ^{ x/(«2 + 2p)± v («2—2p)}. 

7. Given the product of two numbers =: 40 (=p), ^^^ the 
difference of their squares = 39 (=<'2) ^ ^ ^^ ^^ numbers. 

iln«. 8 and 5, or —8 and —5 ; 

general values, x=± V{^2±i\^W+^P^)}y 

andy=±^{-i42±ivW + V)}. 

8. Find two numbers, such, that the cube of their sum may 
exceed the sum of their cubes by 60 (=a), and the difierence of 
their cubes may exceed the cube of their difference by 36 (=^)* 

Ans. 4 and 1 ; general expressions. 



8/(«±^ and »/ (°-^)' 
V 6(a-6) V 6(«+*)" 



9. Given the product of two numbers = 6, and the sum of 
their cubes = 35 ; to find the numbers. Ans. 2 and 3. 

10. Given the product of two numbers = 20, and the differ- 
ence of their cubes = 6I ; to find the numbers. Ans. 5 and 4. 

11. The product of two numbers is 240 (=a), and, if one of 
ihem be increased by 4 (=6), and the other be diminished by 
3 (=c), the product of the results is still the same. Required 
the numbers. 

Ans. 16 and 15, or —20 and —12; general expressions, 
— 6c + V(h^c^ + 4a6c) . 6c + a/(6 V + M)c) 
"" 2c ' *°^ -^= W • 

12. Find four numbers in arithmetical progression, such that 
their continual product may be 105 (=a), and that the product 
of the means may exceed that of the extremes by 8 (=6). 

Ans. 1, 3, 5, 7, and —1, —3, —5, —7; or, 
in general, «— 3y, a?— y, ar + y, and x-^3y, 

wherear=±JV{106±8A/(6a-f4a)}, andy=±>/p' 
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13. A person purchased a certain number of oxen for one 
hundred and twenty pounds^ and he found that^ had he got three 
more for the same money^ they would each have cost him two 
pounds less. How many did he purchase ? Ans, 12. 

14. A person purchased a certain number of oxen for one hun- 
dred and twenty pounds^ and he found that if he had got three fewer 
for the same money^ they would each have cost him two pounds 
more than they did. How many did he purchase ? Ans. 1 5. 

15. A company at a tavern had a reckoning of seven pounds 
four shillings to pay ; but^ two persons being exempted from 
payings the rest had each to give one shilling more than they other- 
wise would. How many persons were in the company ? Ans. 18. 

16. A company at a tavern had a reckoning of seven pounds 
four shillings to pay ; but^ two of them having paid who had been 
intended to be exempted^ the rest hacl each to contribute one shil- 
ling less than they otherwise would. How many persons were 
there, exclusive of the two .^ Ans, l6. 

1 7. V Suppose two towns^ A and B, to be 300 miles asunder, 
^ and that one travdtter sets out from A towards B, travelling the 

first day 10 miles, the second 11, the third 12, and so on ; while, 
two days after, another starts from B for A, and travels every day 
15 miles : where will they meet ? Ans, l65 miles from A. 

18. Find four numbers in geometrical progression, such that 
the sum of the extremes may be 35, and lliat of the means 30. 

Ans, S, 12, 18, and 27. 
19* Two couriers start at the same time from two towns, A 
and B, and travel each towards the other town ; after some days 
they meet, when it is found that one of them has travelled 84 
miles more than the other, and that by continuing to travel each 
at the same rate as he had done before, the one will finish the 
journey in Q days, and the other in l6. Required the distance 
of the places, and the rates at which the couriers travelled. 

Ans, Distance 588 miles; rates 28 miles and 21 miles daily; 
or distance 12 miles ; rates 4 miles and —3 miles daily.* 

* Of the Various modes in which this question may be solved, the fol- 
lowing u an outline of perhaps the simplest and most elegants Let t be 
the time that elapsed from starting till the couriers were together, and 
X + 42 and x^42, the spaces travelled by each in that time ; then, 
* + 42 : ar— 42 :: t : 9, and ar— 42 : x + 42 :: t : 16, 

Take the products of the corresponding terms of these two analogies ; 
then <3>3l44, and therefore t^s ±12, Use each of these values of t in 
either of the foregoing analogies, and the values of x will be found by 
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157. The methods of resolving quadratic equations having 
been fully exemplified and illustrated, we may now proceed to 
consider the relations of their roots, and to deduce some results of 
an interesting kind connected with the theory of such equations. 

Equations of the second degree may have four distinct forms. 
Thus, if a, b, and c are numbers which are in themselves positive 
we shall have ' 



1. ax^ + bx=:c; where ar=: r^±jA^±^ , 

2. «ar2-&r=c ; where x =; ^± -/(^H^^ac) ^ 

2a 

3. ax^-bx= ^c; wh«e x = ^t^iP^"^). ^^^ 

2a 

4. ar»+6«= -c; where x = r:^+J^*!ri?!) 



2a 

Now, in the first and second of these the radical part is real • 
and it is greater than b, since the square root of b^-{-4ae is 
greater than that of b^, that is, than b. In the third and fourth 
the radical is real, when b^ is not less than 4>ac ; but, if 4ac be 
greater than b\ it is imaginary, as b^—4iac is then negative. 
Farther, also, in these two forms, when the radical is real, it is 
less than b; as the square root of b^—4!ac is less than the square 
root of b^, that is, 6. Hence, therefore, when the absolute term 
is positive, as in the first and second forms, the roots are always 
real ; but, when it is negative, as in the third and fourth forms, 
the roots are imaginary, when 4ac is greater that b^ ; otherwise 
they are real. 

Now, in the first and second forms, the radical, being greater 
thkn ft, may be represented by 6-f rf. Then, the numerators of 
the roots in the first form will be --•b-\-b-\-d and —b—b—d or 
by contraction, rf and — 26— c? ; one of which is positive and' the 
other negative : and, in absolute magnitude, the positive one is less 
than the negative. If these be divided by 2a, the quotients will 
be the roots ; and in these the same relations will still exist : that 
is, one of the roots is positive and the other negative; and, in 

equalling the products of the extremes and means. The second answeri 
correspond to the question in which the couriers must have travelled in 
the same direction, and in which the first would require nine days to 
travel back to B, and the second sixteen to travel to A ; the sum rftha 
spaces travelled, before being together, being 84 miles. 
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absolute itaagnitude^ the positive is the less. In the second form^ 
the numerators of the roots would be found in a similar manner to 
be 26 + (/ and ~ d : and^ by reasoning as before, it would be founds 
that, in that form^ one root is positive^ and the other negative ; 
and that^ in absolute magnitude^ the positive is the greater. 

In the third and fourth forms^ we have seen that^ when the 
roots are real^ the radical is less than b ; it may be represented, 
therefore^ by b—d, where it is plain d lies between the limits 
and b. Then, in the third form^ the numerators of the roots will 
be 6-f6— d and 6 — (6 — d), or, by contraction, 2b— d, and d, 
which are both positive ; and, if these be divided by the denomi- 
nator 2a, the quotients, that is, the roots of the equation, will be 
positive. In the fourdi form, the numerators of the roots would 
be found to be — d, and —2b-\-df which are both negative, d being 
less than b, and consequently than 2b ; and, since by dividing 
these by 2a we should get the roots, it follows that, in this form, 
the roots, when real, are both negative. 

Lastly, in the third and fourth forms, if &^=4a<;, the radical 
vanishes, and the roots are equal ; being each positive in the third 
form, and each negative in the fourth. 

158. The principal results obtained above may be briefly stated 
in the following manner. When the absolute term c is positive, 
the roots are real; and one of them is positive and the other 
negative. In this case also, when 6, the coefficient of the second 
term, is positive, the positive root is less in absolute magnitude 
than the negative one : but, if b be negative, the positive root is 
the greater. When the absolute term is negative, the roots are 
real, if 4ac be not greater than b^ : otherwise they are imaginary. 
When they are real, if b, the coefficient of the second term, be 
negative, they are both positive ; but, if 6 be positive, they are 
both negative. It may be remarked, in the last place, that the 
roots are either both real or both imaginary, a single imaginary 
root not occurring in any case. 

The relations thus established will be illustrated by means of 
the following equations, which the student will do well to resolve, 
and to consider in connexion with those relations. 



1. 12j?2+5d7=25. 

2. I2x^—5x=25. 



3. 6a?2— 29ar=— 28. 

4. 6x24-29*=— 28. 



6. S.r2 4.5«^=— 4. 



159* If we divide all the terms of the equation, ojp^-^bjp^c^ 

b c 

by a, and put, for brevity and simplicity, -=2|> and -=^, we 



a a 
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shall have js^'\-2pw=ig, or^ by transposition^ ^+2px— ^==0; 
where p and q may be any numbers^ whole or fractional, positiye 
or n^;ative^ according to the data of any particular problem. By 
resolving this by means of § 152., we get x=— p+ y/(p^-\-g), 
an expression which contains the two values of z. Writing 
these separately, and putting Wi to denote the one having the 
upper sign, and a^ the other, we have, «i=— p+ a/(p^+5')> 
and 4^2 = — p— a/(p^+5')» By adding these, the radicals dis- 
appear, and we get aTj + 0^2= "^P • whence it appears, that, when 
the coefficient of the highest power in a quadratic equation is I, 
the sum of its root^ is equal to the second term with its sign 
changed. Thus, in Exam. 4., the sum of the roots 8 and 3, with 
its sign changed, is equal to —11, the coefficient of the second 
term in equation (4.). 

160. By taking the products of Xj and x^, and of their values 
in § 159.> we get (§ 57.) x^X2=^p^-^(p^-\-q) = —q ; and, there- 
fore, the product of the two roots of a quadratic equation having 
unity as the coefficient of its first term, is equal to the absolute 
term with Us sign changed, or to that term, \f it be transposed to 
die first member. 

Thus, in £xam. 4., the product of the roots, 8 and 3, is 24, the 
same as the absolute term in equation (4), with its sign changed. 

161. If the values of or in § 159* be attached to that letter 
with their signs changed, we shall have ar+p— V(p* -^ 9)=0, and 
x-^p-\- \/Cp^'^9)— 0. Taking the product of these, we get by 
S 57v (^-fP)*— (P* + 5')=0> fr<>™ which, by actually squaring 
x-^p, and subtracting p^-^q from the result, we get, x^ + 2par — ^ = 0, 
which is the original equation. Hence it appears, that, if the roots 
be attached to x with their signs changed, and if the results be mul- 
tiplied into one another^ the product, put equal to 0, wiU be the 
original equation; and, conversely, if it be required to find what 
factors of the first degree wiU produce any proposed quantity of 
the second degree, we have merely to put that quantity equal to 
nothing ; to find the roots of the equation so obtained, and to 
attach them separately to x with their signs changed ; as the ex- 
pressions thus found will be the factors. 

Thus, if the expression x^—^x — lS be proposed, by putting 
it equal to 0, and resolving the equation thus found, we get or =5 
and xss —3 ; and therefore the factors are or— 5 and ir + 3, the 
product of which will be found to be the proposed expression ; 
and thus the correctness of the process is verified. 

162. If the quantity of whidi the factors are to be found be of 
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the form ax^'\'bx—e, where a is diflfbrent from unity^ the factors 
are obtained in the simplest manner^ by putting that quantity 
equal to 0^ and finding the roots by § 151 or § 152. Then^ by 
what we have seen^ the product of die factors obtained by chan^;- 
ingthe signs of the roots^ and attaching them separately to x, would 
give the expression that would arise from dividing ax^+bx-^c by 
a ; it is therefore necessary to multiply one of the factors by 
a, or to multiply one of them by one factor of that quantity^ and 
the other by its remaining factor. We shall find, in fact^ that 
this object will be accomplished by freeing both the factors so 
found of fractions, if bo^ be fractional, or one of them if only 
that one be fractional. 

Thus^ to find the factors of 6a7^—17^ + 12> we put this expres- 
sion = ; and, by resolving the equation so obtained, according 
to § 151., we get x=^^, and a7=f. Hence, the factors of 

x^ ^ — [-2 are a?— f, and a'— J ; but that quantity being only 

one sixth of the proposed one, the product of these factors must 
be increased six fold ; and this will evidently be accomplished, if 
the one factor be doubled, and the other trebled ; so that the re. 
quired factors are Zw—3 and 3^—4, which will be found to suc- 
ceed. In like manner, we should find the simple factors of 
2ar3-f5d?— 3 to be x-j-S and 2ar— 1 ; and\hose of 12a:'-f 81d?+20 
to be 4x4-5 and 3x+4. 

l63. The method of establishing the important principles con- 
tained in §§ 159, 160, l6l, and l62, may perhaps be regarded 
as too synthetic : and, on this account, the following mode of 
treating the subject, which also affords a very simple and el^;ant 
investigation of the method of resolving quadratic equations, will 
perhaps be considered preferable. 

Let us assume, as in § 159*^ x^ -|.2px=9 : then, by adding p^, 
we get equation (2.). Equa- 
tion (S.) is the same as (2.), ar^-}-2/wr=5' (l.) 

k^ being put, for brevity, to ar2 + 2pj7+p*=jp'+9 . . . . ^2.) 

denote f^-\'q ; whence we (x+p^*—^ (g.j 

have k equal to the radical, ?a:+p)^— Xe^=0 (4.^ 

a/(p*+^). By transposing (ar-fp— fcX^+P+'f)=^ • (^0 

k^ we find (4.) ; and thence, a?-f-p— A:=0 (6.) 

hy § 57., we get (5.). Now ^+p+Xp=:0 (7.) 

there are two ways, and only x= —p-^k ,. • (8.) 

two, in which equation (5.), x=:—p — k (9.) 

and consequently those from 
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which it is derived^ can be satisfied^ that is, can have the first 
member = 0. One of these modes is to take the first factor 
equal to 0, and the other to take the second equal to the same : 
and thus we get equations (6.) and (7.). That there can be no 
other mode of satisfying equation (5.) is plain ; since, if both 
its factors be different from 0^ their product cannot be equal to 0. 
Equations (8.) and (9-) are derived from (6.) and (7.) by trans- 
positicm ; and^ by writings in place of k, its value according to the 
assumption in equation (3.)^ we get the same values for x that 
we should have obtained by means of § 152,; and thus we obtain 
the means of resolving quadratic equations in a manner very 
different from that formerly employed. We see also^ that^ in such 
equations, the unknown quantity can have two values^ and oidy two. 

164. By examining the last operation^ it will be seen that (4.) 
is the same as x^-\'^px'-q, k^ being the same as p^+9; and^ 
therefore^ the subtracting of it from {x-\-p)\ or x*+2par+p*, 
will give for remainder x'^-^^pw—q. The process^ in fact, was 
such as^ without any change of value^ virtually to reduce 
x^-\-9,px — q to the form (4.). Now, according to (5.), the first 
member of (4.)> and consequently what is identical with it, 
x^-\-2px — q, is found to be the product of the two factors in (6*.} 
and (7.) ; and these, according to (8.) and (9*)> ^^ ^^ same as 
X with its two values attached to it, with their signs changed : 
and we thus see that the trinomial, x'^'\-2pa—q, is produced by 
the multiplication of two factors which are found in the manner 
above described. 

165. In the equation, ^^=:Ar^+&r-f c, it is of importance, in 
certain cases, to determine what values of x render y real, and 
what others render it imaginary ; or, which is the same, to find 
what values of x will make ax^-k-hx-^-c positive, and what nega- 
tive. To effect this, divide the second member by a; and (§ I6I.) 
find X — IT] and x^x^, the factors of the quotient. Then, by 
multiplying the product of these by a, we shall plainly have 
y^^=ia{x — ^i)(^— ^2)- ^^* ^" ^^^ considfer the case in which 
x^ and ^2 are real. If, then, a7=«j, or x:=x^ we shall have 
y3=0; but, for every other value of a:, y* will have a value 
either positive or negative. Of other values of x there can 
plainly be three classes, and no more ; as any of its values must 
either be intermediate between x^ and x^,^ or must be greater than 
either, or less than either. In the first of these cases, one of the 
factors, x—x^ and x—x^ will be positive and the other negative, 
X being greater than one of the quantities, x^ and x^ and less 
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than the other. The product, therefore^ of these factors will be 
negative ; and^ accordiiagly^ p^ will be positive if a be negative, 
and negative if a be positive. In each of the other cases, how- 
ever, the sign of y^ will be the same as that of a: for if .r be 
greater than each of the two quantities x^ and of^y the factors 
07— »! and «— ^2 will both be positive ; and therefore their pro- 
duct will be positive : but, if 07 be less than each of the two, se^ 
and ^2' ^^^ factors will be both negative ; and therefore their 
product will also be positive. Since, therefore, y^ is equal to that 
product multiplied by a, it follows that y^ will be positive when 
a is positive, and negative when a is negative. 

166. The conclusions now arrived at may be recapitulated in 
the following terms. If there be an equation y^=aJ7^-f6ji7 + o, 
and if the values of x in the equation, ax^ + 6jf 4- c=0, be deter- 
mined, and be called 07^ atid X2 ; then, when these are real, if sf 
be taken equal to either of these, y^ will be equal to ; secondly, 
when X has any value intermediate between cPi and ^^f ^^^ ^^ 
of y^ is the opposite of that of a ; but, when w has any other 
value, y^ has the same sign as a. 

Thus, for example, if y^s^x^—ii, we have a=l, 6=0, and 
c=— 4 ; and we get a7js=2, and 2:2=— 2. Then, a being posi- 
tive, any value of x between 2 and —2, will render y^ n^ative ; 
while values beyond these limits will make it positive. Thus, if 
x=±l, y^=—3; if o?=0, y^=— 4, &c. : while, if af:s±S, 
y2s=5, &c. For values of x, therefore, between 2 and — 2, y is 
imaginary ; but for all otiiers it is real. 

If, for another example, y^=4— ar^, we have now a= — 1 ; 
and x^=z2, and X2^ — 2, as before: and, as a is negative, values 
of X, such as 1, —1, &c., between 2 and —2, will render y* 
positive ; while values beyond these limits will render it negative. 

For a third example, let y^ = 3x^ — 5a: — 1 2. Here a is positive, 
and we find d7i=3, and X2= — ^: every value of a, therefore, 
lying between 3 and — ^, will give y imaginary; while others 

will make it real. Thus, if a:=2, y=±>/— 10; but if 
af = — 2, y=± V'lO. 

If, again, y*=:2ar*— 12d7-f 18, we get x^ and x^ each equal 
to 3. Then, as there can be no values of x intermediate between 
these, and as the coefficient of x^ is positive, y^ will be positive, 
whatever value, except 3, is assumed for x. It may be remarked, 
that, in tiiis example, we have y^=Q(x—3Y ; and, as (07—8)^ 
must always be positive, except when x=:3, its product by 2 
must have the sign of 2. In this case, we have y = i(a?— 3) ^/2; 
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and there is always a similar relation, when x^ and x^ are equal 

to one another. 

l67- J^et us now consider the case in which x^ and x^ are 

imaginary ; that is (§ 158.), when 4ac is negative, and is greater 

in ahsolute value than 6^. In this case, let ^acszb^-^d, where 

b^ d 
d is necessarily positive. Then <'=7;;+I^' and, therefore 

y^:=zax^ + 6jr +c becomes 

the latter value being evidently equivalent to the former. Now, 
the two parts of the latter form of the value of y^ have evidently 
the same sign as a ; one of them being a square, which is neces- 
sarily positive, multiplied by a, and the other a quantity, which, 
as we have seen, is also positive, divided by 4a. It follows, 
therefore, that if the values of x found by putting ax^ + ^^ + €^=0 
be imaginary, every value of y^ will have the same sign as the 
coefficient of a^, whatever wUue may be assumed for x. 

As an example, let y^^^^— 2a7 + 5. By putting the second 

memher of this =0, we get a: =1+2 //—I, which is imaginary. 
Then, since 1, the coefficient -of x^ is positive, every value given 
to X must give y^ positive. Thus, if d?=0, y*=5j if d?=l, 
y2=4, and if d?=— 2, y2=lS. 

As another example, let y2= — 2^72 + g^? — 1. Then, by putting 
this :=0, we get ar^^+^z/— 1 : and this being imaginary, and 
the coefficient of a^ negative, every value of x will give y^ nega- 
tive ; and therefore y can have no real value whatever. 

168. It may be stated in the last place, regarding the trinomial, 
ax^-\-bx-\' c, that it will be ah exact square, if 6^ = 4ac. This is 
evident from § 151. ; for we saw there, that when a trinomial is 
a square, its middle term is twice the product of the square roots 
of die first and third. Hence, that aa^-i^bx-^-c may be a square, 

we must have bx^Zcflifix ; and from this, by dividing by ar, and 
squaring, we get 6^=4ac. 

169. Since {Vx -^yysszx 4-y-f 2 ^xy, it follows, conversely, 
that \/(^-»-y+2/v/jry)=/v/a:-|- /v/y. In some cases, however, 
and especially when x and y are numbers expressed in the com- 
mon notation, the traces of those quantities, x and y, are lost by 
their incorporation; and we get an expression of the form, 
fl-f- jy/b, where a is equal to the sum of the rational parts, x and y. 
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and a/6 equal to the irrational part^ 2 ^Jxy or ^^ixy. Thus, for 
instance^ 

(v/S + a/2)2=3 + 2 + 2 v'Sl<2=5 + 2 A/errS + a/24 : 
and {A/(a:+y)-A/Car-y)}2=:2«-2A/(a7»-S^). 

If we wish^ therefore^ to extract the square root of a + js/hy 'we 
have merely to diyide a into two parts^ x ahd y, such that twice 
the product of their square roots 

may he ^/b, and consequently Z'\-y=a (1.) 

4ta;y=b : and thus we have equa- ^xy=h (2.^ 

tions (1.) and (2.). Equation (3.) x2 + 2a:y+y*=a^ . . . (3.) 
is obtained from (1.) by squaring; ar^— 2dry+y*=o^— 6 , (4.) 
(4.) from (2.) and (3.) by sub- a:— y= a/(«*— 6) . . . (5.) 
tracting; and (5.) from (4.) by x=^[a-{- ^/(a^'-b)} . (6.) 
extracting the square root. Then, y=^{a— A/(a*— 6)} . (7.) 
by taking half the sum and half the 

difference of (1.) and (5.)^ we get (6.) and (7.). Hence^ the ie» 
quired root being Vs-j- ^/y^ we shall have 

V(a+ A/6)=A/i{«+A/(a'-6)}-f A/i{«- A/(o'-ft)}. 

If the proposed quantity were a— ^/b, the required root woidd 
evidently be found by subtracting the square root of the second 
member of (7-) ffom that of the second member of (6.), instead 
of adding them. 

These formulas are used with advantage^ when a^— 6 is an 
exact square. When this is not so^ they are of scarcely any use^ 
on account of their being complicated. 

As an example^ let it be required to extract the square root 
of 5 + 2a/6. 

Here we have a'=^by a/6 =2^/6; and therefore 6=24. Then 
4?=i{5+A/(25-24)}=3, and ^=^{5- a/(25-24)} = 2. 
Hence the root is a/3+ a/2. 

If again the square root of 11— 4 a/7 is to be extracted^ we 
have a =11^ and 6=112^ the square of —4 a/7 ; and by equa- 
tions (6.) and (7.)> ^e get 07=79 and y=4; and therefore 
the required root, ^ao— ^y, is a/7— 2. 

Lastly, let it be required to extract the square root of 

2©4-2a/(»*— «*). 

Here, a=2«, and 6=:4«*— 4ar*; and therefore a*— 6=4«*; 
and A/(fl^— 6)=2«. Hence, by equations (6.) and (J.), we 
have ar =«)+)?, and yzszv-^zi and therefore the required root is 
a/(« + «) + a/(« — af). 
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Exercises. 
Find the square roots of the following quantities. 

Exercises. Answers. 



Exercises. Answers. 

1. 8±>/60 V5±a/3. 

2. 6±^V5 V5 + 1. 

3. 49± 12^13 6±V13. 



4. 76±S2>v/3 8 + 2^/3- 

5. 39±6V42 a/21 ±3 ^2. 

6. 52±30a/3 5 + 3V3. 



8. 4a2-(4a- 26)^/(406-62) ^^ 2a-6— V(4a6— 6«). 

9. 2a»+262±2A/(a*+a*6a + 6*). ^ 

^»w. V(a»+a6-|-62)±V(a*-a6+6«). 



SECTION X. 



OBNERAL THEORY OF EQUATIONS^ AND RESOLUTION OF EQVA- - 

TIONS OF THE HIGHER ORDERS. 

170. When an equation contains only one unknown quantity^ 
X, it is either of the form^ 

where n is a whole positive number^ and p^, Ps^ • • • • > p.> co- 
efficients^ either whole or fractional^ positive or negative, and 
independent of ^ : or, if it be not of that form, it may be re- 
duced to it by involution, transposition, division, or other opera- 
tions already explained. Thus, the equation, d?^— 407 + 5=0, is 
comprehended in (a), n being = 3, Pi=0, p2=— 4, and pj, or 
in the present case, p,=5. If, again, ^ji^-^x-\- V(3d?— 4)=0, 
we get, by transposing the radical, squaring, again transposing, 
and dividing by 4, a^'-Ji^-\-^'^—^-\-\^szO; which is also 
comprehended in equation (a), n being =4, pj=— l, P2=i> 
^3= — J, and P4, or here p„=l : and so in all other cases. 
Hence, in the foUowing Section, all the equations treated of will 
be of the same form as equation (a). Instead, however, of 
writing such an equation at full length, we may often, for brevity, 
write it/p=0; / being the first letter of the tena function, and 
fx may be read function of x. The term function, which is much 
used by modem writers on mathematics, denotes, that the quantity 
which it expresses depends on the one of which it is a function. 
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ThuS; x^ is a function of Xy since^ being the third power of x, its 
value necessarily depends on that oi x. In like manner^ also^ 
ax"^ and ^/(fl*— or-^a:^) are functions of*. Again^ if a? = 
— ^+ //(^«*+6), d? is a function of the two quantities^ a and b; 
and we may write the equation thus : a=:f{ay o). In this instance 
a is either of the roots of the quadratic equation^ x^-f <m:=6: 
whence it appears, that the roots of a quadratic equation are func- 
tions of the coefficients of its terms * : and the same is plainly 
the case with regard to the roots of all equations whatever ; as 
the values of the roots must obviously depend on those of the 
coefficients. It will thus be seen that /r may denote an infinite 
number of different functions of a. The function, however^ 
which it will be employed to express in this Section, is the first 
member of equation (a). 

171. The following is an important proposition in the theory 
of equations. If a be a root of the equation, fof^O, fx is divisible 
without remainder by x — a. To prove this, let fx be divided by 
or— a ; and let the quotient be denoted hy fx, and the remainder, 
if there be any, by r. Then, by the nature of division, /r= 
(j?— a)/'a?-|-r. Now, a being a root of the equation, yar = 0, 
the substitution of a for x wiU render /r=:0 ; a root of an equa- 
tion being a number which, if it be substituted for the unknown 
quantity, will make the two members equal. The factor x—a, 
also, wiU become a^a, or : and therefore the foregoing ex- 
pression will become 0=Ox/'a:+r, or simply, 0=r; that is, 
the remainder is 0. 

172.. If it be taken for granted^ that every equation has at 
least one root ; that is, that there is a value of liie unknown quan- 
tity, such that, if it be substituted for that quantity, the members 
of the equation will be rendei^ed equal to one another t; the 

* When the equation is written thus, ar^ + cur— &s=0, —6 may be re- 
garded as the coefficient of x^, 

t While no one hesitates in admitting that every equation has a root. 
It is difficult to prove it. Besides other attempts, a demonstration has 
been given by Cauchy, (Jown dAnaXyu^ pp. 331 — 389., which appears 
to be satisfactory; but it is too difficult, and too little elementary, to be 
given here. If the equation arise from the expression of the conditions 
of a problem in the language of algebra, with a view to find an unknown 
quantity, the existence of that quantity, that is, of a root of the equation, 
is implied in the very nature of the inquiry ; and even should the ques- 
tion be impossible, in consequence of the incompatibility of some of the 
data, this impossibility would be pointed out by the circumstance, that 
the values which would be obtained for the unknown quantity, would be 
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property just established leads to the following proposition^ which 
is one of the most important in the theory of equations. The 
first member qf equation (a) is the product of n factors of the 
first degree, and of the forms x^a, ar— 6, , . . ,, a:— Af, a?—/; 
where a, b, c, . . , . , k, I are the roots of the equation^ To prove 
this^ suppose a to be a root of the equation^ 

/ar=0, or a:«+PiX»-i+ .... +P»=0, 

and let the first member of that equation be supposed to be 
divided by x—a. Then, by § 17I.1 there will be no remainder; 
and the quotient will evidently be of the form 



X 



n-l 



+p;ar»-2^ +p:-i; 



w) that, conversely, /r=(ar--a)(x""^+p(a:""2-j- +P«-i). 

Suppose, again, 6 to be a root of the equation. 



ar 



n-l 



+p;x»-H — +p:.i=o. 



Then, by § 17 1 •> the first member of this is divisible hy oe^b; 
and the quotient will be of the form, 

and consequently^ 

ar^-iH- .... +p:-i=(ar-6)(4;"-2+ +p':,^). 

By substituting this in the value just found for fa, we get 
/r = (:r-a)(x~6)(a?«-24. .... +p':,^). 

By proceeding in a similar manner with c, a root of the equation 

ar*»"2 4- -f-p|^^2=0, we should introduce a new factor, 

z— c: and as, by the division by each new factor, the index of 
the highest power of x in the quotient is less by unity than the 
corresponding index of the dividend, the successive divisions may 
be continued till, after n—- 2 such divisions, a quotient is obtained 
which is only of the second degree: and this (§ 161.) will be 
the product of two factors of the first degree, such as x^k and 
x^l. Hence, therefore, we shall have 

/r=(ar— a)(jr— 6) .... {x—k)(x^f) ; 

where the number of the factors is plainly n. Now this will 
become ; that is, the equation will be satisfied, if any of the 
factors, X — a, &c., be equal to nothing, and in no other case. 
The first of these factors will become nothing, when »=o, as the 

imaginary. These imaginary values, too, if substituted for the unknown 
quantity, would satisfy the equation ; and they are, therefore, to be re- 
garded as roots of it. For much on this subject, see Young's Theory of 
Equations, second edition, chap. iiL 
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factor will then become a— a or 0^ instead of x — a. The second^ 
in like manner^ will become nothings when 47=6; the thirds when 
d7=c ; and so on. Hence the roots of the equation are a, byC,,, ,, I; 
since, if any one of these be substituted for a, one of the factors 
of fof, and therefore fip itself^ will vanish. Thus, if x=^b, we 
should have (jb—a) (6 — 6) ... . (b—k) (6—/), which is equal to 
nothing, since the second factor b—b = 0. It is plain also, that 
the equation can have no other roots besides these ; as no value 
for X, except a,b,c,,,.,,l, could make any of the factors become 
nothing ; and a product can become nothing only when one or 
more of its factors vanish. An equation, therefore^ can have as 
many roots as there are unvts in the index of the highest power of 
the unknoum quantity, and no more, 

173. From § 172. we see, conversely, that if die roots of an 
equation be given, the equation will be found by attaching them 
severally, with their signs changed, to x, taking the continual pro- 
duct of the quantities thus obtained, and putting it = 0. Thus, 
if the roots he a, b, c, , , »,, the equation will be 

(jc—cl) {x—b) (a?— c) . . . =0 : 

and if, as a particular example, the roots be 2, — 3, and 4, the 
equation will be (^—2) {x + 3) (a?— 4)=0 ; or, by actual multi- 
plication, 4?3— 3x^ — 1 0.r+ 24=0; an equation which will be 
satisfied by taking J7=2, a?=— 3, or a?=4. 

174. It also follows from § 172., that if we know one root a 
of an equation, ya:=Oi and if we divide yar hy x — a, and put the 
quotient = 0, we shall have an equation of a lower degree, the 
roots of which will be the remaining roots of /r=0. Thus, if 
we know that one root of the equation, sfi-{-x^Sx—\9,:=^0, is 
—2, we get, by dividing the first member by a: + 2, and putting 
the quotient = 0, ar'^—a: — 6=0; the roots of which quadratic, 
S and —2, are the remaining roots of the proposed equation. 

It is plain also, that, by attaching to x each of two or more 
known roots, with their signs changed, by taking the product of 
the results, and by dividing /r by it, the quotient, when put = 0, 
will be an equation, the roots of which will be the remaining 
roots ofyar=0. 

175. When an equation, fx=^0, which has its coefficients 
real, has imaginary roots, they occur tn pairs of the form 
a-f a'\/— 1 and a—a'^—l ; the two differing only in the 
sign of the imaginary part. In proving this, we see, in the first 
place, that/r:=0 cannot have a single imaginary root: for, if it 
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could have a-^a\/ — \ as a root, without any other imaginary 
one^ then (§ l?^*) we should have 

and^ if the actual multiplication were performed, the product of 
the part, x--a h y (x— a)(x—b) .... would evidently be real, 

but that of —af^—\ by the same would have all its coefficients 
imaginary. The entire product, therefore, could not be /ar, 
which, by hypothesis, has only real coefficients. 

Let us now examine, whether there can be two imaginary roots, 
a + a'V— 1 and jS+^a/— 1; and if so, what must be thie 
relations of the quantities a, a, j3, and ^, If these roots be 
admissible, the product of the factors, 47— a— a'^ — 1 and 
a:— jS— /9'>v/— 1, must be real Now, that product is 

Of these four terms, the first and last are real : and therefore 
the entire product will be real, if the two remaining terms can 
be made to disappear. These terms may be written under the 

form, — ^(a' + i^)^/^ + (a)3'+a'iS)^/^l; and this ex- 
pression will vanish, if a'+i3'=0, and a/3'+a'j3=:0. The 
first of these conditions gives p^z=:^a i and by substituting this 
in the second, and resolving, we get fi^a» Hence /x=:0 may 

have two imaginary roots, the second becoming a—af^^l, and 

the first remaining a-\-a^^/—l, as it was assumed: and, by 
similar reasoning, it would appear, that, if there be other ima- 
ginary roots, there must be two, or some other even number of 
diem ; and that each pair must have the relation that has been 
established.* 

It may be remarked, that the product of the two factors 
x—a — af^/ — 1 and a: — a + a'V— 1> is (j? — a)2-fa'2. which, 
as it is the sum of two squares, must (§ 118.) be positive : but 
(§ 1 73.) it must be equal to nothing ; and hence the incon- 
gruity which gives origin to the imaginary roots. 

As an example, let it be required to find the equation whose 

roots are 3, 2 -^ 2 V— 1> and 2—2 V— 1- Here, the two imagi- 
nary factors are a:— 2— 2>v/— .1 and ar— 2 + 2V— I* the pro- 
duct of which is a?2— 4a7-j-8. Multiplying this by a?— S, and 
putting the product = 0, we get 479 — 7^+20^—24=0, the 
required equation. 

• Root? thus related are often called eonjvgaie roeti, 

I 
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Exercises. Find^ in terms of x, the equations whose roots are 
as follows. 

1. 3, —2. Aihs, d?2— -r— 6=0. 

2. 2+3a/— 1> 2--3a/— 1. Jn«. ar*— 407+13=0. 

3. 1, 2, 3. ^n*. a?3-.6arHlla:— 6=0. 

4. 2, —4, 5,j-6. _jAns. x* + 3x3— 36^2 _58ar+ 240=0. 

5. 1, —1, a/— 1, — a/— 1. .4n*. ar4— 1=0. 

6. 1, 1, 1, —1, —2. Ans. ar«— 4a:3 + 2«2+Sa?— 2=0. 

176. If) as in the annexed process^ we perform the actual 
multiplication of the factors^ x — a, x — h, x — Cy and x — d^ so as 
to get^ firsts (1.) the equation which has a and h as roots ; then 
(2.) the one which has for roots, a, b, c; and^ thirdly^ the one 
marked (3.) whose roots are a, b, c, and d, we shall he able to 
discover from the results some important relations^ which exist 
between the roots of equations and their coefficients. 



0? — a 
X — b 



r2-_ 



X — 



a 
b 
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x-\-ab=:0 
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By examining the three products, (1.), (2.), and (3.), we find 
that in each, the coefficient of the second term is the sum of 
all the roots, and the last term the product of them all, with 
their signs changed in both cases : and, by considering the mode 
in which each product is derived from the one before it, we 
shall find that this principle holds universally. Thus, for in- 
stance, the coefficient of the second term of (2.) is, by the nature 
of multiplication, composed of the coefficient of the corresponding 
term of (1.), t(^ther with the next root c, with its sign changed ; 
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and to this coefficient^ — d is added to get the oorreiponding 
coefficient in (3.). The last term also, in (l»), (%), and (3,), 
are respectively ^e products of —a and — 6; of — d, —b, and 
-^; and of ^a, —6, — c^ and —d: and these nlations must 
plainly hold^ whatever may be the number of the roots. 

It will be readily leen also^ that the coefficient of each of the 
third terms is the sum of all the products that can be obtained 
by combining the roots by pairs; the fourth, with its sign 
changed, the sum of all the products that can be formed by taking 
three of the roots as the factors of each ; and so on.* 

177. From the last § it follows, that, if the second term of 
an equation be wanting, its roots must be partly positive and 
partly negative, and must balance one another. Thui, the equa- 
tion ar^— 7ar-f 6=0, may be written a^'iO^?'— 7« + 6*=0. 
Then, the coefficient of the second term being nothing, the sum 
of the roots must be nothing. The roots, in fact, are 1, 2, and 
— 3 ; the algebraic sum of which is nodiing. It follows also 
from the same §, that if the last term be wanting, that is, be 
equal to nothing, one or more of the roots must be equal to 
nothing; as the product of the roots could not otherwise be 
nothing. Thus, one root of the equation, «^— 2a^— jmtsO, is 
; and this, being substituted for x, satisfies the equation, as it 
ought Then, dividing by op, which (§ 172.) must be a factor 
of the first member, we get o;^— 2av— p=0; the roots of which, 
a+ V(a^+p)y are the remaining roots of the proposed equation. 
In like manner, the roots of x^^aof^ are 0^ 0, and a. 

178. By examining the product found in § 176., we shall see, 
that, if we change the signs of the terms occupying the second, 
fourth, and other even places, we shall get an equation having its 
roots die same as those of the proposed equation with the op- 
posite signs : as the signs of those terms will be changed without 



* The oonclusioni arrived at above might be established in a stricter 
manner according to the method employed in $ 116. Thus, if the pro* 
perties be true in an equation of the nth degree, it might be shown by 
multiplying by a factor x— o, that they will hold also in an equation of 
the next higher order. Mow, since, as we have seen, they hold in an 
equation of the fourth degree, they must also hold in one of the fifth ; 
and therefore also in one of the sixth ; and so on. 

The student will find it easy to prove the following additional pro- 
perty ! if the coeffieient of the kut term bui oneJ>e divided by the Uut term, 
the quotient, tcith iti tign ehangod, is equal to the eum of the redproeaU ttf 
the roots. 

I2 
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changing the ahsolute magnitudes of the terms themselves^ if the 
signs of all the quantities^ a, b, , , , ., I, he changed ; while the 
o&er terms^ heing each the product of an even number of 
factors^ will not be affected by such a change. Thus^ in the 
equation ^y^-f-^o?— 14=0 the roots are 2 and —7; while those 
of iT^-— 507— 14=0 are —2 and 7: and in the equation 
a?3— 13a?— 12=0, or a^±0a^''l3af-'l2=0, the roots are 4, 
—3, and — 1 ; while those of d?3_i3^^i2=0 are —4, 3, 
and 1.* 



* The following rule, which was given by Descartes, and which 
is sometimes useful, is easily established : In any equation the number 
of positive roots cannot exceed the number of changes of the signs of its 
successive terms, and the number of its negative roots cannot exceed the 
number of permanences among the same signs. Thus, in the equation, 
ar* + 3x3 — 36x4— 68x + 240«0(Exer. 4. p. 170. )» the signs are + + — 
— + . In these there are two changes of signs, one between the second 
and third, and one between the fourth and fifth ; and therefore, according 
to the rule, there cannot be more than two positive roots. There are also 
two permanences of signs, one between the first and second, and one be- 
tween the third and fourth ; and therefore, if the rule be true, there can- 
not be more than two negative roots. These conclusions are correct, as 
the roots are 2, 5, —4, and —6. 

The rule is easily shown to be true by multiplying a polynomial con- 
taining the successive powers of x, with several variations of signs, first 
by X— a, a factor corresponding to a positive root, a ; and th6n by x + a, 
corresponding to a negative root, — a ; and it will be seen, that tlie for- 
mer process must always introduce at least one additional variation of the 
signs ; while the latter, introducing no additional variation, but producing 
one additional term, will add at least one to the number of permaDences. 
In doing this, it is sufiScient to employ merely 

the signs, as in the margin. In these pro- + — i- + + + — 

cesses, when the quantities to be added have + — 

opposite signs, the double sign ± is used as what +_ + + ^ ^_ 

is to be prefixed to their sum ; since, with- | + ^..4. 

out knowing whether the positive or negative .__..._^.^ 

term is the greater, we cannot know whether 

the corresponding term in the product is positive or negative. Now, it is 

easy to see, that, in the first process, the double 

or ambiguous sign must occur as often as there +«•-+■«- + — — + — 

are permanences in the multiplicand, and in ++ 

the other as often as there are variations ; so 4. ^ + + 4. ^.. 4. 1. 
that it will iq^pear on a little reflection, that in +^4.^.+... + . 
the first operation the number of permanences, +±± + + ±'~±±^ 
and in the second the number of variations, 

cannot be increased ; and as each product contains one term more than 
the multiplicand, it follows, that in the first the number of variations, 
and in the second tba number of permanences, must be increased by at 
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179. Equations may often be transformed into others^ which 
nay be more easily resolved^ or in other respects more easily 
managed, than the equations themselves. One of the most com- 
mon of these transformations is that which is technically called 
the taking away of the eec&nd term, that is^ the deriving of an 
equation wanting the second term from the given one. The 
method of effecting this will be understood from the annexed work^ 
where the first line contains as much of equation (a), § 170., as 
is necessary. 

J^-^Pi^'^ + Scc (a) 

a^j/'ty n.) 

4f»=ra/*»+nar''»->y+&c h,) 

a«-i=ar''»-i + &c (3.) 

^+/>i^'^ =^" + w«'"" V+ &c. +py""^ + &c. (4.) 

ny+Pi=0 (5.) 

^=-? (6) 

In equation (1.) o^is assumed = x^-^y, where y is the quantity 
to be determined. Equations (2.) and (3.) are obtained from (1.) 
by means of § II6. ; and in (3.) the first term alone is sufficient 
in the present case. Equation (4.) is derived from (a) by sub- 
stituting in it the values of 2" and x**^^, found in equations (2.) 
and (3.). Now^ in the second member of this^ it is plain^ that 
the second term^ that which contains x'^~^, will disappear^ if its 
multiplier^ ny-^-pi, be= 0; a condition which is expressed in 
equation (5.) : and we get (6.) from (5.) by resolving it for y. 
Hence^ therefore^ to obtain the required equation^ we have merely 
to attach to a new letter a/, an nth part of ^e coefficient Pi 
with its sign changed, and to substitute the result for x in die 
given equation.* 

least one ; and this being so for every root that is introduoed, the truth 
of the rule is ewdent from § 176. The subject will be illustrated by the 
exercises in p. 170. 

It would be easily shown, that the part of the rule which regards posi- 
tive roots will hold in incomplete equations ; while, with regard to nega- 
tive roots, the equations must be completed by inserting, wiSi ambiguous 
signs, and with zeros as coefiicients, the powers that are wanting. 

* By assuming as above, xax^ + y, an equation may be found wanting 
the third or any other term. As such transformations, however, are 
rather curious than useful, they are merely suggested for the consideration 
of the student ; and he will find that, to take away the third term, it 
vould be necessary to resolve an equation of the second degree ; to take 
£way the next, one of the third degree, and so on ; and that, to take away 

I 3 
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Afl an example^ let it be required to change the equation, 
a?*— 4a;3-|-Sj;*— 20=0, into another wanting the second term. 
Here^ by dividing 4^ the coefficient of the second term with its 
sign changed^ by 4^ the index of the highest power^ we get 1 ; 
and^ therefore^ in equation (1.), we assume jp=zx^-\-1. Then^ 
equations (2.), (3.), and (4.)^ are found from (1.) by taking the 
second^ thirds and fourth powers ; and (5«) is got from (3.) by 
multiplying by —4, and (6.) from (2.) by multiplying by 3. 
Now, the first members of (4.), (5.), (6.), and (7.), are the 
terms of the first member of the given equation : and^ therefore^ 
by adding together their second members^ and putting the sum 
equal to 0^ we get (8.)^ which is the required equation, as it 
does not contain x^K 

X =y +1 (1.) 

^2=^2 ^2^.' +1 (2.) 

^=y3_|.s;p'2 4. gy ^1 (3.^ 

;p*==^4 + 4«'* + 6a:'2 + 4a/ + 1 . . . U^) 

— 4ar3=s: -4^3- 12jr'2- ig^.' — 4 . . . (5.) 

8^2-. 8ip'2 ^ 6a/ + 3 ... (6.) 

—20 = —20 . . . (7.) 

x'4-S-p'a_2a/-20=0 (8.) 

Exercises, From the following equations derive others want- 
ing the second terms. 

7. :F2+2aa?— 6=0. Ans. x'^—a^—b=0. 

8. a?3 + 6a:24.12x-56=0 Ans. ar'3— 64=0. 

9. ^-2a?2-3=:0. Ans. x'^—^x'^S^^. 

10. ar4-8ar3 + 5=0. Ans. x'^— 24a?'*— 64a;'— 43. 

180. The most important transformation of equations is that 
which is technically called ike increasing or diminishing of the 
roots of an equation by a given quantity ; that is^ when there is 
an equation given^ the finding of another in terms of a new un- 
known quantity^ such that its roots may be greater or less^ by an 
assigned quantity^ than those of the given equation. The follow- 
ing examples will make the student acquainted with the method 
of efibcting this transformation. 

the last term, it would be necessary to resolve an equation of the nth 
degree ; in fact, virtually, to resolve the proposed equation. He will 
also find, if he choose to go through with the investigation, that the taking 
away of the second term will also destroy the third, if the coefficients of 
these terms be so related, that (» — l)pi''"2np,, An instance of this 
occurs in Exercise 8. 
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Exam. 1 . Let it be required to increase the roots of the equa- 
tion a^ — 4j;^— Sx-f 15=0 by 2 ; that is to transform this equa. 
tion into one in terms of x\ x' being = x + 2. 

To effect this, let the first member be dirided by «-f-2> which 
is done most easily by the method of 

<|etached coefficients, as in the mar- 1 — 4 — 8 15 1 — 2 
gin. We thus find the quotient to be —2 12—20 
x^ — ftr-l-lO, with —5 as remainder. — 6 10 — 5 
Then, by the nature of division, we 

shall have the first member, /jr=(a:»— 6a;+ 10)(ar+2)— 5. Di- 
viding again, as in the margin, o;^— 6^;+ 10 
by 47-1- 2, we get as quotient «— 8, with the 1 — 6 10 | — 2 
remainder 26 ; and therefore, by the nature — 2 l6 
of division, we have ar2—6j;+10=(a:— 8) ~Z~8 gg" 
(x + 2) + 26. By multiplying this by a? + 2, 
and substituting the product in the forgoing value of fx^ we get 
/Jr=(ar— 8)(x + 2)« + 26(x+2)— 5. Lastly, di- 
viding ^—8 by x+2, as in the margin^ we get 1 — 8 | — 2 
1, with —10 remaining ; and therefore, by mul- — 2 
tiplying by «+2, we get a?--8=a:4-2— 10. — lo 
Multiplying this by {x + 2)^, and substituting the 
product in the last value of ^, we obtain (x4-2)3— 10(x + 2)3 
-h26(a: + 2)— 5=0; or a:^— 10y2_|.26ar'— 5=0, by writing x' 
instead of x + 2. In this equation, the roots (the values of x') 
will evidently be each greater by 2 than those of the original 
equation (the values of x), since ar'^x + 2. In fact the roots of 
the given equation are S, ^+^a/21, and^— ^.v/21 ; while those 
of the other are 5, 2^+^>v/21, and 9\—\^9\, 

By uniting the foregoing processes 

by means of the detached coefficients, ^ 4 — 2 151 — 2 

the work will stand as in the margin. _ g 12 — 20 

In this form each line is one step __ r^ — r^r 

shorter than the preceding; and the ~ o 1/5 "" 

coefficients of the required equation are 

1, the first coefficient in the given one, "" ® ^" 
and — 10, 26, and —5, the last num- "" ^ 
bers in the several columns. We thus — 10 
flee, how, by means of the coefficients, 

the required equation is found by an easy, uniform, and continu- 
ous process. 

Exam* 2. Let it be required to find an equation, having its 
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roots each less by 3, than those of the equation^ ar* + 3ar^ — 6ar* 
-3ar + 6=:0. 

Here we are to divide the first member by ar — 3 ; the quotient 
by ar--3; the next quotient by a:— 3; and the quotient so ob- 
tainedj still by the same divisor. It 
will be seen from the annexed pro- 1 
cess by means of the coefficients^ that 
the first quotient is x^-{'6x^-{'12x 
4-33, with the remainder, 104; that 
the next quotient is x^-\-gx-\- 39, with 
the remainder, 150; that the next 
quotient and remainder are x-{-12 
and 75 ; and that the fourth and last ^^ '^^ 

quotient is 1, with the remainder 15. _? 

Hence, by proceeding as in the last 15 

example, we shall have the following 
transformations of the value of /r : 

fi:z=:x^-\-Sx^'-6x^''3x-\'5zzO 

= (a:3-f6a:2 + 12ar4.33)(:r-3) + 104 

= {(^H9^ + 39)(ar-3)-fl50}(a:-3) + 104 

= (ar24.9^4.39)(ar-3)2-f-150(3r-S)4-104 

= {(a:-hl2)(a:-3) + 75}(ar-3)2 4.150(a:-3) + 104 

= (3r4.12)(^— 3)3 + 75(a:— 3)2-f-150(3r-3)-f-104 

= (a:-3 + 15)(jr— 3)3 -1-75(0?— 3)2 -f-150(i:-3)-f- 104 

= (:c--3)4-|-15(3r--3)3-|-75(a:--S)2+150(^-3) + 104. 

By writing, therefore, x^ instead of ar— 3, we get 

/F=z'^-Hl5a:'3^-75x'2 + i503r' + 104 = 0; 

an equation in which the values of x^ will severally be less than 
those of X by 3, because x'=z x^3, A process of the same 
kind may evidently be employed with regard to any similar 
equation whatever ; and thus we have the means of solving this 
important problem, in every case that can present itself.* 

* The following investigation, though not quite so easily followed out, 
is more general than the method given in the text ; and it will therefore 
be preferred by the student, as soon as he shall be able readily to under- 
stand it. 

Let/|T=a:» + p,a:""*+ +1>««=0; and let it be required to find 

an equation having its roots severally less by r (greater if r be negative) 
than those of/,x. Divide f^x, and what is equivalent to it, by ar— r, and 
there will result 
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ExercUes, In £xer. 11.^ dimiiiish the roots by 2 ; in 12.^ by 
4; and in 13.^ by 5 ; and in the next increase the roots by 1. 

11. a:«— 4ar + 8=0. Ans. x'^^l^O. 

12. ar»— 13ar— 12=0. Jiw. a?^+12ar'» + 35^=0. 

fx R 
fH='/a* + r-T; and consequently, /,ar=/ja:(ar-r)+ Rj (1.); 

where /jO: b an expression of the (n — l)th degree in terms of x, such 
as x*^^^ + p',*"-* + , &c., and R. a remainder independent of*. In a si- 
milar manner, by successiye divisions by x— r, &c., we should get 

/r»^-/a'(*-'-) + R, (2.); 

/•^^/i'C^-O+R, (3); 



where /^, f^x^ , and f^Xf are expressions of the (n— 2)th, 

(n— 3)th, and 1st orders; while the expressions, Rj, R,, , 

and Il«., are mere numbers. Now, since the coeflBcient of x" in/jX is 
unity, it follows from the nature of division, that the coeflBcients of the 

highest powers of « in the expressions, /^x, /^, and f^, are each 

unity. Hence, /kX must be of the form x + A ; and therefore we have 

•^-' = 14.^"^'' nr -^"^ - 14. ^- 

^ i + , or ^ 1 H , 

X— r X— r x—r x— r 

by putting A + rssR,; whence /,x=:x — r+ R^ (n.) 

By substituting this value of/,x in equation (n — 1), we obtain 

/•-i«=(*-r)«+ R,(x-r)+ R,.,. 

By substituting this, in like manner, in equation (n — 2), we should get 

/«-rr =(x-.r)3 + R^(x-r)« + Il^,(x -r) + R,., : 

and, by similar substitutions, we should at length obtain 

/,x=(x-r)»+R,(x-r)''-i + R^_j(x-r)— «+ +R1-O (a.) 

Hence, by putting x— rax', we find for the required equation, 
x^+R«x'»-i+R».,x"»-«+ +Rax'+Ri=0 (6.) 

To obtain j^,/^, &c., by a simpler and easier mode of division than 
thiat which is commonly employed, let us assume 

/3X-x«-i+p'iX«-»+p'^-3+ .... +p',.i: 

Then, from (1.) we have x»»+|>|X«-' +/>jX»»-«+ -^p, 

=i(x«-i+|)'x«-«+jp'^n-3+ +p'.-i)(«-r)+R,; 

or by actual multiplication, 

X«+|>,X«-l+jPjX"-«+ +P«-i*+l»ii = 

Now, by the nature of division, these two expressions are identical ; and, 
therefore, we must have />'i — r as^,, or, by transposition, p\ «/), + r. In 

i5 
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IS. ar< — 125a; + 4=0. -4«. y* + 20a:'»+150x'2-f S75ar'-|-4=0. 
14. ^'-fS^— 3=0. ^iw. ya— 3ar'-l=0. 

181. If in equation (a), § 170, we take x=.x'q'^, so that 
x'=qz, we shall get ^"^""'•+ • • • • +P«=0 ; whence, by mul- 
tiplying by ^, we have 

a/"+gpij/-i-i-^2p^"»-2+rt'3^'"-*+ .... +irp-=o. 

We have thus the means of deriving, from a given equation, 
another having its roots in any ratio (that of ^ to 1) to Uiose of 
the given equation. Thus, in the equation x^ — 3^ -f 2^ + ^ = 0, 
by taking x=z^j/ we have ^=10, and we get a:'^— SOa:'^ 
+ 200^+50003=0; an equation which has each of its roots 
ten times the corresponding root of the given equation. 

] 82. The formula in tifie last § is useful in enabling us to 
derive from an equation having its first coefficient = 1, and 
having one or more of its other coefficients fractional, an equa- 
tion having also its first coefficient = 1, and its others integers. 
Thus, suppose the equation /r^ — 147^— |fl7+l=0, were given, 
we find (^Arithmetic, p. 84.) the least common multiple of 
6 and 4 to be 12 ; and, by taking q equal to this, we get 

like manner, we must have />',— »y'|«/>2; vrhence p'^=p^ + rp\. In a 
sixmlar way we should get 

l>'s=/>3 + »y'9» .|>«-i«P«-.| +»y'—a» and Ri-^pni-rj/^^, 

Hence we have the following form <^ the division by 4:— r : 

1 Pi P% /»8 -P*-! /»•! »• 

P\ P't P'j • • . • P'n^l ^V 

Now this process is nothing else than the operation by means of the 
detached coefficients, as explained in $ 50. ; for the first line consists of 
^*Pi*P» • * • ** ^^® coefficients in/^x : also 1, the first coefficient is mul- 
tiplied by r, and the product is placed under p^ ; and we have seen that 
p\ u the sum of these two. We then multiply />',, so found, by r, and 
place the product under p^ ; and we have seen that p^^ is the sum of 
these; and thus we proceed throughout the operation, exactly according 
to the method of dividing by means of the detached coefficients. 

In this way, 1. P\^Pv » the coefficients off^, are determined ; 

and, by looking back to equation (2.), we shall see that, by operating in 
a similar manner on all the coefficients thus found, except R,, we should 
get the coefficients of/jx, and the second remainder R, ; and, by a con- 
tinuation of the process, all the other remainders, R3, R., R«, 

would be found ; and these being the coefficients of equation (&.), that 
equation becomes known. 

It will be readily seen, that the solution of the problem in $ 179. is 
easily derived firom tiie present solution. 



lilMITS OF THB ROOTS OF EQUATIONS. 179 

4/3— 10a?'2-108ar'4- 1728=0. In this particular question, 
since the square of 6 is divisible by 4, the denominator of the 
third term^ we might have taken 9=6 ; and we should thus 
have got d/^— fiar'^ — 27a:'+2l6=0; an equation which would 
be preferable to the former as being expressed in smaller numbers. 
It would be easy to find the means of keeping q as small as 
possible ; but the matter is of little importance. 

] 83. A subject of much importance regarding equations is ti)e 
limits of their roots. Any two numbers^ one of which is greater, 
and the other less, than a root of an equation, are said to be 
limits of that root ; tiie greater a superior limit, and the less an 
inferior one. Thus, since ^19 lies between 4 and 5, if a root 
of an equation were 1 + ^19^ 10 and would be limits of 
that root, as would also 7 and 4, and narrower limits still would 
be 6 and 5. It will thus be seen, that a root may have innu- 
merable limits ; and it is plain that the less tiiose limits differ, 
the more definitely is the position of die root fixed. Many of 
the rules therefore that have been given on this subject are of little 
or no importance, giving limits that are too wide. The following 
are some of the most valuable in a practical point of view. 

184. If two numbers x^ and x^\ of which a?' is the greater, when 
substituted for x in fx, give results with contrary signs, tiiere 
must lie between x' and x^^ an odd number of roots of /t=0: 
but if the results have the same signs, there must lie between 
x' and xf' either no root, or an even number of roots. To prove 
this, let us put fx under tiie form (x— a)(a? — 6) .... (a? — /), 
where the roots of y2p=0 are taken in tiie order of their mag- 
nitudes, a being the greatest, and / the least Now, if sc^ 
be greater than a, fx will necessarily be positive, each of its 
factors x'-^ a, a/-^h, &c, being positive. Then, tiiat the sub- 
stitution of af' for X may give a negative result for fx, an odd 
number of tiie factors, a:"— a, 0/'— h, &c., must (§ SQJ) be 
negative; that is, there must be only one, x^'—a^ negative; or 
tiiree, as x'^— a, ^ — 6, and 4/'— c, &c. If only a?— a be nega* 
tive, x^' must lie between a and h ; and, therefore, between it and 
y tiiere will lie one root a. If, again, three factors and no 
more be negative, a/' must be less than a, than 5, and than c ; 
and, therefore, between it and a/ the three roots, a, b, and c, will 
lie : and so we might reason, if there were five factors, or any 
other odd number of factors, negative. To produce, however, a 
positive result by the substitution of a/' for x^ either none of tiie 
factors must be negative, or there must be an even number of 
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them negative. If none of them be negative^ a/' as well as j/ 
must be greater than a ; and^ therefore, no root lies between ae^ 
and y. If two factors be n^;atiye, x'* must be less than a, and 
less than hy but greater than c, d, &c. ; and, therefore, between it 
and of there will be the two roots, a and h : and similar reasoning 
is applicable when there are four, or any other even number o£ 
factors, n^ative. 

Should af be less than some of the roots, a, 6, &c, suppose 
than each of the first m of them, we may divide 

(*— a)(a:— 6) .... (a?— Z)=0 

by the product of m factors, 47— a, x—hy &c., with the sign -f- 
or — prefixed, as the case may require, so as to make die quo- 
tient positive : and then all the foregoing reasoning will be appli- 
cable in reference to the quotient* 

185. In the subjoined process, it is shown that the quantity 
marked (1.) is less than unity; m and m' being whole positive 
numbers, and ao not less than unity : and this is a proposition 
which is of use regarding the limits of roots, and on some other 
occasions. In this, lines (2.), (3.), and (4.) are each equi- 
valent to (1.), being derived from it by successive transforma- 
tions. Line (2.) is obtained by dividing by the last term of (1.), 
and multiplying the result by that term : and (3.) is equivalent 
to (2.) according to § 137- Lastly, (4.) is derived from (3.) 
by dividing the numerator and denominator by 47—- 1, and then 
by resolving the denominator ar*""*^' into the factors, ar*"~* and 
;2:m'+i . j^qJ^ since each of the two fractional factors of the ex- 
pression (4.) is less than unity, that expression must itself be 
less than unity ; and hence the proposition is true. 

* To illustrate these principles by an example let us take the equation 
orS - 9x3 + 14x + 24 sO. Then, by substituting in this, first 0, and then 10 
for x^ we get successively for the first member 24 and 264 ; and these 
having the same sign, and the equation being of the third degree, and 
having therefore only three roots, there must be either no root or two 
roots between and 10. Again, by taking x«5, the first member be- 
comes ~ 6. Now, as this differs in sign from each of the two foregoing 
results, there must be a root between and 5, and another between 5 
and 10. Then, by trying the intermediate numbers, 3 and 7, we get 12 
and 24 ; and, as these have the same sign, there must be two roots be- 
tween them. By trying, therefore, 4 and 6, we find that they are roots, 
as each of them makes the first member become nothing. The remain- 
ing root may be found (J 176.) by taking 10, the sum of those already 
determined, from 9, the coefficient of the second term with its sign 
changed; that root, therefore, is —1. 
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(x-1)- Or-l)« (^-1)« Ax^l)^ ... 



'km 



%s4^ • (*"^+^'-*+^'-2+ . . . +« + l) (2.) 

(^-1)^ ^"''•^^-1 ,3 X 

^-1 • a/n^+i (*•; 

186. The foregoing proposition enables us to find values of x^ 
which will render the first term of the expression marked (1.) at 
the end of this §, greater than the sum of all the others, m and 
n being positive whole numbers, and n the greater. To effect 
this, let P denote the greatest in absolute value of the coefiicients 
Pmf Pm+i> ^c. Then, if we assume the expression (2.), the part 
of it after af^ is evidently greater than the corresponding part 
of (1.); and, therefore, if we can render a?" greater than what 
follows it in (2.), a?" will exceed' what follows it in(l.), and 
in a still greater degree. Now, (2.) is transformed into (3.) by 
dividing by ^", and indicating the multiplication of the result 
by a?" ; and (4.) is obtained from (3.) by writing (j?— 1)»»» instead 
of P. What follows 1, in the vinculum in (4.), is the quantity 
which in § 185. was proved to be less than 1 : and, therefore, this 
quantity multiplied by of* must be less than 1 multiplied by the 
same, diat is, than a^ itself. Hence, to render the first term in 
(1.) greater than all the rest, we have, as in (5.), (^— 1)»=P; 
and consequently, to find x we must take the mth root ofV, and 
increase it by unity. It is plain, however, that x may have any 
value we please, greater than the one thus assigned, as the pro- 
position in § 185. merely requires that x shall not be less than 1. 

^+Pm^'*""*+P«+i^""'""^+ +P«-i*+P, (1.) 

j?»-|-P(a7'»-'»-f.^-»»-i + +07+1) (2.) 

/ P P P P\ 

'(.+<-^+<-^+ • • • • ■^«9^%^:?)CM 

(^-1)«»=P; and a;=P«+l (5.) 

187. When an equation, /ar=0, has one or more negative terms, 
and when the index of d? in the first negative term differs from 
its highest index by m, a superior limit for the positive roots will 
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be found by adding I to the mth root of the negative coefficient^ 
taken positive^ which is greatest in absolute magnitude. This 
follows from the last § ; since the number so found, or any one 
greater, will make the first term alone, exdusive of any positive 
terms that may be between it and the first negative term, exceed 
in amount that negative term and all the terms that may follow 
it, and will therefore always render /r positive, so that.(§ 184.) 
there can be no root greater than the limit so found. Thus, in the 
equation, fl;^ — 7^— 9=0, the greatest negative coefficient is —9; 
and the difference between 1, the index in ^x, the first negative 
term, and 3, the highest index, is 2. We take therefore the 
second root of 9 ; and, adding 1 to it, we get 4, which exceeds 
the greatest root of the equation.* In like manner, in the equa^ 
tion J?*— 347^— 4a: — 3=0, a superior limit of its roots will be 
1 + ^/4, or 3; and in the equation a?*— 38a:* +210*^ + 5380? 
+ 289=0, no root can exceed 39> 

188. The inferior limit of the negative roots of an equation 
will be obtained by changing the signs of the terms occupying 
the even places, and finding the superior limit in the result by 
the last §. This, with its sign changed, will be greater in absolute 
magnitude than any of the negative roots ; as is evident from 
§ 178. Thus, if the equation, a:*— a?^— 14a:+20=0, be proposed, 
we get, by changing the alternate signs, a:*+a:2--l4a7— 20=0: 
and (§ 187.) the superior limit of the roots of this is 1 i- //20, 
or nearly 5\ or 6. Hence, the proposed equation can have no 
negative root that does not lie between and ~6, or even be- 
tween and — 5-J. 

189* Since (§ 176.) the last or absolute term of an equation 
is the product of all its roots with their signs changed, it follows, 
that if any of the roots be a whole number, it will be one of the 
factors of that term : and hence, in such cases, the roots may 
often be easily found by trial. Thus, in the equation, 

^ + 4a:2+^— 6=0, 

the integral factors of the last term are 1, —1, 2, —2, 3, —3, 
6, and —6 : and, by taking a? = 1, /p becomes 1 + 4+1 —6 ; 
which, being = 0, 1 is a root of the equation. If, again, we 
take J? = — 1, we get — 1 +4— 1 —6, or, by contraction, —4 ; 
and therefore — 1 is not a root, as it does not make /p = 0. 



* It will be found in fiust, that the only real root of the equation is 
S*14099S3. In the next example also, the greatest root is 1*3660254 ; 
and in the third it is 30*535654. 
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Trying 2 in like manner^ we find /pss20, and therefore 2 is not 
a root : but trying —2, we get --8-fl6— 2— 6, or 0; so that 
—2 is a root. In a similar way we should find the remaining 
root to be —3. 

190. Since (§ 171.) if a be a root 
oi fjs—Oy fx is divisible by x—a, the 
trials for finding the roots in the last 
§^ and in all similar cases^ are most 
easily effected by performing the di- 
vision in the manner pointed out in 
§ 50. Thus, the work for 1, 2, and 
—2, will stand as in the margin : and 
as the first and third give no re- 
mainders^ 1 and —2 are roots; but^ as 
in the secotid there is the remainder 20^ 2—3 
2 is not a root 

191 • When the roots of numerical equations are incommen- 
surable^ their values, though they cannot be exactly assigned 
in numbers, may be approximated to any degree of accuracy 
we please. Of all the methods that have b^n proposed for 
effecting this approximation, that which was given by the late 
Mr. Homer of Bath*^ is much the best, combining a degree 
of facility and elegance belonging to no other method that has 
yet been given, or that is likely to be discovered. This method, 
in its main feature consists in diminishing a root of the proposed 
equation by its first figure, according to § 180. : then in diminish- 
ing the corresponding root of the resulting equation, by its first 
figure, which is the second figure of the required root : again, in 
diminishing the root of the equation last obtained by its first figure, 
which is the third figure of the required root : and so on, till as 
many figures are obtained as may be considered necessary. The 
process also admits of certain abbreviations, which may be re- 
garded as a subordinate, but a very important, part of the 
method. The mode of proceeding and its nature will be under- 
stood from the following examples and illustrations. 

Exam, 1 . Required the roots of the equation, 

fl;3_4a.2_4ar -f 20=0. 

Here (§§ 187* and 188.) the roots must lie between 4 and —4. 
Now when j; = 0, a? = 4, and ^ = ^4, we get 20, 4, and —9^, 

* Mr. Horner first published his method in the Phihsophieal Tram* 
aetiom for 1819. 
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as' the respective values of fie * Hence (§ 184. and note to 
§ 178.)^ since there is but one permanence^ there will be one 
root^ and only one^ between and ^ 4 ; while between and 4^ 
there may be two roots^ or none. For determining whether there 
are two or none in the latter interval, let us take a: = 3 : then 
fipz='^l: and, the sign of this differing from the results found 
by taking ^ = 0^ and je=i 4, there must (§ 184.) be one root be- 
tween and 3, and another between 3 and 4. Hence the first 
figure of the latter must be 3. Again^ by taking a? = 2^ we get 
fipz=z4; and as this difiers in sign from ~1, the value of fiiP, 
when ^ = 3, there must be a root between 2 and 3 : the first 
figure^ therefore of this root must be 2. To Qnd the position of 
the negative root, let 07 = — 2 ; then /r = 4 ; and as or = — 4 gave 
fie=:-~4, there must be a root between —2 and —4. Taking 
jp =, —3, therefore, we find fipz=.—3; so that there must be a 
root between —2 and —3, and, accordingly, the first figure of 
that root must be — 2. 

The three following processes exhibit the computations of the 
roots. In the first of these, we proceed exactly in the mode pointed 
out in § 180., Exam. 2. : and, by taking the numbers marked with 
1 subscribed, without the ciphers, we find that the equation y3;^=0, 
which has its roots less by 2 than those of the given equation, 
is ^'3^2y2_ 8^^4=0. Then, to prevent trouble in the 
management of decimal fractions, we annex one cipher to the 
coefficient of o;^^, two to that of a\ and three to the remaining 
one. We thus get (§ 181.) the coefficients of an equation 
having its roots ten times as great as those of /v' =iO : and there- 
fore the first figure obtained from this new equation must be 
taken as expressing not units but tenths. In finding this figure, 
which will be the first figure of the root of j/^-|-2a7'^— 80?' + 
4=0, we are assisted by transposing 4, and dividing by 

3/2 -I- 2^7' -8, as we thus get ^^= ^^_^'^_g , or y= ^, 

nearly, since, j/ being small, 0/^+^3/ in the denominator, may 

• When X T^O, fx is evidently reduced to its —4 — 4 20 | 4 
last term. When x is 4, —4, or any other num- 4 ~ 16 
ber different from zero, the value o£ fx is most ZTi 4 
easily found by the method of detached coefficients, 

as in the margin. See $ 190. In a similar man- .4 .4 20 | —4 

ner, we should find the values of fx, when xeS, .4 32 — 112 

*-2, *«-2,&c. 'Ts'is^r^ 
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be rejected in roughly estimating the value of the fraction to 
which 3B^ is equal. In this way we see that af ought to he nearly 
equal to 0'-5 : on trials however^ we find that 6 is the figure 
"which must be taken.* Then^ by a process of the same kind as 
that in § 1 80.^ Exam. 2., we get the numbers marked with 2 
subscribed, which give the equation y^^ggy^^ 453^/^135 
=0; the roots of which are less by 6 than those of d^^^ + SO^^ 
— 800^^ + 4000= 0. For the same reason as before^ we add one 
cipher to 38, two to ^452, and three to 136: and then, by 
dividing 136000 by —45200 with its sign changed, we get 3 as 
the next figure, with which we proceed as we did regarding the 
last figure ; and we get, as the coefficients of the terms after the 
first in the next equation, S89, -42893, and 3847. To the 
first of these we might annex one cipher, to the second two, and 
to the third three ; and, by proceeding as before, we might find 
the next figure, and the coefficients of the equation which would 
give the figure after it : and, by continuing to work in a similar 
way, we might evolve figure after figure, till we should attain 
any degree of accuracy that might be required. It is plain, 
however, that, in this way, the coefficients would rapidly increase 
in magnitude, and that the operation would thus become very 
laborious : and therefore we ought to consider, whether "we cannot 
fall on some expedient for abridging the labour. We are enabled 
to efiect this object in the most advantageous manner possible, on 
the same principle that is employed in contracting the division of 
decimal fractions in common arithmetic. 1^ employing this 
principle in the present example, instead of annexing ciphers, we 
point ofi* one figure in the last column but one, and two in the 
column preceding it Then, as 4289 is not contained in 3847, 
a cipher is annexed to the root ; and one figure more is pointed 
off* in the last column but one, and two in the preceding one, which 
is thus exhausted, even with a cipher prefixed. After this, the 
work proceeds exactly according to the contracted method of the 
division of decimal fractions.f (See Arithmetic, p. 111.) 

• This is illustrated in the subjoined operations. When we take 5, 
6, and 7, we find the corresponding values of the function to be 625, 136, 
and --277 ; and therefore ($184.) the required value must lie between 6 
and 7, on account of the change in the signs of the results. 



20 —800 4000 I 5 
5 125 -837 5 

25 -675 625 



20 -800 4000 I 6 
6 156 -3864 

26 -644 136 



20 -800 4000 I 7 

7 189 -4277 
27 -611 -277 



I To see clearly the nature of the contracted process, the student 
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In the following process for finding the second root^ after the 
numbers marked with 4 subscribed have been founds the contrac- 
tion is commenced by cutting ofi^ one figure in the last column but 
one, and two in the column before it. When figures are thus cut off, 
we merely consider what we ought to carry from them^ if they 
were retained^ but in every other respect we neglect them. After 
we have cut off figures twice in this way in the present example, 
the first column is exhausted ; and^ therefore^ the rest of the work 
is completed according to the contracted process for the division 
of decimals. 



shotdd work this example, and perhaps one or two others, at fUll length, 
so as to find four en: five places of decimals ; and then, by drawing a ver- 
tical line in each column (see Arithmetic, p. 111.), he will separate the 
part retained from that which is rejected in the contracted process. It 
may be remarked, that, in addition to the valuable method of contraction 
that has been pointed out, various other abbreviations will, on many occiu 
sions, readily suggest themselves to the student. Few of these, however, 
will be found to be of importance ; as, in most instances, they do little 
more than shorten the process to the eye, vrithout really abridgiijg the 
labour. 
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The operation in the next page for finding the negative root is 
in every respect similar to the others.* 



* The sum of the three roots found in the text is exactly 4 ; and as this 
is the same as the coefficient of the second term of the given equation with 
its sign changed, which (§ 176.) it ought to be, we have strong reason to 
presume that the roots are correct, as far as they are carried, unless per- 
haps in their last figures, in which there might be small errors balancing 
each other. For the benefit of the student, the three roots have been 
computed independently of one another. When any one of them, how- 
ever, was found, it might have been attached to x with its sign changed , 
then by dividing /r by the expression thus found, and putting the quo- 
tient equal to 0, a quadratic equation would be obtained, the roots of 
which (§ 174.) would be the remaining roots dfx^O, The division in 
reference to the root first found, is annexed by the method of detached 
coefficients. 

-4 -4 20 1 2-630897 

2-680897 -3-601969 -19*999997 



- 1-369103 



-7-601969 



OOOOOOS 



Were the root quite accurate, there would be no remainder; and though 
there is the remainder, 0000003, the minuteness of this shows that 
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Exam. 2. Resolve the equation 4?* + ^^ — 8^— 15 = 0. 

The coefficients of this incomplete equation are 1^ 0, 1^ —8^ 
and —15. Now, if we take — before 0, we shall have three 
changes of signs ; and, by Descartes's rule, we might have three 
positive roots. This cannot be so, however, since if we take -f , 
as we are equally entitled to do, we have only one change of signs, 
and therefore there cannot be more than one positive root. In like 



2*630897 is extremely nearly true. We have, therefore, the quadratic 
equation, a?«-l -3691030: -7 -601 969=0; by the resolution of which 
we should get exactly the same values as those found above for the second 
and third roots. 

According to § 178., if a positive root of the equation, «s + 4x2— 4x 
— 20»0, be found, and if its sign be changed, the result will be a 
negative root of the proposed equation. Hence, by taking, as headings, 
4, —4, and —20, we should find 2*156325 as a root; the negative of 
which is the only negative root of the proposed equation. Some will, 
perhaps, prefer this method of finding negative roots to the direct one 
employed above. In general, however, no advantage is gained in using 
one of the methods in preference to the other. 
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manner^ by taking -f before 0, we have three permanences^ but 
by taking — we have only one ; and therefore there cannot be 
more than one negative root The equation therefore cannot have 
more than two real roots, one positive and the other negative ; and 
these it is found to have, and (§§ 187. and 188.) they lie between 
4 and —5. Then, by taking x successively equal to 4, 0, and — S, 
we get 225, —15, and 99; and by farther trials we find that 
the values of a? lie between 2 and S, and between —1 and —2. 
The computations of the two roots are exhibited in the subjoined 
processes. 
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In the foregoing operation, the full number of ciphers is added 
twice over, and we are thus enabled to get nine places of deci- 
mals, which may all be depended on except the last, or at most 
the last two ; a degree of accuracy which is seldom necessary. 

In the process in the next page, had the contraction been com- 
menced with the coefficients marked with 3 subscribed, since the 
last but one of them, —19388, admits of having four figures 
cut off without being annihilated, we could get, in addition to the 
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decimal figure 3 already founds four others^ the last of which, 
however, could not be depended on. Should this number of places 
be considered too small, and should we wish to get not four others, 
but two, we may proceed as in the operation, annexing two ci- 
phers in the last column, one in the preceding column, and none 
in the one before that ; and, lastly, pointing ofi^ one figure in 
the first columin. Then, as the number in the third column is not 
contained in the one in the fourth, we put a cipher in the root ; 
and, after that, cutting ofi^ ciphers, we proceed as in the former 
operations. The root so found is true in all its figures except 
the last, which, as in the other root, ought to be 6. 
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By attaching the roots that have been found to of with their 
signs changed, and taking the product of the two expressions^ we 
get x^sf—S; and if the first member of the given equation be 
divided by this, and the quotient be put equal to 0, there is obtained 
^^-fd?-h5=0; an equation, the roots of which (§ 174.) are the 
remaining roots of the given equation. Resolving this therefore, 
we find the two imaginary roots to be ^— 1+//— 19), and 
^— 1 — ./— 1 9). It thus appears, that the first member of the 
proposed equation is the product of the quadratic factors, a*^— ^— 3 
and «^-}-d7-i-5. 
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Eaam. 3. Required the fifth root of 12S4>56789. 

The efibcting of what is here required is nothing else than the 
resolution of the equation or'^s: 123456789, or a;^— 123456789=0. 
Now, in binomial equations, such as the present, we can find 
the positions of the roots more simply than in other cases. 
Thus, (§ 980 40* being = 4« x 10«, or 4« x 100000, and 50» 
:=5^X 100000, it is plain, that the fifth power of any number 
between 40 and 50, being greater than one of these and less 
than the other, will ]ie between 4^ and 5^ with five ciphers an- 
nexed to each. Hence therefore, in the operation, five figures 
are cut ofi^ towards the right hand ; and then 1234, the number 
remaining to the left, being between 1024, the fifth power of 4 ; 
and 3125, the fifth power of 5, the root must lie between 40 and 
50.* We take 4 therefore, as its first figure ; and placing as 
headings to the first four columns, four zeros, the coefficients of 
a*, sfiy d?^, and oBy we proceed exactly as in the other examples. 
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* This might be easily generalised, and it would appear, that in ex- 
tracting the «th root of a number, if we cut off, as often as possible, periodi, 
as they have been called, of n figures each, the first figure of the root will 
be that whose nth power is either equal to the left-hand period, complete 
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Exercises, Required the roots of the following equations. 

1. ar3^-7ar— 3=0. Ans, ar=-418128. 

2. ar3— 2:r2-fSar— 4=0. Am. x = l '650629, 

3. ar3 ^ 2ar2 -f 3ar + 4 =0. ^^. ar= — 1 -650629. 

4. ar*— 2ar3-f 3ar— 20=0. 

Ans. 2*648688^ and —1*876837. The rest are imaginary. 

5. fl?*— 2ar3— 3ar2_4ar + 5=0. 

Ans. ar=8-182478, and ar= 0-728727. 

6. ar6—7ar4-fl5«3—58ar2+44ar— 300=0. ^w. a: =6* 11 9538. 

7. ar^^ar— 1 = 0. ^/w. ar=0-6l8034, and ar=— 1-618034. 

8. x^+x^-^x-l=0. Ans. x=0'54f36S9. 
g. x^-\-x^+x^-^x—l=0. 

Ans. x=0'5 1 8790, and ar - — 1 -290649. 

10. r^-^x*+x^-{-x^ + x-l =0. Ans. 0-508660. 

11. ar+'^^C^— 5)— 10=0.* ^n*. 8-4840198. 

192. If an equation, fie=0, have m roots^ each equal to a, 
fx (§ 172.) will have (a?— a)"* as a factor. Conversely, if /a? 
contain the factor (a?— a)*", fx=0 has w roots each equal to a ; 
for (§ 171.) taking a as a root, if we were to divide by x-~a, the 
result would contain the factor (^x—a)^~^ ; and that result being 
put equal to nothing, a would also be a root of the equation so 
obtained ; and therefore we might again divide by x—a, and so 
on. It dius appears that if fa;=0 have m roots each equal to a, 
and if ya? be divided by a?— o, the quotient and fie will have the 
common factor (a?— a)*""^ : and consequently, if we can, directly 
or indirectly, perform the division, and then find the greatest 
common divisor of the quotient and fie, that divisor will be 
(a?— 0)*""^ As the root is not known, however, we cannot per- 
form the division directly : let us therefore endeavour to find the quo- 
tient in some other way. To enable us to efiect this, let us write 

or incomplete* or i9 less than it, but which approaches it most nearly. 
Thus, if the cube root of 31460259 were required, we should divide it 
into periods, as follows ; Sl'460'959 : and the first figure of the root would 
be 3, the root of 27, the greatest cube contained in the first period, SI. 
The work would then proceed in the usual manner : and thus the ex- 
traction may be effected in all similar cases. 

* This may be solved by freeing it (§ 1 10.) of radicals, and then pro-, 
ceeding in the usual way ; or, perhaps preferably, by putting y(x - 5) ay, 
so that the given equation may become yS + $r— 5i-0. Then, the value 
of y being obtained from this latter equation, that of x will be found by 
cubing it, and adding 5 to the result. 
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under the form, 

Now (§ 58.) the quantity in each yinculum is divisihle hy a-^a: 
and, since a is a root of fa=0, the seccmd line (§ 171.) must he 
^ual to nothings since it is what fx heconies^ when x is taken 
equal to a. If we divide^ therefore^ the first line hy w—a, the 
result will he the quotient that would he ohtained hy dividing fx 
hy the same. Hence^ if we divide the quantity in each vinculum 
hy x—a, according to § 58., and multiply the second quotient 
hy Pi, the third hy p^ the fourth hy p^ &c.^ we shall find the. 
entire quotient to he 






-^Pia . . . -i-Pia' 

+Pa . . . +Paa' 



i«-2 
11— 3 



193. The quotient ohtained in the last § is true universally, 
whatever may he the nature of the roots; as in finding it no 
supposition Has heen made regarding a, except that it is a root of 
the equation. If, however, fx=iO, have two or more roots, each 
equal to a, that quotient will hecome nothing, if ir he changed 
into a. Let that change he made, and the first line of the quo- 
tient will hecome a""^ + o^'^ -f +tf*~^ or imi""*, the 

numher of terms heing plainly n. In like manner, the second 
hne would hecome (n—l)pia'^^, the third (»— 2)p2«"~'> and 
so on : and the entire quotient hecomes simply 

Now, this is the same that would he ohtained hy changing x 
into a in n4?""^+(»--'l)^'*"*+ . • • • +Pii-i=0: and, as the 
change of x into a satisfies this equation hy making the first 
memher equal to nothings a must he a root of it ; and therefore 
its first member, which may he denoted hy f^x, is divisible, in 
common with /r, hy ar— a. 

194. By comparing f^x with zr, we shall find that the latter 
may be derived from the former by the following extremely simple 
and easy rule : Multiply each term of fx by the index in the 
same term, and diminish that index by unity.* 

* It will be se^i, that in this process the last term ^ disappeais. Even 

ir 
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195. We have it now in our power to discover whether any 
equation /:r=0 has equal roots^ and if so, to determine them^ as 
we have merely to find fx hy the rule given in the last § ; and 
then^ by § 81. or § 82. to find the greatest common divisor of 
fx and fx : if this be unity^ there are no equal roots ; but if it 
be (:r— a)*", there are m+ 1 of them, each equal to a. It is plain^ 
also, from exactly similar considerations, that in general, if the 
common divisor should be found to be (ar— a)*(ar— 6)* . . . • , 
there would be m + 1 roots each equal to a^ Af + 1 each equal to 6, 
and so on. 

Exam. 1 . Find whether the equation ofi — 7a?' -fl 6a:— 12=0 
has equal roots; and if so, determine thenu Here, by § 19^.^ 
we find fx to be Sar*— 14ar-f I6 ; and, by § 81. or § 82., the 
greatest common measure of this and of x^— 7ar'-l-l6a; — 12 is 
found to be 2r— 2. Hence the equation has two roots, each equal 
to 2. Then, by dividing the first member of the given equation 
by (ar— 2)2=ar'— 4a:+4, we get a:— S; and therefore the remain- 
ing root is 3. 

Exam, 2. Find whether the equation, 

ar4-4ar3-2ar2+12ar + 9=0, 

has equal roots ; and, if so, determine them. Here, we have 
/'ar=4a:* — 12x2— 4x f 12 ; and, by dividing this by 4 for the 
sake of a simplification, and by finding the greatest common 
divisor of the quotient and /ar, we get ar^— 2a:— S ; which (§ I6I.) 
is the same as (ar— 3)(a;-f 1). Hence the proposed equation has 
two roots each equal to S, and two others each equal to — 1 ; and 
being of the fourth order, it has no others. 

Exercises, Find the roots of the following equations, which 
have equal roots. 

1. a:3 + 3:2— a:— 1=0. Ans. —1, —1, I. 

2. ar3— 9a:2-f 27ar— 27=0. jins, 3, S, S. 

3. x<— 2ar3-Sar2 + 4ar-f 4=0. Ans. 2, 2, —I, —1. 

4. x«— 15x3-10a:a-|-60a?-f 72=0. Ans. 3, 3, —2, —2, —2. 

5. x«-6;F*-|-Sar3+46xa-108a?4-72=0. Ans. 2, 2, 2, 3, -S. 

with regard to it, however, the rule will be seen to bold, if it be put un- 
der the form p.x°, as the multiplication by the index will destroy the 
term. The function fx is called by the French mathematicians the 
derived function (fincUon dtrivief or simply dirivie) ; and it is the same 
as what is generaiiy called the differentiai coefficient by the writers on the 
differential calculus. Sometimes also it is called the UmiHnff equation. 
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196. From what has been established regarding equations 
haying equal roots^ it appears that their roots may all be obtained 
by the resolution of equations of lower degrees than their own ; 
and the same is the case regarding what are called reciprocal 
equations. We may now^ therefore, enter on a short consideration 
of equations of this kind. A reciprocal equation is one of such 
a kind that if a be one of its roots, the reciprocal of a will be 
another. For discovering the nature and form of such equations^ 
it is necessary to consider one of an odd and one of an even 
d^ee. Let us therefore consider^ first, 

/ar=ar5 J^-p^x^ ^p^x^ -f P3^HP4^ -f ^6=0, 
an equation of the fifth degree. Now, by the definition given 
above, this must hold equally, if :r be changed into its reciprocal 
ar"*, so that x''^-{-p^x^^'i-p^x'^'\-p^x'^-\-p^x''^-\-p^z=.0. Mul- 
tiply the original equation by p^ ; multiply also the last result 
by x^, reversing the order of the terms : then 

P5^ +P5Pi^* +P6P2^ -f PsPs^^ -rPiPA^ +Ps^=0, and 
P5^ +Pa^ +P9^ +P2^^ +Piar -f 1 = 0. 
Now, these will be identical, if the coefficients of the like powers 
of :r be equal. Hence we have p^^=l, and therefore />5=r-|-i. 
Taking j!?5=l, we get P4=Pi, and p^^=P2' but if we take 
Pg^ — 1, we find p^=-^p^ and J33=— J»2» Hence fx takes 
either of the forms, 

^*+Pi^*4-J'2^+P2^^+P 1^+1=0 . . . (1.) 

and x^-\-PyX^+p^^^p^^—P^x—1=::0 . . . (2.) 

It thus appears that, throughout, the coefficients of terms 
equally remote from the extreme ones, are either equal and have 
like signs, or are equal but have contrary signs; and this is 
always the case when the equation is of an odd degree, as would 
be shown by operating, as above, on the general equation. 

Again, if we take 

fx=x^ +PlX^ +jP2^^+i'3*^ +P4^^ +P6* +P6 = 0^ 

and proceed in a similar manner, it will appear that fx may be 
of either of the two forms, 

a^ -^PiX^ -\- P2X^ -^-Pz^^-^ P2^^+PiX -\- 1=0 (3.) and 

x^-\-PiX^+p^^P2x^^p^x — l=:0 (4.) 

Hence, the coefficients of any two terms equally distant from the 
extreme ones are equal ; and they have either both the same sign,, 

K 2 • 
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as in (d.); or opposite signs as in (4.) ; also^ when the signs are 
opposite, as in (4.)« the middle term is wanting. This would be 
shown to hold regarding all reciprocal equations of an even de- 
gree^ by employing the general equation, 

*^*"+Pi***"^+ ..... 4P8 . 
197* £very reciprocal equation of an odd degree has one of its 
roots equal to 1, when its first and last terms have contrary signs ; 
and equal to — 1 when they have the same sign. Thus, equation 
(2.) by connecting the first and last terms, the second and last 
hut one, &c, may be put under the form, 

(*«— l)+Pi«(ar»~l)+|>j«2(«— 1)=0; 

which (§ 58.) is divisible by x — 1 ; and therefore 1 is a root: 
and in a similar manner it would be shown, that equation (I.) ^^ 
divisible by «-f 1, and therefore » 1 is a root. Hence, by divicting 
a reciprocal equation of an odd degree by x-|- 1 or or ir— 1, as 
the case may require, and by putting the quotient equal to 0, we 
shall have an equation, the roots of which will be the remaining 
roots of the reciprocal one. The equation thus obtained will also 
be a reciprocal one ; as is plain, from considering the quotients 
found by dividing x^^^ -f 1 by a? -f 1, and a:*""**^ — 1 by a? — 1 ; in 
which it appears from § 60., that each of the terms will have 1 
or — 1 as coefficient ; and that, when the first and last have the 
same sign, so will also those that are equally distant from them ; 
but that if the first and last have contrary signs, the signs of those 
equally distant from them will also be unlike. It only remains 
therefore, that we find the method of resolving reciprocal equa- 
tions of an even order ; and the following examples will show 
how that is effected. 

Exam. 1. Let it be required to resolve the reciprocal equa- 
tion, ^-^^-^^ (jr* + l)-S(*34.«)-2*«=0 (L> 

S*+1=0, which IS (jp2-^.;p-«)_s(x^.^-i)_2=0 . . . (2.) 

of the same form as jp-|-«-i=« , /g \ 

equation (3.). «»H-2+«"*=y* ....'!.! (4.) 

In the annexed work, jpa^^-^szyS— 2 (5,) 

equation (1.) is oh- yS_2— Sy~2s="oV.*. .V. , . . ". '. '. (6.) 

tained by connecting yS— Sy--4 .'.*..'.* (7 ) 

the first and last terms y « 4^ ^^| y L' i!{ \ \ \ \ \ \ \ \ [ ' [ >g\ 

of the given equation, x=i{y+ V(y*-4)} (g.) 

and also those next ^=2 j-^^g /Jo( 

them; and (2.) is de- ^_ 1.1 , — 5, ;_ , ; 

rived from this by »=-*±4^-S (U.) 
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^Tiding by xK In {S.\ x f ar^ is assumed equal toy ; and from 
it (4.) and (5.) are derived by squaring and transposing. Equa- 
tion (6.) is obtained by substituting in (2.) y^— 2 and y for their 
equals in (5.) and (S.) ; (?•) is derived from this by transposi- 
tion ; and (8.) is found by resolving the quadratic equation in 
(?.)• We get (9.) from (3.) by multiplying by x, by transposi. 
tion, and by resolying the quadratic so obtained. In the last 
plaoe^ (10.) and (11.) are obtained from (9.) by substituting for 
y the values found in (8.). 

Exam. 2. Resolve the equation, jc^—3a^4- 3a?— 1=0^ which 
is of the same form as (4.). 

Here^ (1.) is obtained by 

connecting the first and last (x*— 1)— S«(4P*— 1) = ... (I.) 

terms, and also the others: (d?2 + l— 3xXa:^— 1)=0 . . . (2.) 

and (2.) is the same as this, x*— 1 =t=0 (3.) 

resolved into factors. In ar^ + l— 3«=0 (4.) 

(3.) and (4.) these factors ar= + 1 (5.) 

are put separately equal to a: =^(3+ //5) (6.) 

nothing, as each of these 

assumptions satisfies (2.). Then (5.) and (6.) are found by re- 
solving (3.) and (4.). 

Exam, 3. Resolve the equation 8x^ — 1 6ar* — 25a:' — 1 6x^ + 8 
=0, which is of the third form, the coefficients of x^ and x being 
each nothing. 

Here, equation 
(1.x is obtained 8(a:« + l)-l6(x* + flr2)-25ar3=0.. . . (1.) 
by connecting the 8(x3-f a:-3)— l6(a:4-ar-i)— 25=0- . . (2.) 

terms, as in the for- jr^ + ar-'+ar-f a:-i=y3— 2y (3.) 

mer examples, and x'+a:"'=y'— 3y (4.) 

(2.) is found from 8(y3— 3y)— l6y— 25=0 (5.) 

it by dividing by 8y3-40y— 25=0 (6.) 

x^. Equation (3.) y = -J/ , (7. 

is got by multiply- y^a^goy'— 25 = (8. 

ing the members /=5, and y^=K— 5+ ^/5) (9. 

of equation (5.) in y=f, and y=J(— 5+ ^5) (10.) 

Ex. 1. by ar + x-i a:=2, and x:=.^ (11.) 

andy respectively: a:=^{-5±V5±V(— 34 + 10V5)}(12.) 
and from (3.) we 

get (4.) by using y instead of x^x"^, and transposing it. By 
substituting the value just found in (2.), and also y in the same 

K 3 
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for x-{-x''^, we get (5.), the modification of which gives (6.). To 
transform (6.) into an equation having the coefficient of its first 
term 1^ we change (§ 182.) y into ^y^, as in (7.)> and thus (6.) 
becomes (8.). Now, the divisors of the last term of this being 
1, —1, 5, —5, 25, and —25, we readily find (§ I89.) that one 
value of y' is 5. Then, dividing the first member of (8.) by 
y^—5, putting the quotient equal to nothing, and resolving the 
equation so obtained, we get the values of ^ in (9-)^ ^^^9 ^^^ 
cording to the assumption in (70 we find the values of j^ as in 
(10.)* Equation (11*) contains the values of x found by taking 
^=f in equation (9.)f Exam. 1. ; and those in (12.) by taking y 
in the same equal to ^(—5+ V5)» 

19s. From pursuing the mode of investigation employed in 
Exam. 2., it will appear that every equation of the form of equa- 
tion (4.) in § 196. has one root equal to 1, and another to — 1 ; 
and that, by division byar^ — l, an equation two degrees lower 
win be obtained, the roots of which will be the remaining roots 
of the original equation ; and as this will be a reciprocal equation, 
its roots will be found by means of an equation of half its dimen. 
sions. Hence, an equation of the nth degree of the form (4.)^ 
requires only the resolution of an equation of the order 's{n— 2). 
It is plain, also, that an equation of the form (1.) or (2.) in 
§ 196. requires only the resolution of an equation of the order 
|{n — 1 ) ; while one of the form (3.) is resolved by means of an 
equation of the order ^n. 

199- Binomial equations, that is, equations of the form 
:r'*+j9,=0, are a remarkable class of reciprocal equations, which 
may now be briefly considered. If we put the nth root of p. 
equal to p\ so that p^^sp'^, we shall have ay^+p^^ssO. Then, 
changing x into p'z, we get p'^af^+p'^ssO ; whence ar'^+lssO. 
Hence, therefore, if we can find the values of at in this equation^ 
we shall obtain those of x, since xz=.p'z. 

200. Let us first consider the case in which «^— 1 =0, n being 
an odd number. Hence, js?"=1, and therefore, one value of jv is 1. 
since the nth power of 1 is 1. It is plain also, that there can b( 
no other real root, since the nth power of no other real numbei 
whatever, such as 2, —2, ^, &c., can be 1 : and consequently, 
the equation must have n— 1 imaginary roots. To find these, 
divide (§ 58.) «*— 1 by «— 1 : then, by putting the quotient 
equal to nothing, we get 
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a reciprocal equation of the third form^ the resolution of which 
will give the values of x, 

201. If the equation he af*'\- 1=0, n heing stiU odd, we shall 
have merely to change the sign of « in the last §, as we shall 
thus get — «~— 1 =0, or jv" -h 1 =0. Hence, if we find, as in the 
lastf, the roots of ^—1=0, these (§ 178.) with their signs 
changed will he the roots of ;»"+ 1 =0. 

Eaam, 4. Required the three cuhe roots of 1. This problem 
is the same as to resoWe the equation i»^=l, or «~— 1 =0 ; and, 
n heing 3, and one value of z hemg 1, the depressed equa- 
tion in § 173. becomes sr^+izr 4-1=0; the roots of which are 

^— l + V^^) and ^— 1-V^^. These, therefore, and 
1 are the three required roots. It follows, also, from the last §, 

that the three cube roots of —1 are —1, i(l--V— 3), and 

i(l + ^/^. 

The cube roots of any other number +o, or a x + 1, wiU be 
found (§ 98*) hy multiplying the arithmetical cube root of a, 
into the three cube roots of 1 or — 1, as the case may be. Thus, the 

cube roots of 125 are 5, f(— 1 + V^^), and f (— 1 — V— 3) ; 

and the cube roots of —27 are —3, f(l — V— 3), and 

f(lH-^^. 

202. If the equation be sf*— 1 =0, and n even, we shall have 
the square root of ;»" equal to 1 or —1. Thus, if «*— 1=0, we 
get ;7^=1, and s^z^ ~ 1 ; and therefore the six roots of afi:=z\ 
are the same as the roots of iK^=l and 2^=— 1, taken together. 

203. If the equation be iv"+ 1 =0, with n even, the roots will 
be obtained by resolving it directly as a reciprocal equation ; and 
it is plain that all the roots wiU be imaginary, as — 1 has no 
real even root. If, for instance, we have «*-f-l = 0, we get 
jBr2^af-2=0; which, by taking «-f-flri=v, becomes t>2-.2=0; 
whence ©= + ^2. Hence, « + «"! = + ^/2 ; whence, by re- 
solving the equation, we get «=i(i ./24: // — 2) ; an expres- 
sion which contains the four fourth roots of — 1 .* 

EaercUes. Find the roots of the following equations. 

1. Sa^ + 2ai^'-34tx^-\'2a+S=zO. 

Ans. a^S^^, and w=:—2 + ^/3, 

* Those who wish for further information regarding binomial equations, 
may have recourse to Gauss's Diaquisitiones Arithmetieaf Legendre, 
Throne des Nombres ; and Lagrange, RiacluHan des Equations Num4- 
riques* The trigonometrical resolution of such equations will be found in 
the Author's Treatise on the Differential andlntegral CaJculuSf Section XV. 

& 4 



200 INDETERMINATE OOBFFIOIENTS. 

2. 2076— ar<— 4«»-4d?3-a: + 2ss:0. 

Ans, x= — l, ar=2*i, and x=|(— 1 + v' — ^). 

3. l6^-64a:»-ar4+a:*+64a:-l6=0. 

Ans. x=±l, :r=4*i, and a?=K-l±^~63). 

4. 8a:84-l6a?«-125aHJ4.125^'-l6a:2-8=0. 

^n*. ar=:±l, and a:=i{5>yi± >v/C25(>^l)2- l6]}.» 

5. Find all the fifth rqpts of 1024. ^ 

^fw. 4, and -l±>v/{5+ a/(± 2^^5-10)}. 

6. Resolve the equation a*-\-l=0. -4n«. (^+^2+-/— 2). 



SECTION XI. 

■ 

INDETERMINATE COEFFICIENTS AND BINOMIAL THEOREM* 

204. The method of indeterminate coefficients is of much use 
in various investigations. The general principle of this method 
consists in the assuming of unknown coefficients for the required 
quantity : then^ hy findings according to the nature of the in- 
vefstigation^ two series or expressions of the same form^ which 
are to he identical, we render them so hy taking their correspond- 
ing terms, or the coefficients of those terms, equal ; and we thus 
ohtain a series of equations, which give the values of the assumed 
coefficients. As a simple example, let it he required to divide a 
hy 1 +2a?+:r3, according to this method, taking, for simplicity, 
1 as the leading term of the divisor. By carrying out the 
division in the ordinary way, so as to get two or ^ree terms of 
the quotient, and considering the relations of those terms, we 
should see ihat the first term would not contain x, while the 
other term would contain its successive powers, with coefficients 
independent of that quantity. Let us assume, therefore, 

1 ^2°+^a =Ao+Aiar4-Aa«2-|-A34^-|. . . -hA.af + &c. . . (1.); 
where Aq, Aj, • . . ., A« are the coefficients which are to be de- 

* The six roots comprehended in this expression will be found by em- 
ploying all the cube roots of 1 found in Exam. 4. p. 199. Two of the 

roots so found will be 2 ^ 1. The rest are imaginary. 



;|.(2.)* 
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tenninecL Now^ if the two members be multiplied by the same 
quantity the products must be equaL Let them be multipfied 
by 1 + So; +^^ so as to obtain quantities free of fraction^, and we 
shall get 

a=:Ao4- Aj*+ Aa'af^H- Aja:»+..+ A, «"4-&c. 
4-2Ao +2Ai +2A2 4-..+2A^i +&c 
+ Ao 4- Ai 4- •. -}- A,.j| +&C 
Now^ whatever may be the value of z, the members of this equa- 
tion will be rendered the same^ if Ao=a^ and if the coefficients 
of the several powers of :r be taken equal to O.t Since therefore 
Ao=a^ by taking the next coefficient we get Aj -h2AQ=0^ or 
Ai4-2a=0; whence Ais=— 2a. In like manner we have 
Aj-f 2Ai-|-Ao=0, or Aq— 4a-t-a=0; and therefore A^=.3a: 
and from the next coefficient we should find A3= — 4a^ and thus 
we might proceed^ as far as we please. From the general term 
we get Am=?^2A,.|— A^2 : and hence it appears^ that each 
coefficient after the first is found from the two immediately pre« 
ceding it, by adding the first of them to twice the second^ and 
changing the sign of the sum. By introducing the values thus 
found in (1.)^ we get for the required quotient^ a— 2ad;+3ax^ 
— ^ax^-^&c, ; the same that would be found by division. 

As another example, let it be required to find the square root 
of a^+;r by the method of indetermiuate coefficients. 

Here we assume ^/(a'^^f^x)^:=AQ'\'Ala'\^A^'\'A^x^-^&c,: 
and by squaring both members^ so as to get quantities of the 
same form, we obtain 



a» 4. ar= Aq^ + 2AoAiar -f SAqAj 

+ A,« 



-f2AiA2 



x^-\-&e. 



Hence, by putting the corresponding coefficients equal, we get 

* To show the identity of form, the first member of this may be 
written a + Ox + (kfi + Stc. 

f It is besides only in this way, that the members can be made univer- 
sally equal. For if a be transposed to the second member, we shall have 
an equation of the form, Aq + A',x+ A*^+ &c. sO: and, by the na- 
ture of equations, if Aq, A\, &c.*, do not each become O, but have finite 
values, the equation will be satisfied only when x is taken equal to a root 
of the equation, and not when it is of any value whatever. 

It IS plain from what we have thus seen, that if there be two series, 
Aq + A,j? + &c., and Bq+ B,a? + &c., which are equal for all values of :r, 
we must have Aq^iBo, A^ssBp &c. For, by putting the two series 
equal, and by transposition, we get A^ — B^ + ( A , — B. )« + &c —0 ; which 
cannot be true universally* unless Aqs Bq, A| « Bj, &o. 

K 5 
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Ao2=aa, 2AoAi = l, 2AoA2+Ai2=0, 2AoA3 4-2AiA2=0, &c. 
The first of these gives Ao=a ; and by substitating this in the 

second^ transposing^ and dividing by 2a, we find Ai= — . By 

substitating. these values in like manner in the thirds we readily 

find Aa = — r-7-3; while the next would give, in a similar way, 

1 13 

Ao = ^ ^ . K =^ / /? n ' and thus we might proceed without 
' 2.2.4a'' 2.4.6a5 ^ '^ 

limit Substituting these values, therefore, in the assumed equa- 
tion, we get 

I X I x^ \.S x^ o 

The negative value of Vi^^-^x) would be found by changing 
the sign of a in every term, or, which is the same, by changing 
the signs of all the terms of the series. 

Exercises, Develope the following quantities by means of in- 
determinate coefficients. 

1. 5. Ans, 1-l-a:— x3— aT^-f ar^-f-a:^— a:^— &c. : or, 

1— x-far* 

(l-fa?)(l— a:3+a;6_^^ &c.) 

2. z i« -4n*. 1— ;p-fa7*— 47^-1-4?®— a^^-f &c.: or, 

l+x-t-flT^-t-ar^ 

(1 — 0?) (l+a?* + arS + ayia 4. &c.) 

ON . , x^ a^ l.Sa^ 1.3.5a:8 „ 

3. V(l+^»). Ans. ! + _-_+ ^^-^^^^+&c. 

205. The object of the binomial theorem is to determine any 
power of a binomial. To facilitate the process for establishing 
this important theorem, we 

may examine the form of 1 ^PiX-\-q^x'^'\'rY3^-\- &c. 
certain expressions that 1 -fPaar-t-^jar^-f rgar^-f &c. 
will occur in its investiga- 
tion. In the first place, 
then, by taking the product 
of the two polynomials in 
the margin, which contain 

the successive integral 1 + (pj H-Pa)^ + Bjar^ + Bjar^ ^ ^^ 
powers of x, we find that 



1+/>1 


*+^i 


:tHri 


a^'\- &c. 


+P2 


+ P1P2 


+P2^1 


+ &c. 


+^2 


■fPi^2 


+ &C. 


H-'-a 


-f &C. 
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the product is of the form 1 + {p i -^^ p 2)^ + ^2^^-^ ^2^ i- &c., 
the coefficient of x being the sum of its coefficients in the pro- 
posed factors ; and the other coefficients^ which for brevity are de- 
noted by B2, Bjp &c., being quantities independent of x. Were 
we to multiply this product by another similar polynomial 
l4P3' + 93^^+ &c., we should find, in like manner^ that the 
form of the product would be 

l + (Pi+P2 + P8>+C3«HC8ar3+ &c., 

the coefficient of x being Pi+P24-/'3> ^^^ the other coefficients 
C2J C3, &c.^ being independent of x: and by multiplying by other 
like polynomials^ we should find from the mode in which die suc- 
cessiye products are generated^ that the first term must always be 
1 ; that the second must be x with a coefficient which is equal to 
the sum of the coefficients of « in the various factors ; and that 
the remaining terms would be x^, x^, &c^ with coefficients in- 
dependent of X ; so that the product would be of the form^ 

1 + (Pi+P2+P8+ • • • • +P«)^ + A3a:2 + A3a:8-f &c. 
A^*, A3, &c., depending only on the coefficients pi, q^, 

206. If the polynomial factors have all the same coefficients, 
Pi9 9p ^^*f '^^ ^^ their number be n, we shall evidently have 

(1 4-Pi^ + 9i«^4- &c.)»=l -f npia:4-A2a:a+A3a:3+ &c. : 

and hence it appears, that, n being a whole positive number, the 
first term of ^e nth power of the polynomial, l^-pjor-f ^^ar^^ 
&c., is 1, and the second npiX ; and that the remaining terms 
consist of the several succeeding powers of x, with coefficients 
which depend only on Pi, Qi, Sec, and on n the index of the 
power, 

207. Hence, we infer conversely, that the nth root of a poly- 
nomial of the form, l-hPiX'\-PQ^^-^Pz^'\-&c, is of the forrn^ 

1+— ar-f-A2a:*H-A3ar2 4-&c. ; since, by the last §, the nth 
n 

power of this quantity will have its first and second terms the 

same as those of l-\'PiX + p2X^-^ &c., and will have its other 

terms of the form p^x^, Pz^> Sec, In the iiih root, also, of the 

polynomial, of l+/)ia:-f-/)2a:^4-&c., x cannot occur with either 

a fractional or a negative index ; as it would be seen by multipli- 

* In what follows, A,, B,, &c., are taken in the sense here explained, 
that Is, as merely denoting quantities independent of x, without regard to 
what, in each particular instance, the values of those quantities may be. 

k6 
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cation^ that any power of a quantity such as 1 -|-piar-f px7-f- &c., 
would necessarily contain terms having fractional indices; and 
that, in like manner, a power of l+Pia?+|?ar~2-f- &c., would 
have terms with negative indices. 

208. If in § 206., in which it will be recollected n is a whole 
positive number, pj be taken equal to 1, and q^, r^, &c., eacli 
equal to 0, we rfiall have (l+:c)'»=:l+naf+A2a:*-f A3a:*4-&c., 
where A 2, A3, &c., are stUl independent of z, whatever change 
their values may have imdergone. , 

If n be a positive fraction, having p for numerator and q for 
denominator, (1 +«)" will then be the ^ root of (1 +«)''. But, 
by what we have just seen, ( 1 + «)''= l-f/jar-f-AjX^-f Ajar^-f 

&c, and by the last §, we shall have (1 4-a;)?=:l -|-£a:-|- Ajar^-f 

A3ar'+ &c. ; so that here also the coefficient of the second 
term is the index of the power, and the coefficients of the succeed- 
ing terms are independent of x. 
Lastly, if n be negative, we have 

(1 +a:)-^= (i4.jp)n=i^^a.^Aja:2-f-A3a:»+ &c. 

or, by actual division (l+ar)-"=l— na:+A2a:*+A3aH*+ &c. 
Hence, we see, that whether the index n is whole or fractional, 
positive or negative, the first term of the developement of (1 4-x)** 
is 1, and the second nx ; and that the remaining^ terms are x^, x^, 
&c., with coefficients, A^ A3, &c., which are independent of x. 

X 

209. If we change a? into , the developement which we have 

found will become 

/ af\* X x^ x^ ^ 

or, (§ 98.) hy multiplying by a», 

(a + J7)"=a« -f wrf*"^a? + Aja"" V -f A ja"-»^ -f &c. 

210. All that now remains to be done for establishing the 
binomial theorem, is to determine the coefficients A^, A3, &c., 
in the developement found above. To effect this, let a be changed 
in that developement into 1, and x into y-\-z or af'\-y; and, 
again, in the same, let a be changed into l+y, and w into x : 
then, since the coefficients are independent of x, they will un- 
dergo no change, and we shall have the two following expres- 
sions: 
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l+»(«+y)+A2(j!f+y)a+A3(«+y)H&c (1.), 

and (1 +y+«)" = (1 +y)'» + n(l +y)»-i« + AgCl -|-y)»-2«2 

• +A3(1 +y)«-3i88 + &c (2.) 

Now^ the second members of these equations are identical, as 
they are merely different forms of the same expansion; and 
therefore (§ 204.) the coefficients of like combinations of y and ai 
contained in them will be equaL The first and second terms 
of the binomials contained in these members can be found by 
means of § 208. and § 209. Thus, "^ (lO ^^^ ^^^ and se- 
cond terms of («+y)2, («+y)^ . . . ., («+y)"^ are z^-^2zy, 
z^'{-3ai^yy . . ., «"+naf^^y; while, in the second, the like terms 
of (1+1/h (l+y)'»-^ &c., are 1+wy, l+(n-l)y, &c. It 
is only, however, the second terms, those containing y, which 
it is necessary to consider for our present purpose ; and taking 
only those terms, we readily get from (1.) the first, and from 
(2.) the second, of the following lines : 

ny, 2Aa«y, SA^z^y, ^A^^Jy, &c. 

ny, n(n— l)ijfy, AaCw— 2)«2y, A^(n'-3)i^y, 8cc. 

Hence (§ 204.) we have 

n=n, 2A2=n(n— 1), 3A3=A2(n — 2), 4A4=A3(n— 3), &c. 

The second of these gives Ag = - ; and substituting 

x.ss 

this value of A2 in the third, and dividing by 3, we get 

A,= -^^ — r— ^ L In a similar manner, we should find 

* 1.2.3 

n (n--l)(n~2)(w- 3) , 
*~ 1 .2.3.4 > ^^ ^ ^^• 

Substituting, therefore, these values of A^, A3, &c, in the de- 
velopement in § 209*, we get 

(a+«y=a- +««-->:.+ !?(^> *.-««* ^ «(n-l)(»-2) ^,..,^ 

1*2 1.2.3 

+ &C. 

which is the required formula for the developement of any power 
of a binomial.* 

* It is easy to see that the general term, T, is 

^ (»-l)(n-2) .... {»-(r-2)} ^.) Mid also that T,- 

1.2.3. ... (r—1) 
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211. By dividing each of the terms of the foregoing devetepe- 
ment after the first by the term immediately preceding it, we get 

XXX 

n-, ^{n—\)-y K»— 2)-, &c. ; and therefore, conversely, if the 

first term be multiplied by the first of these quotients, the pro- 
duct will be the second ; if the second be multiplied by the next 



T^,*^ — — - : whence it follows that the rth term will be derived firom 

'~' r — 1 a 

the one immediately preceding it by multiplying by . 

It is farther evident, that when n is a whole positive number, the de- 
▼elopement, as we should expect from multiplication, will always termi- 
nate, having a finite number of terms ; as in some one of the coeflScients, 
the factor n—n will arise, and thus the term in which that &ctor occurs 
will vanish, as will also all that follow it, and the number of terms will 
be n+ !• In every other case, the developement will be an infinite series; 
as when n is either firactional or negative, none of the &ctors n, n— 1, 
n — 2, &c., can become nothing. Thus, (a + x)? will have eight terms and 

no more ; but the developements of (a + x)*, and (a + xy~^ will each con- 
sist of an infinite number of terms. 

It is easy to show also, that when n is a whole number, the coefficients 
of terms in the developement of (a + x)* equally distant from the first and 
last are equal ; and therefore, when the coefficients have been computed 
up to the middle of the developement, the remaining ones will be had by 
taking these in a reversed order ; and it is plain, that when n is even, 
there will be a middle term different from all the others. 

If a and x be taken each si, we shall have (1 + !)*» or 2*sl +n 

+ -^^~ +-- — T-~ + &c. In this the second member is the 

sum of the coefficients of the binomial ; and therefore, to find their sum, 
we have amply to raise 2 to the nth power. Thus, in Exam. 1. the sum 
of the coefficients 1,6, 15, &c., is 2^ or 64; and the same would beob- 
tained by their actual addition. In like manner, in the expansion of 

(a + x)% the sum of the coefficients will be 2* or 2 >%/2, the sum of the 
positive coefficients exceeding that of the negative by that amount. 

I^ again, a be taken a 1, andxs* — 1, we shall have ()*«■ 1 — n + ^^^ ^ 

li2 

" — Too "*" ^^' » '^^ siace the second member consists of the 

coefficients of (a— x)*, it follows that the sum of these is (T, an expression 
which is nothing, when n is positive, and infinite when it is negative. If 
iiaO, the value of 0' is indeterminate, unless we know that both the bino- 
mial and the index vanish simultaneously by giving a certain value to a 
quantity common to both. Thus, if in the expression (1 — x)**--"*, we take 
xs 1, we get O*', which can be shown to be i- 1. 



BINOMIAL TBEOREM. SO? 

quotient^ the product will be the third term^ and so od. Hence^ 
if the terms be called Tj, T^, T^ &c. the formula may be written 
thus: 

(«+x)-=o»+»T,f +^T,^+!^T,f +&C : 

a form which is conyenient in practice. 
212. If a = 1, the two forms become 

(l4-ar)«=14-iM:4--^Y2 * "*"'^ — Y2S ^-^^^'i '^^ 

(H.a:)»=H-nTiX+K»-l)T2J:+K»-2)Tjaf-i-&c. 

Exam, 1. Required the sixth power of a+or. 

Here we have »=6^ and consequently the first term is o^. 
The quantities, n, K^— 1), &c, are 6, f, J, |, i, ^, 0, &c. 
Then, according to § 211., by multiplying the first term by the 
first of these, and by multiplying the product by x and dividing 
by a, we find the second term to be 6a^x. From this, again, by 
multiplying by f and x, and by dividing by a, we get 15a!^x\ 
which is the ^ird term. The other terms are obtained similarly ; 
and we find 

(a 4. ar)« =0^ 4- &*« -f- 1 5a*«H SOa'ar* 4- 1 5a V + 6aa;» + 4;«. 

Exam, 2. Required the cube root of the fourth power of a+ ^r. 

This is the same as to find, in a series, the power of a-{-x, 
whose index is ^. Now, in cases like the present, in which the 
indices are fractional, the multipliers, j^n— 1), ^n— 2), &c., 

will take a more convenient form, if we change n into - , as they 

will then become respectively ^^r"^, . , , , &c. In 

2q 3q 4^ 

the present instance, in which /) = 4, and 9 = 3, we readily find 

those multipliers to be ^, — f, — ]^, "" A» ^^' * where the law 

of continuation is manifest, the numerators and denominators 

after the second quantity being increased in absolute magnitude 

from term to term by 3, Then, by employing the formula in 

§ 211., we get 

r ^ \i 4 . * i . ^-.l a^^ 4.1.2 ar3 , 4.1.2.5 x^ ^ 
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the quantities having negative indices being carried tQ the 
nominators. 

Exam, 3. Required the developement of 

The work in this example will perhaps be most easily eflPecte^l 

by expanding (a+ar)"' ; and then, in the result, changing a into 
o*, and X into — «*, and, finally, by multiplying by a^. Now, 
since n= — f , we shall find, by taking, as in the last example^ 
p=— 3, and ^=4, that the multipliers, -K**"*^)* K**"" 2)> ^^* 
are — |, — ^, —If, — ^, &c.: and hence, by § 211^ we shall 

have (o+*H=a-^-|^^*+|^«-^^^- JJ^«-''^+&c. We 

have next to change a into a^, and a; into — x^. Now, we saw 
in § 95., that («'")»= a:*"; and hence the first term of the fore- 
going developement will become {p^Y^y or a'^. In like manner, 

a"' in the next term will be changed into (a*)"S or a~^ ; and 
the other powers of a will be modified in a similar manner. 
Again, by changing x into —x^y in the second term, we shall 
render that term positive ; while the like change in the next term 
will simply make x^ become x^. By the same substitution in the 
next term, we shall change the sign, and instead of a^y we shall 
have x^^. In a similar way, the corresponding changes in the 
other terms will be made without difficulty ; and we shall have 

Lastly, by multiplying the result last obtained by a^, and by 
taking the quantities with negative indices to the denominators, 
we get for the required developement, 

(a4«j^)i " 404"^ 4.8fl8"*"4.8a2ai2'*"4.8.12.l6ai«"^*^' 

Exercises. Expand the following quantities by means of the 
binomial theorem. 

1. {a-^xf. Ans.a^-\-5a^xi'10cfix^'\'lOa^x^-\'5aa;^'\-x^. 

2. (tt2-a:2)«. ^»w. ai0-5o8«2 + l0a««*-10a44f6 + 5a«««-*»o. 
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5. («+.)i An». a*(n-^-3^. + 3^^3-&c.) 



6. («.^..)* An,. <l+3^^-S-e+-3'i;««-^0 

7. (««-*»)». ^«*. a(l--^-ig.,-|g^,-&c.) 
8.—- — . Ans. :,-i — = 7+&C. 

(a + a:)^ a^ a^ a* a* 

a3 2^ 2.5a?6 2.5.8a?9 ^ 



SECTION XII. 

CONTINUED FRACTIONS. 



21s. An expression of the form a^ 4-— ^ 2_ i where 



«2 + :^^l 

' a4+&c.. 



a J, Oji &c., are integers, is called a continued fraction. The nu- 
merators are not necessarily each equal to unity, as here ; but in 
general it is only fractions such as the one here exhibited, that 
are of use. For understanding the nature and origin of such 
expressions, let us consider, as a simple numerical example, the 
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fraction frir* ^y di^^ing the numerator by the denominator, 
we get 2 -f iVa^B * If the numerator and denominator of the frac- 
tional part of this be divided by 481, there results - — jjjf ^ 
as it may be written j-, iib . and consequently we have the pro- 
posed fraction =2-f j^, ii g. Again, by dividing the terms of the 
last fraction by 115, we find ^-^=j- ) si . By a similar pro- 
cess we tran^orm -^-^ into i+:io and -J^ into i+J, . and here 

the process terminates, as, the numerator of the last fraction being 
1, no change would be produced by dividing by it. Hence, by 
successive substitutions, we get TiTff=2+-i^J^ =2-t-j- ,i ig 

214. By considering the first of the foregoing expressions, we 
find that the given fraction is greater than 2 and less than 3 : 
and therefore 2 may be considered a first approximation to its 
value. In the next expression, the denominator 3-f |^ lying 
between 3 and 4, the vdue of HH must lie between 2+^ and 
2+^: and therefore 2+^ or ^, the second expression v^ithout 
the fraction ^-|4^ is a second approximation to the value of the 
proposed fraction. The third expression shows that the deno- 
minator which, in the last approximation, we took as 3, lies be- 
tween 3 + i^ and S-k-^i and therefore for another approximation,, 
we shall have 2+ ^|, or 2 + ^%, or finally f^ By using the 
next fraction ^, and i^ter that ^, we should have a fourth and a 
fifth approximation ; and lastly, by employing •^, we should get 
\lll3 the original fraction. 

215. By reviewing the process in § 213. we shall find it to be 
exactly the same as that which is employed (§81. and Arithmetic, 
p. 81.) in determining the greatest common measure of the nu- 
merator and denominator. Thus, we divide 3597 by 1558, and 
find for remainder 481. We then divide 1558 by 481 ; and 
481 by 115, the next remainder : and thus we proceed till there 
is no remainder. Then the quotients after the first are the de- 
nominators of the several fractions in the continued one. 

This process, by following out the same principles that were . 
employed in § 213., may be generalised in the following manner. 
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Here, a, is put to denote the quotient^ and r^ the remamder 
obtained in dividing p hy 9; and it is plain, that if |> be less than 
9^ a I will be = 0. Then a 2 is assumed to denote the quotient, 
and r^ the remainder, obtained by dividing q by r^ ; while 03 and 
r^ are obtained by dividing 9*j by rj : and thus we may proceed 
tUl we have no remainder, or till we have got a sufficient number 
of terms. This process gives a result exactly of the form men- 
tioned in § 213., and it is evidently the same as diat which is 
employed in finding the greatest common measure of p and q, the 
numerator and denominator of the original fraction, each divisor 
being divided by the succeeding remainder. It is plain also, that 
when jp and q are integers, ti^ere will at length be obtained a 
quotient without remainder, since each remainder is an integer, 
and is less than the one preceding it. 

216. From the views which we have had, we can readily find 
the simple fractions approximating to the value of a continued 
ona Thus^ let the fraction be 

and let p^ and q^ be the numerator and denominator of the first 
approximate fraction ; p^ and q^ those of the second, &c Then 

-^=aj=--l, so thatpj=:ai and ^i=l : and 

P2_^ 1 _«ia2+ 1 p^^2±}- 

To get the next approximate value, we have merely to change 
a^ into OjH — , or a^-^-a^"^ in the last : then, 

qz 02 + ^3""^ 

whence, by multiplying the numerator and denominator by a^ 
and then substituting pj, gi, P2* and q^ for their equals a^, li 
01^2+ 1^ and fl2> wc get 

^3 02^3+1 ^2^3 + 91 
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To find the next approximate value, we roust change^ in the last^ 
03 into 034-04"^ Then by multiplying by a^, and substittttiDg 
P8 and ^3 for p^-^pi, and ^2^3 +91, we get . 

In a similar manner^ we should find ^z=.^^ — ^; and in 

general £:=?!=l?id:^!j=?. Hence the law of formation of the 

several approximate fractions is obvious, and may be thus ex- 
hibited : 

fli, PiCa + l, P^z-^Pu P^A-^P^ PA^b+Psy ^^ 

1, 02> 92«3 + 9l* 93«4 + 92* 94«5 + 93> &C. 

Here the quotients, Oj, 03^ &c., are written in succession^ and 
below them are placed, in one line^ the values of p^, p^, Sec, snd, 
in another^ those of q^y q^, &c. Then, by what we have seen^ 
the values under 03 are found by multiplying those under a^ 
(P2 and 92) ^y ^39 ^^^ to ^^ products adding the corresponding 
values (pi and q^) imder a^. In exactly the same manner the 
values imder a^ are derived from those under a, and a^ ; and 
universally each pair of values, except those under a^ and n^, are 
obtained by multiplying those last found by the corresponding 
quotient^ and adding severally to the results the two preceding 
values. The values under O] are a^ and 1 ; and those under <i^ 
are found from the last by multiplying by a^ and adding 1 to 
the first product. 

To exemplify this^ let us resume the continued fraction which 
we obtained in § 213. In it ap a^, &c., were 2^ 3, 4^ 5, 2, and 
10; and the operation for find- a q a, « 9 in 
ing the successive approximate > > » > > > 

values, or converging firactvms f, J, ^, »^, |t|, ^^ 
as they have also been called, 

wiU be as in the margin. The first fraction is the first quotient 
with 1 as denominator. To find the sec<md, we multiply the 
terms of the first by the next quotient 3, adding 1 in the nume- 
rator, and the result is ^. We then multiply the 7 and the 3 by 
the next quotient 4, adding to the products 2 and 1, the terms 
of the preceding fraction. The rest of the fractions are found 
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similarly^ and the last of them is HH , the original fraction in 
§ 213. 

217* If the fii'st of two consecutive converging fractions be 
taken from the second, the numerator of the remainder is 1 
or —1. To prove this^ \etp and p' be the numerators^ and q and 
q" the denominators, of the two fractions, and let a, be the 
next quotient. Then, forming the next converging fraction in 
the manner shown in § 2l6., we shall have the three sue- 

P V p'^ "VP 

cessive fractions — , ^, and ^—^ — -, Now, if the second of these 

9 9 9 Or 4- 9 

be taken from the first, and the third from the second, according 

. 1 P^ — p'q 1 P*^ — P^ 

to S 87., the remainders are -^ — ~, and —— , ,^ - , the nume- 

rators being the same, but with contrary signs : and, since the 
fractions that we have employed are any three consecutive ones 
whatever, it follows that in any number of consecutive fractions, 
if the second be taken from the first, the third from the second, 
the fourth from the third, &c., the numerators of the differences 
will be the same in magnitude, but alternately positive and 
negative. To find what these numerators are, we have only to 
take the difference of any two successive ones in those found 
in the last §. By subtracting, therefore, the second from the 

first, we get --* *-^ = : and the numerator of this dif- 

ference being —1, it follows from what we have seen that the 
next difi'erence will have 1 as numerator, the next to that —1, 
&c. This may be illustrated in numbers by taking, in the last 
example, \ from ^, fj from \y or, in general, any of the con- 
verging fractions from the one immediately preceding it. 

218. It is an important property of the converging fractions, 
that any two consecutive ones, except the last two, when the 
fraction terminates, are one of them greater and the other less 
than the value of the continued fraction from which they 
arise. To prove this, let the value of the continued fraction be 
denoted by x, and let the successive fractions be as in the last §. 

Then, if we take a to denote a^-\ — , _ the part of the con- 

tinued fraction commencing with a^, we shall get the exact value 
of the whole continued fraction by changing a^ into « in th^ third 
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fraction : that is, we shall have xz=. —. • By subtracling from 

€t P p 

this, sucoessiyely - and -., we get, after easy modificationB x — - 

_py^jHf a ^d:r-^-~ ^^"^^^ - ^'^"^ i Now 
ga + g 9 g (?« + ?> ^a + g 5^ 

these have evidently opposite signs ; and therefore, if x be greater 
than the one fraction pq'^y it must be less than the other pV^ 
and if it be less than the former, it must be greater than the latter: 
and if we consider the first and second terms Oj and a^ -^a^^ m 
§ 215., we shall see that x is greater than a^ by what follows that 
fraction ; but that it is less than the second, because the deno- 
minator a^ is too small by what follows it, and the denominator 
being too small the fraction is too great Hence x is greater than 
the first of the converging fractions, and less than the second ; 
and being less than the second it must, by what we have seen^ be 
greater than the third, and so on. It thus appears, that, with 
the exception of the last, when the fraction is . finite, the con- 
verging fractions occupying the first place, the third, the fifth, 
&c., are too small in value, and that the others are too great 
Thus, in the foregoing example, 2, y^, and f^ are too small, 
and \ and ^^ too great 

219. By considering the differences obtained in the last §, be- 
tween X and two consecutive converging fractions, we find that 
the latter fraction differs less from x than the former one does ; 

since, of the multipliers, - and -^, in which alone, exclusive of 

their signs, they differ, the latter is less than the former, both be- 
cause ^ is greater than 9, and 1 less than a, as is plain from con- 
sidering the nature and formation of the successive fractions. 
Hence we arrive at the important conclusion, that each converg- 
ing fraction is nearer the v{due of the continued fraction, than the 
preceding converging one ; and hence it is, that these fractions are 
«so called. 

220. We saw in § 217. that the difibrence of any two consecu. 

« «' 1 
tive converging fractions, - and ^, is — -> : and, by the last §, this 

is greater than the difference between either of these fractions and 
the continued one. Hence, if we take any converging fraction as 
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the value of the continued one^ the error will he less than 1 divided 

by the product of the denominator of that converging fraction into 

the denominator of the one after it : and thus we have a simple 

and convenient mode of estimating the degree of approximation 

attained at any particular step in the process. 
_ _/ // 

221. Let -, —>, and ^ be three fractions, of which the first 
and second are successive converging ones. Then, by § 217* &nd 
by subtraction, we have -— ^== . , and - — £t^ = — — ~^. 

q ^ 99 q ^ qq 

Now, the numerator of the second of these differences being evi- 
dently a whole number, cannot be less in absolute value than 1, 
the numerator of the first, and its denominator will be less than 
qq^, the denominator of the other, if q^^ be less than q\ When- 
ever, therefore, q'^ is less than 9', the last of the three fractions 
will differ more from the first than the second will ; and will con^ , 
sequently be farther from the value of the continued fraction than 
the second differs from it, since (§ 218.) F lies between the first 
and second. 

222. The principles that have been established regarding con- 
tinued fractions, enable us to approximate to the ratios of num- 
bers that are inconveniently large, and of which in consequence 
the mind feels difficulty in estimating the comparative magnitudes. 
Thus, if the fraction |jj|^ be proposed, its terms are so large, 
that we have a very inadequate idea of its magnitude. Let us, 
therefore, convert it (§ 215.) into a continued fraction ; or, what 
is sufficient, let us determine the several denominators of the frac- 
tions forming the continued one. To do this, we divide the nu- 
merator by the denominator, which gives nothing for the first 
quotient. We then divide the denominator by Ihe numerator ; 
the numerator by 16403, the remainder ; this remainder by 7814, 
the next remainder ; and so on, as in finding the greatest common 
measure, hy going through with the full work, we find the quo- 
tients to be 0, 1, 1, 2, 10, 12, 9, and 7. Then (§ 2l6.) the 
process for finding the converging fractions will be as follows : 

1, 1, 2, 10, 12, 9, 7. 

*. h h h fi, lit. im. mhh 

From these, omitting the first three expressions, as being evidently 
far from the truth, we see that the value of the proposed fraction 
is nearly f , more nearly f^ more nearly still ^|4> ^^ ^^ much 
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more nearly jf ^j ; while, as it ought to be, the last fraction is 
the same as tiiie proposed one. 

As to the degree of approximation, ^ must differ (§ 220.) from 
the truth by less than ^^, 260 being the product of the denomi- 
nators 5 and 52 ; and ^ must be in error by less than T^f^f^y 
32708 being the product of 52 and 629. The limit of the error 
with regard to the next two fractions would be found in a similar 
way. 

223. As another example, let it be required to find fractions 
approximating to the ratio of the circumference of a circle to 
its diameter, which {Diff- ^^ ^^^' Cole., p. 41.) is greater than 
liaSnSy^ and less tiian UtUUnil By employing, with 
r^;ard to these two fractions, the usual process for getting the 
greatest common measure we find, tiiat they both give the first 
seven quotients, 3, 7^ 15, 1, 292, 1,1, tiie same ; while the others 
would be different, and are tiierefore not to be used. Then the 
converging fractions are found in tiie following manner : * 

3, 7, 15, 1, 292, 1, 1, 



15, 


1, 


333 
I0«> 


m. 



3 S3 333 3gg 10 3 993 104348 208841 

T> T9 TTTff* Trar* 33103 > sWit* -sTfrrT' 

224. As a tiiird example, let it be required to express the 
square root of 13 by a continued fraction, and to find the or- 
dinary fractions converging its value. 

Here the square root of 13 being between 3 and 4, we get 
equation (1.), where x must plainly be greater than 1. From 
tltis, by transposing 3 and taking the reciprocals, we get the first 
equality in line (2.). The next expression in that line is got by 

* Two of these, ^ and f)J, are more useful in practice than the others. 
The first was discovered by Archimedes ; and, on account of the smallness 
of its terms, it is convenient in practice. It is deficient in accuracy, hov- 
ever, giving the circumference too great by rather more than 1, when the 
diameter is 800. The second was given by Metius, a Dutch mathema- 
tician of the seventeenth century. Hiis is an exceedingly close approx- 
imation, making the circumference too great by very little piore than I, 
wheu the diameter is 4,000,000 : and it is easily recollected, the numbers 
composing its denominator and numerator (113,855) being the first three 
odd numbers each taken twice. 

In the solution of this interesting question, Bonnycastie, Bourdon, and 
some other writers on algebra, have fidlen into error in not having taken 
two limits, and in having carried out the fi*action no farther than ^\f^ 
In this way they obtain the converging fractions, |, y, fg, ftt, |g|, |^, 
&c. ; only the first four of which are correct Lagrange, m his Additumt 
to Euki^t Algebra, has given the solution with great fuUoessand aocuraey, 
and has detmiined the first thirty-four converging fimctions. 
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>v/13=84-- 



Xy 



*1= - 



^2 = 



arg — 



^4 = 



^6 = 



a:g— 



^13-3 

__j* 

^13-1 

3 

v^l3-2' 

_^3 

^/i3-l 

4 
^13—3 

1 



V13 + S^^^l_ 
4 arg 



>/13 + l _ 1 
3 "" ■*":r3 

^/13-i-8 ^^ I L 
3 a:^ 

^ >/134-l ^^ ^ 1 
= >/13 + 3=6-hi 



multiplying the nu- 
merator and deno- 
minator of the pre- 
ceding fraction hy 
-v/13 + S, according 
to § 108. Then, 
v'lS-fS being be- 
tween 6 and 7, we 
get the concluding 
expression by divid- 
ing by 4 : and x^ 
must also be greater 
than 1. The first 
equality in line (3.) 
is found by trans- 
posing 1 in the con- 
cluding part of (2.), 
and taking the re- 
ciprocals ; and, af- 
ter this, the work 
throughout proceeds 
just as in line (2.). 
In line (7.) we get 

for Xq the same value that in line (2.) we found for x^ ; and 
therefore it is unnecessary to proceed farther, as x>j, x^, &c. 
would plainly be the same as x^, ^3, &c. Hence the continued 
fraction is periodic, as the numbers 1, 1, 1, 1, 6, commencing 
in equation (2.) and ending in (6.), would evidently recur per- 
petually. The converging fractions are found as follows, in the 
usual manner. 



:-=X: 



V13—3 
Therefore, 



*^h4^. 



(2.) 
(3.) 
(4.) 
(5.) 
(6.) 

(7.) 



S. 1, 1, 



3 



4 



7 
7> 



1, 



1, 

18 



6, 

TS9 



1, 

38 * 



1, 



1, 

393 



&c. 
&c. 



225. In a manner exactly similar to that which was employed 
in the last §, the roots of quadratic equations may be expressed 
in continued fractions. Thus, if the equation 3a:*— 3a?— 1=0 
be proposed, we have (§ 151.) 



ar=. 



3+^/21 



that is a:= 



^/21-f8 



anda7= 



^21 —3 



The work for obtaining the continued fraction equivalent to 
the positive root is as follows. 
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■^J±-W+i- ...0.) 

2 _^21+3_ 1 ^=-^^ 

""=^21=3=^' <*•) 

The finding of the negative root proceeds in exactly the same 

manner^ except that we have at first ^ — '-= 0-\ . The two 

continued fractions are 1 -f ^^^c., ^^^ ■"g^4*c. ^^ exhibited above. 

The converging fractions would be found in the usual way to 
^ h h h H> &c., and — ^, —J, —3^, &c. 

226. Whenever the square root is to be taken^ as in the last 
two examples, the continued fraction is periodic ; but the limits 
of the present publication do not adroit the proof of this. It is 
easy to. show^ that, conversely, any periodic continued fraction i^ 
one of the roots of a quadratic equation. As an example, let us 
take the fraction, ^=2 +74. J. the denominators 3 and 1 being 

continually repeated. By transposing 2, we find that x— 2 is the 
value of all the periodical part. Annexing this, therefore, at the 
end of the first period^ we get 

ar— 2=lji. or a?— 2=4. J_. 

I'hen, the converging fractions will be found in the usual man- 
ner, as in the margin ; and as the deno- 
minators are finite in number, the last of 
these converging fractions is exact. Putting 0, 3, x — 1; 
it, therefore, equal to ar— 2, multiplying by 1 x—\ 
its denominator 3d?— 2, and transposing, we ^' Sx — 2* 

get 3d?^— 9^ + 5=0, the equation required. 

The other root of this equation would have for quotients 
0, 1, 2, 1, 3, 1, 3, 1, 3, &c. As the reduction of the continued 
fraction given by these to an equation is a little more difficult 
than that of the foregoing, we may employ the following method, 
which is applicable in all cases. 

Letar=0-|-|+^^i. where y=l +^^.1. 
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as would be evident by carrying the fraction out for a few terroi. 
Then^ by the usual process^ as in the margin^ n i 9 

2i/+l 4t/-i-l ^9 ^» ^> y > 

we find ^=-^, and y=-^ Lastly, by ^ , - ^y+l 

finding the value of y in terms of w in the first _ ^7" 

of these, and substituting it in the second, we ' ' a.\\ 

get, after some reductions, Sar^— 9'»+5=0, i, 4, ?^JZli, 

as before. 3y + 1 

Exercises, Find the successive quotients, and the converging 
fractions, belonging to the following quantities. 

Given. Quotients. « ConTerging Fractions. 

1. ^. An*. 0, 2, 1, 2, 1, 87. i, i, |> A- 

2. 35 1 » Oj ZJ,^ 1, 4, ^. -J-, -jTj-, ■^, -pj-f. 

S fl g 3 7 STISA'JIQ 33285 72 313 

1637 1950 

4. 4|f . 1,1, 1, 1, 1, 1, 2, a, 2. I, ^., i. ^ I, v^ #J, 

t\ ^/O 1 2 2 Q &P 1 3 7 17 41 09 

6. V28. 5, S', 2, 3, K/, &o .• f V. V, W. Wr". 

&c. 

7. ^45. 6, 1' 2, 2, 2, 1, 12', &c f, {, V, V. W. W. 

8. V'52. 7, 4', \, 2, I, 4, 14', &c. \, V, V. W. W. 

9. v'53. 7, 3', 1, 1, 3, 14', &c. ^ V, V, V. W. 

10. Find the fractions converging to the ratio of one day 
(86400 seconds) to 5 hours 48 min. 49 sec. (20929 seconds), the 
excess of the solar or civil year above S65 days. 

Arts J. ^ ^ 128 161 2704 2 86 5 8569 

11. Find the fractions converging to the ratio of the year, as 
in the last exercise, tp 29. days 12 hours 44 min. 3 sec, the 

* In this and other in3tances, accents are put over the first and lasi 
numbers of the period. 

L 2 
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mean synodical lunar month (the time between one new or full 
moon and the followingj. 

Ana 12 26 37 62 99 1349 1448 2797 267163 269960 

AXIS, T^ , ^ , :^ , z ) St TOigr > ttt » yts > 21 5 8 7 ' 21dl3 • 

12. Find the equation which has, for one of its roots, S 

together with the continued fraction having for denominators 

2, 1, 4', 2, 3', &c. Ana. 121a:8— 845jr-|- 1473=0. 



SECTION XIII. 

INDETERMINATE ANALYSIS. 



227. We saw (§ 142.) that problems are unlimited, admitting 
of an infinite number of answers, when there are fewer equations 
given than there are unknown quantities to be determined. In 
many instances, however, the answers are to be whole numbers ; 
and this limitation, excluding all fractional r^ults, greatly dimi- 
nishes the number of answers. If, also, the answers are to be 
positive, which is always the case, when they are to agree literally 
with the enunciation of the problem in its plain ordinary meaning, 
their number is still farther limited by. this restriction ; and it 
may even happen, in either case, that the question will admit of 
no solution whatever.* 

As an example of a problem of this kind, let it be required to 
find how many five-pound notes and guineas must be taken to 
pay a bill of ^519., Here, the number of shillings in five pounds, 
in a guinea, and in 5^512, being respectively 100, 21, and 10240, 
if we put X and y to denote the number of five-pound notes and 
the number of guineas, we shall have lOOx-f 2l2^3r 10240; and 
from the nature of the question, according to its mesining in com- 
mon language, x and y are to be whole positive numbers, since no 
fractional parts of either five-pound notes or guineas are admissi- 
blcp In the operation in the margin, equation (2.) is obtained 

* No equation of the form acx±.bcy^d, that is, no equation in which 
the eoeffieients of x andy have an integral common measure c, will admit 
*of a solution in whole numbers, unless d be also divisible by c : for if the 
equation be put under the form c(ax + 6y)=d^ it is plain that d, being 
the product of c and ax + 6y, must have c as &ctor. In numerous other 
instances also, when a and 6 are positive, the equation ax-\-hy—c admits 
of no solution in whole positive numbers. Thus, for example, no whole 
positive values of x and y will satisfy the equation 5x + 7y »4. 
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from (1.) by resolving itfor 100.r4-2Iyss=l0240 (1. 

y* ; and(S.) is the same as _ 10 240— IOOj? , 

(2.), the actual division of ^ 21 \ 

10240 and lOOa? by 21 be- \S—\6x 

ing performed. Now, the y = 487 - 4j7H ^j — f • • • (3- 

second member of (S.) be- 13—16^ 

ii^ the value of y, must be — ^ = «i (4. 

an integral number, and i9_qi 

its first and second terms x = ^-^ (5. 

being integers already, its ^^ 

third must be so likewise, jc ^ v (6, 

We put this term, there- I6 

fore, equal to Cj, and thus IS-^bv^ . 

obtain (4.); from which, 16 ^ ^ ' 

by resolving it for x, we ' 13— l6t?2 

get {5.) : and(5) is changed *^i= 5 v^* 

into (o.) by actually divid- 3— »o 

ing —21»i by l6. Now, »i = 2-3©2 + --^ (9- 

since jt is to be an integer, «__« 

its two terms in (6.) must — v~" = *^ (10* 

give an integer; but the _ . 

secondof them being ab-eady ^2--^— 5» : . . (11. 

an integer, the first must ^^i" tf ''l/ " " nt 

be so likewise: we there- ,,~,]^^ Slf 

foreputit equal tot^a, which y=440 + 100t; (14. 

* The equation should be resolved for the quantity which has the less 
coefficient, as by this means the work is commonly shortened. 

t Though, for the sake of uniformity of process, which is desirable in 
a first example, 21 has been taken as 5x~8 

contained only 487 times in 10240, yet y=488— 5»+ ... (3.) 

it is contained more nearly 488 times, ej._Q 

there being a defect of only 8, while in a=pj (4,) 

(3.) in the text there is an excess of 13. *^ 

In like manner, 21 is contained in 100 ^_ 21pi + 8 ^^^ 

much more nearly 5 times than 4 times, 5 

the one difference being only 5, while the __4. j. q . ^i~^ /« \ 

other is 16. 100 in fact is taken as ^-^'^i + ^+ -5— ^^O 

being 105—5. Proceeding on this ©i— 2_^ . 

principle, we shall have the remainder "5 ""'' '''^ 

of the operation as in the margin. For ^ =5© + 2 (8.) 

the same reason, in getting (6.), 5 is x^2lv+ 10 (9.) 

taken as being contained twice in 8 with «=440— 100» (lO-) 

the defect 2 ; or, what amounts to the 

same, 8 is taken as being 10—2. The values of x and y in (9.) and 

L 3 
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gives (7*)- ^y processes exactly similar, we get equations C8<), 
(9.), (10.), and (11-) * ^°^ ^^ ^^^ value of V2in the last of these 
is integral, we proceed no farther on this principle. We have 
now, by retracing our steps, to find the values of Vj, x, and y in 
terms of v. Thus, (12.) is found by substituting in (9.)^ ^ &n<l 
S{3—5v), for what are shown in (10.) and (11.) to be their equals. 
Then (13.) is obtained from (6.) in a similar manner, by means 
of (7.), (11. )> and (12.) : and lastly, (14.) is derived from (3.) 
by means of (13.), (4.), and (12.). 

The values of x and y thus found in (13.) and (14.) will 
evidently be whole numbers, whatever integral values are given 
to V, Since, however, x and y must be positive, it is plain that 
V must not be taken positixe, as any such value (1, 2, &c.) would 
give negative values ( — 11, —32, &c.) for x. Let us, therefore, 
take V successively equal to 0, — 1, —2, &c., and we shall obtain 
the annexed system of 

values for x and y, which v . . . . 0, — 1, —2, — 3> —4. 
will all be found to an- a?.... 10, 31, 52, 73, 94. 
swer ; so that the bill may y . • . . 440, 340, 240, 140, 40* 
be paid with 10 five-pound 

notes and 440 guineas; with 31 of the first and 340 of the 
second; with 52 and 240; with 73 and 140; or with 94 and 
40. Thus, for instance, if we take the third answer, the value 
of 52 five-pound notes is ^260, and that of 240 guineas ^252 ; 
and «£'240 + ^^252 = ^512. Had we taken v equal to —5, —6, 
or any other negative whole number, except — 1, — 2, — 3, and 
—4, the ones which were employed above, we should have got 
negative values for y : and therefore the question admits of five 
solutions, and no more. 

228. By considering the mode of formation of the values of 
X and y in the foregoing example, it will be seen that each value 
of X, after the first, is derived from the one immediately pre- 

(10.) are the same as those in (13.) and (14.) in the text, except that 
the sign of v is different. Hence, in using (9.) and (10.), we take p equal 
to 1,2, S, &c., instead of — 1 , ~ 2,' — 3, &c. 

In all operations of this nature, the method now pointed out should be 
followed ; that is, each quotient should be taken the nearest possible 'to the 
truth, whether it be too great or too small; as by this means the numbers 
are kept smaller than they would otherwise be, and the work is simplified 
and shortened. 

It may be farther remarked, that, in any such case, we are at liberty to 
change v into —v wherever it occurs, if the change will serve any pur- 
pose : and the same may be done, in similar circumstances, in the next 
Section in the Diophantine Analysis, 
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coding it, by adding 21, the coefficient of y; while the values of 
y, after the first are obtained by contioual subtractions of 100, 
the coefficient of x. That this is universally true will appear in 
the following manner. Let a:r +6^=c be the equation : then, by 
subtracting anb from the first member, and adding its equal bna 
to the remainder, we get 

or — anft 4- ^y + 6wa = c, 
or, as it may be written, 

a(ar — nb) -|- 6(y + no) =c. 

From this it appears, that if from a value of x we take any 
number of times the coefficient of y, and at the same time add 
the same number of times the coefficient of j: to the correspond- 
ing value of ^ ; and if the quantities so obtained be substituted 
for X and y j the proposed equation will be satisfi'ed : and there- 
fore, if ?» be taken successively equal to 0, 1, 2, 3, &c., the values 
of z will form a decreasing arithmetical progression obtained by 
continual subtractions of b, and those of y an increasing one, got 
by continual additions of a. 

229* If in the equation ax'\-by=rc, we change b into — &, it 
becomes ax — by=^c; and the expression found in the last § is 
changed into a(a:4-w6)— 6(y-f na)=c. From this it appears, 
that when the terms ax and by have opposite signs, and when 
any values of ;r''and y have been found, other values of x will be 
obtained by continual additions of the coefficient of y; and of 
y by like additions of the coefficient of x. If n be taken negative, 
the additions will be converted into subtractions; so that the 
values of both x and y must go on all increasing or all diminish- 
ing, and not, as in the last §, the values of one of them in- 
creasing and those of the other diminishing: and hence it is 
plain, that if the equation or — by:=c be such as to give any 
whole positive values for <r and y^ it will give an infinite number 
of such values. 

230. The following question will serve as an example in refe- 
lence to indeterminate equations of the kind just mentioned. 

If one person have bank-notes worth £2 each, and another 
have notes worth 25 shillings each, how many must each give to 
the other, so that the former may pay to the latter a debt of 20 
guineas ? 

Here, since £2 = 40*., and 20 guineas = ^21=420*., if 
we put X for the number of notes given by the first, and y for 
the number repaid by the second, we shall have 40a?— 25y=420; 

l4 
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or, by dividing by 5, 8ar— 5y=84; 

and the work will stand as in 8x— 5y=84 (1.) 

in the margin. This operation so ^8x— 84 . . 

exactly resembles those exhibited ^^^ 5 V^v 

and illustrated in § 227.^ and in 2x— 1 

the last note to that §, that it does y=24r— 1? ^ — . . (3.) 

not require explanation. In the ^x^l 

values of x and y, as they come — - — =©j (4.) 

out in (9.) and (10.), «, in the 5 4.1 

algebraic sense, may be taken equal ^^ ^ji", ^^ v 

to any whole number whatever, ^ 

whether positive or negative. In ^—gt? -f^^l^tl (g ,) 

the plain meaning of the question, * 2 

however, x and y must be positive ; t>i + l __ ^« v 

and it is evidedt, that this can be 2 "" ^''^ 

the case only when v is positive, ^ =2«— 1 (8.) 

and greater than 2. By taking it, ai==5v—2 ! (Q,) 

therefore, successively equal to 3, m=8v— 20 (10.) 

4, 5, &c., we get the following 

systems of answers, which, unlike those in § 227., Bxe infinite in 

number : 

V .... 3, 4, 5, 6, 7> 8, &c. 

a: .... 13, 18, 23, 28, 3S, 38, ^c. 

y 4, 12, 20, 28, 36, 44, &c. 

231. As an example of another kind, let it be required to find 
a number, such that if it be divided successively by 5, 8^ and 
1 1, the respective remainders shall be 3, 6, and 9* To solve this, 
let X be the required number: then, if we assume x^=:5p+3, 
we shall satisfy die first condition, if y be a whole number ; since, 
by dividing 5y'\-3 by 5, we get y for quotient and 3 for re- 
mainder. In like manner, the assumptions, x^^Sz + G, and 
a:=lU + 9> will satisfy the remaining conditions, if ss and t be 
whole numbers. To render these assumptions compatible with 
each other, let the first and second values of j? be made equal : 
then, by transposition, 5y— 8^=3. Hence, by a process in 
every respect similar to those employed in the two preceding 
exercises, we get z=5«— 1 ; and dience a?( = 8j8f+6)=40« — 2; 
a value which satisfies the first and second conditions. Thus, if 
v=l, we have ar=38, which gives 3 and 6 as remainders, when 
divided by 5 and 8. Now, by taking this expression equal to the 
third of the foregoing, and by transposition, we get 40v— 1 1^^= 1 1 ; 
whence, by the usual process for rendering v and t whole numbers, 
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we get f=40«2— 1 ; an^l therefore x( = lU+9)=440v2— 2; 
which, by taking tJj successively equal to 1, 2^ 3^ &c., will be 
found to succeed. Thus, if Wj = 1 , we have x = 438 ; and if 
this he divided successively by 5, B, and 11, the remainders will 
be S, 6, and 9* This is evidently the ktut positive number that 
will answer the conditions of the question ; and it is plain that 
other answers will be found by successive additions of 440^ the 
least common multiple of 5, 8, and 1 1 . 

232. By considering the solution given in § 227., it will be 
seen^ that in equation (3.) the coefficient 100 was divided by the 
coefficient 21 ; that in (6.) 21 was divided by the remainder 16 ; 
that in (9>) l6 was divided by the remainder 5 ; and so on : 
and^ as this process (the same as that for finding the greatest 
common measure of 21 and 100) is that which is employed in 
determining the fractions converging to the value of a continued 
fraction, we may naturally consider whether such indeterminate 
problems as those that have been before us may not admit of solu- 
tion by means of the principles that have been established regard- 
ing continued fractions : and we shall find that they can be thus 
solved. To show how this may be effected, let us take the gene- 
equation, aflr4-6y=c. Now, if we were to find by §2l6. the 
fractions * converging to the ratio of a to &, and if we should de- 
note the terms of the last but one by p and 9, the last two would 

be - and -r : and if the former were taken from the latter^ the 
q b 

numerator of the remainder would (§ 217*) ^ 1 ^^ — 1^ accord- 

P 
mg as - should occupy an odd or an even place; that is aq—bp 

= ±l» Hence, by multiplying by ±c, we get ax ±qc-\'bx 
-\-pc=^c; an equation which is the same as the ordinal one^ if 
X be taken equal to +qc, and y to J^pe. These, therefore, are 
values of ^ and y ; since, being substituted for them, they satisfy 
the assumed equation. Now, according to what was proved in 
§ 228., the equation will still be satisfied, if we write i:qc+bv 
instead of +qc, and Ifjae — av instead of '^pc: and hence we 
have, as general values, a:=+;gc-|-6v, and y=:Zfpc — av, where 
V is any whole number, positive or negative. Had the equation 
been oar— 6y=c, we should have got ar= + ^c + 6t?, and y= + pc 

* It should be recollected, that if a be less than b, the first quotient is 
to be taken =sO. 

L 5 
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4-av. In both cases, the upper signs are to be used when 
aq—ph^l, and the lower when a^— p6= — 1. 

As an example, let us resume the equation 8a;-> 5j^=84. Then, 
by dividing 8 by 5, 5 by the remainder, &c., we find the quo- 
tients 1, 1> 1, 2 ; and^ by the process in the mar. 
gin, we getp=S, and g=2. Then, by using the 1, 1, 1, 2 ; 
last pair of values given above for x and y, we get ^, ^, |^, -|. 
j?=2x84 + 5«=l68 + 5v, and y=3x84-f-8w 
=2o2 + 8t>. By changing v into v— 34, which is plainly allow- 
able, since v may be any whole number whatever, we get the sim- 
pler expressions, a:=5«— 2, and y=8«— 20, the same as in § 230. 
ft may be remarked that 34 is the nearest integral quotient ob- 
tained by dividing 16*3 by 5. By dividing in the value of y, 
252 by 8, we get the quotients 31 and 32, which are equally 
near the truth.* If, therefore, we change v into v - 32, we get 
ar=5v f 8, and y=8v— 4; which expressions are also very 
simple. 

233. If two equations containing three unknown quantities be 
given, one of the quantities may be eliminated, and ^e resulting 
equation treated in the manner that has been explained : or, gene, 
rally, if there be m equations containing m+ I unknown quan- 
tities, all these quantities may be eliminated except two, and then 
the work will proceed in the manner ahready explained. 

If, for example, the two equations, 3a:-h5yH-2jir=40, and 
4a: + 4y + ;»=33, be proposed, by taking double the latter from 
the former we get 5a: + 3y=26. Then, by the usual process, 
we find a:=:l +3t?, and y=:7^5v: and by substituting these in 
either of the given equations (the second rather), we get «= 
1 -f- Sv, By taking, then, « = 0, and » = 1, we get ar=l, y=7, 
ss=l ; and x = 4iy y — 2, j»=9; which are the only positive 
answers to the question. 

234* If there be only one equation given containing three un- 
known quantities, we may assign to one of them any value we 
please, and then, in the usual way, find the corresponding values 
of the others : after that we may assign another value to the first, 
and proceed as before ; and so on : and it is easy to see that the 

* This simplification will be obtained universally, by dividing qc by 6, 
attaching the quotient to v with the sign opposite to that of 6r, and change 
ing V into the result : and a like simplification would be obtained from 
the expressions in the value of y. Other modifications will readily sug- 
ge^t themselves in particular cases ; and the general rule to be followed 
is to employ as small numbers as possible. 
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same plan may be followed in case of a still greater number of 
unknown quantities. 

To exemplify this, let us take the equation, 2x-^ 3y-h5z=4il, 
Now, if jjr = 1, this gives 2ir-|-3y=36 ; whence the values of x 
and y may be found. If, again, « = 2, we have 2x-{-Sy=i3l ; 
whence x and y may be determined : and thus we may proceed 
as far as we please. The following twenty-one answers, however, 
are the only ones that are all positive. 



«=!: 



«=2: 



zs=3: 



10. 



r4r=15, 12,9,6, 
\y= 2, 4,6,8, 

{ar=14, 11, 8, 5, 2; 
y= I, 3, 5, 7, 9. 
r:p=10, 7, 4, 1; 
\y^ 2,4,6,8. 



«=4 : 
«=6: 



ra:=9, 6, 3; 
ly=l, 3, 5. 

rar=5, 2; 

U=2, 4. 

Jar=4, 1; 

ly=l,3. 



Exercises.* Find the integral value» of a and y in the fol- 
lowing equations. 

1. 2ar-f3y=25. 

4ni^ i'^= -^> -1' 2' ^> ®' ^^' ^^^ ^7, . 

**'*'• ty= 11, 9,7,5,3, 1,-1,-3,. 

2. 5x-|-7y=52. 






— 12, -5, 2, 9, 16, 23, . 
16, 11,6, 1, -4, -9,. 



3. 4ar-|-13y=229. 

\y= 

4. 3a:-f 5y=7- -4ii*. \ ^~ 

5. 7«-9y=:5. iliw. i ^Z ' 

ly — • 



6. 8*— 7y = i. -^w, 



• {,•: 



-11, 2, 15,28,41, 54, 67,. 
21, 17, 13, 9, 5, 1, -3, . 

. . -6, -1, 4, 9, . 

. -16,-7,2, 11,20,. 
. -13, -6, 1, 8, 15, . 

. . -13, -6, 1, 8, 15, . 
.. -15, -7, 1,9,17,. 



* The student will perceive, that the first of the following exercises 
has four solutions in positive numbers, the second two, the third five, the 
fifth and sixth an infinite number, and the fourth none. The seventh, 
also, has five such solutions, and the eighth seven. We may obtain as 
many solutions m we please, containing negative values, by continuing 
the arithmetical progressions backward or forward, or both. 

1.6 
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7 r x + 3y^5z=zA>4>, 



{x — ^ • • • • 
y= . . . . 



"*" 1^ v/j i^ Ay Of T>f Oy • • • t 

Ans. ^ y = . . . . 10, 8, 6, 4, 2, 0, —2, ... . 

5, 4, 5, 6, 7, 8, 9, 

8. 2ar + 3yH-4«=21. 

^n,.^=l: (^=7,4,1; ^^^r f^=f'f^ 

JFarer. 9. In how many different ways may ^150 be paid iii 
dollars of 4«. 6d, each and guineas } 

Ans. In forty-eight different ways.* 

10. A boy, haying gathered a quantity of nuts, found that 
when he counted them by twos, threes, fours, fives, or sixes, there 
was always one remaining ; but when he counted them by sevens, 
there was no remainder. How many had he ? 

Ans. 301, or 301 -f 420v. 

11. Divide 200 into two parts, such that if one of them be 
divided by 6, and the other by 1 1, the respective remainders may 
be 5 and 4.t Ans. II9 and 81, or 53 and 147, 



SECTION XIV. 

DIOPHANTINE ANALYSIS. 



235. The object of another branch of the indeterminate analysis 
is to find such values of quantities as shall render functions of 
them exact powers, such as squares or cubes ; or, what amounts 

* In solving this we get a: a 30 + 1, and ^1=662 — Hv. Hence, the 
greatest value of y is 662, and the others will be found by continual sub- 
tractions of 14. Now, by dividing 662 by 14, we get 47, with the re- 
mainder 4 ; and hence it appears, that, in addition to 662, there may be 
47 other positive answers. 

f To solve this, we may take x and y to denote the quotients ; then 
the parts will be 6a: + 5 and 1 ly + 4 ; and by the question, 6x + 5 + 1 ly 
+ 4 « 200, whence 6x + lly = 191. 
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to the same^ to find such values of a quantity, as shall render a 
radical depending on it rational. Thus, for instance, it might he 
required to find such values of x (2, 5, &c.) as would render 6—47 
an exact square, so that //(G— a:) could he exactly determined. 
This is generally termed the Diophantine analysis, hecause the 
mathematicians of modem times derived their knowledge of the 
suhject from an ahle work hy Diophantus of Alexandria in Egypt, 
who is believed to have lived about the middle of the fourth cen- 
tury of the Christian era. While this subject, in its full extent, 
presents great, and in many instances, insuperable difficulties, yet 
the most useful inquiries connected with it are conducted with 
much facility. The most important of these will form the sub- 
ject of the present section. 

236. Let us first consider the method of assigning such values 
to X, that the expression, aw^-^bop+c, which, for brevity, we may 
denote by X, may be an exact square, or, which is the same, that 
the square root of ax^-j-hx+c may be exactly taken. Now, the 
mode of solution will depend on the individual or relative values 
of a, &, and c, particularly those of a and c. Thus, we may have 
a=0, 0=0, a a square number (a^'), or c a square number (c'^). 
Let us, therefore, consider these cases. 

237. If a = 0, X becomes 6ar + c ; and if we put this equal 
to «*, we shall get .»= — 7—, where v may be taken of any value. 

Exam. 1. If 3;p— 2 be proposed to be made a square, we shall 
have d7=^(t?2-f 2) ; and therefore, if t? = 1, 2, 3, &c., we shall 
find a? = 1, 2, 3f, &c. ; which will change Sa:— 2 into 1, 4, 9, 
&c., each of which has an exact square root, the same as the 
value assumed for v, 

238. If c = 0, we have X=ajs»-^bx. Put this equal to v^x^: 
then, by dividing by fl?, we get ar-f-*=«^^«»; whence, by trans- 
position and division, we find 07=-= — . 

Exam* 2. Let it be .required to find values of ^, each of which 
will make 2x'^—Saf a square. Here o=2 and 6=— 3; and 

3 3 

therefore ^=-5 — 7:^=^7^ 5« In this « may be taken of any value 

t>3— 2 2— v'* ' 

except /v/2. If, however, we wish to have 00 positive, we must 
take V between V2 and — ^/2, Thus^ if we take v = 1, we get 
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iT = 3, and ^^(2**— 3:r) (=t7x) =S;andifr = i,wefiiid 
jr=V^aiid VCSjf'— 3jr)=f. 

259. If a be a square^ putting its root = a\ we shall have 
X=a'2^«H-*x+c. Let this be put =(fl'4P+fj)*=a^««4-2a'w 

+ ©«. Then, by i^ecting «^j:^ wre get 6x+c=2a'f7x+ii*; 

, <?— ©* 
whence a: =--7 r. 

Exam. 3. Let it be required to render 4i**+34r— 7 an exact 
square. Here a' = 2, 6 = 3, and c = — 7; and, consequently, 

x=-T — = ^ ^ . This will give ar positive, when « is less 

4t?— 3 3— 4t7 ^ ^ 

tiian J. Thus, if r = ^, we get x^=7i, and iv/X=15 : also, if 

V = —I, we have a:=f, and v'Xssf ; and if r = —2, we get 

ar=l, and v'XssO. 

240. When c is a square, denote it by c^^, and we have 
X = 007^ + 6a: 4- c'^. Assume this ^= (»ar -+- c^^ =.v^x^ -\- 2c'tja: + c'* : 
then, by rejecting </^, there is obtained ax^ -\-bx=zv^x^ -\-^'vx ; 
from which, by dividing by x, and by transposing, &c., we get 

6-2c'f> 



«=• 



v^—a ' 



Exam, 4. To find values of x that will make ^/{ —2^2 -f 5a?-f 9) 
rational, we have a = — 2, 6 = 5, and </ = 3 ; and, tiierefore 

^= t;^ 4 2 * '^^®"' if « = 1, we get ar=— ^ and v'X=|; and 

if « = — 1, we find a7=y, and VXsf. 

241. When the values of a and c are neither notiiing nor 
squares, the foregoing methods of solution fail. Even then, how- 
ever, the solution can be effected in particular cases. One of these 
is that in which X is the product of rational factors. Now, by 
putting aar^-f 6ar-f c=0, resolving (§ 151 or 152.) the equation 
so obtained, and (§ 161.) attaching the roots with their signs 
changed to x, we find that X is = 

"r+Sa^ 2o J- 1^20 2a ] 

and this expression will evidently be rational diroughout when 
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&'^^4ac is a square number. In this case, by denoting the quan- 
tities annexed to ar by —a:' and —a/', we get ax^-hbx-^c^z 
0(47 — a:')(a:— :p'^): and by putting this equal to v\x—x^^y, 
and dividing byar— ar", we obtdn €i(ar— a:')=:v*(ar— a:'^); whence 

v'jp — ax 

zsz . 

v^ — a 

Exam, 5. If it be required to find values of x, each of which 
wiU make 8x^^8x4-5 a square^ though none of the former 
principles is applicable, yet, since 8^ — 4x3x5, is equal to 4, 
a square, the solution can be, thus effected on the principle just 
established- By resolving the equation, 3a;^— 8a:4-5=0, we get 

1^3 5 

ar^= 4 and a:''=:l : and therefore we have a:=-s — r.. Hence, by 

taking v = 1, we get a7=2, and a/X=1 ; and, by taking v= 5, 
we find x=i\^, and ^X=^» 

242. If none of the foregoing methods be applicable, still the 
solution can be effected, if X be equal to the square of a simple 
rational factor increased or diminished by the product of two 
others; that is, if x^(aYX-^hYy^(a^-\-h2)(asX-^b^). In 
this case we are to assume the given quantity equal to {(a^a: -t- &i) 
+«(a2a?-|-62)}^ • then, by actually squaring, rejecting (aiar-fftj)^, 
dividing by a^-j-b2, &c., we should determine the value of \r. 

Exam. 6. Required a number such, that five times its square 
may exceed another square by 1. Here, if a; be the number, 
we shall have 5a;^— 1 equal to a square. We have, therefore, 
a=i5y 6=0, c= — 1, and consequently 6^— 4ac=20. Now, this 
last not being a square, and neither a nor c being nothing or 
a square, we cannot employ any of the former principles. It 
is seen at once, however, that 5ar^— 1 may be put under the 
form (2a?)2-|-(a:— l)(a?-|-l). Assuming this therefore equal to 

{2a: + v(x— 1 )}2, we readily find x= ^ ^ . Hence^if « = ^, 

we get a:=l, and X=4=22: and, by taking t? = 1, we find 
;r=|,andX=i=a)2. 

243. When all the foregoing methods fail, we may often find 
by trial a value a/ of a? that will render X a square. Then, if 
y-)-ar' be substituted in X for a:, an expression will be obtained 
from which as many values as we please may be found for y, and 
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thence an equal number of corresponding values for x. To 
prove this^ substitute^ first x^ and then ^+a;^ for x in X, and 
there will be obtained ax^^-^-bjc'-^c, and ay^-{-(^ax'-\-b)y-\-<u/'' 
■^bx^-^c. Now, the first of these being a square, if we denote 
it by (/^, and substitute this for it in the second, the latter will 
become ay^-{-(^2€ue^-^b)y-{-cf^ ; which, since the last term is a 
square, may be made a square by means of § 240. 

Exam. 7. Let it be required to find x such that 6x^-—\0jcS 
may be a square. Here, by trying some of the smaller numbers, 
1) — 1, 2, &c., we find, that when x = 2, the proposed quantity 
becomes 24— 20— 3=1, a square. Let, therefore, ar=y-f2, 
and X will become 6(y -f 2)^— 10(y-h2)— 3, or, by contraction, 
6y2 + 14yH-l. Hence, by putting this equal to (uy-fl)^, we 

2v — 14 2«2 — 2o+2 

find «= V, 5-; and thence «=«-!- 2= 5 — ^ , From 

o — v^ v^ — o 

this we may find as many 

values of x as we please. ^^^ ^> *> *> ^ 4,— 3, &c. 

Thus, if we take « = 0, j;^ _^^ _|^ -g, y, 26, %^, &c. 

1, 2, &c., we shall find 

the corresponding values of 2; to be as in the margin.* 

* When the principles pointed out above &il in giving a solution, it is 
very probable that the proposed quantity cannot be made a square. At 
the same time, such an inference ought not to be hastily drawn ; and, to 
complete the theory, it would be necessary to investigate the cases in 
which X cannot be made a square. An inquiry of this kind, however, 
would be unsuitable to the nature and extent of the present work ; but 
those who wish to study this branch of the subject may consult £uler's 
Algebra, vol. ii. chap. v. ; Barlow's Theory of Numbers, chap, iv., and 
other works. The following investigations, in which it is proved that 
no rational value whatever, whole or fractional, can be assigned to « so as 
to make Sx^ + 2 a square, afford an instance of the kind referred to. 

Since, in dividing any number by S, the remainder must be either 0, 
or 1 , or 2, it follows that every number must be of one of the three forms, 
Sa, 3n+l, Sn + 2; and therefore, by squaring these, we find that the 
square of every number is of one of the three forms, 

9n8, 9n« + 6n + l* and 9n< + 12n + 4. 

Now, it will be seen that, if the second and third of these be divid^ by 
3, there will be 1 remaining ; and, also, that the first is diviable not only 
by 3 but by 9. Since, also, none of the expressions gives 2 as remainder, 
it follows that no square number can be of the form, Sn + 2, but must be 
of one of the two forms, 9n and Sn + I. 

It may be shown in the next place, that p and q being prime to one 
another, there can be no square number of the form, 3p3 + 2^^. To prove 
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24i4f, We may now proceed to consider how expressions of the 
two forms^ VX= V(fl^-I- 6^:2 4-00: + d) and VX= A/(ajr*-f 64?^ 
■i-cx^-i-eLr-i-e), can be rendered rational ; problems which pre- 
sent much more difficulty than the foregoing, and which admit 
of a much more limited number of solutions. In the solution of 
these^ the general principle is^ to assume the given expression 

this, since, as we have just seen, squares can have only the forms, 9n and 
3»+ 1, let us suppose p'^ to have either of the two values, 9n and Sn+ 1, 
and q* either of the two, 9m and 3m + 1. Now, the condition, that p 
and q are prime to each other, precludes our taking, simultaneously, 
p^smOn, and q^^dm, as these have the common factor 9. The only com- 
binations renudning, therefore, are p'^'^gn and q^^Sm+1 ; p^^3n+l 
and 9tt«c3m+ 1 ; and p^^^Sn + l and q^^9m. The first of these gives 
Sp« + 2g9s,27H + 6m + 2; the second 9n + 3 + 6m + 2; and the third 
9n + 3 + 1 8m. Now, if the first and second of these results be divided by 
3, there is in each case the remainder 2 ; while the third is divisible by 
3, and not by 9 ; and therefore, by what we have seen, 3p^ + 2q^ cannot 
be a square. 

It is plain, from § 98., that if one square be divided by another, the 
quotient is a square, and that if a quantity which is not a square be 
divided by one which is, the quotient is not a square ; since, in each in- 
stance, the root of the fraction so obtained is equal to the root of the nu- 
merator divided by that of the denominator. Hence, if we divide 3p^ + 
2q^ by ^, and denote the fraction whose terms are p/^ and q^ by x^, we 
shall come to the conclusion, that, universally, 3x^ + 2 cannot be a square, 
whether or, as formerly, be a whole number, or, as now, a fraction. It is 
scarcely necessary to say that the quantities, n, m, p, &c., employed above 
are whole numbers, with the exception of x, when used at the conclusion 
for the fraction whose terms are p and q. 

It might be shown in a similar manner, that none of the expressions, 
3p' + 5g', 3p* + 8q^, . . . ., Sjo* + (3n + 2)^2, can be a square. 

SimUar reasonings and investigations would be admissible, were 4, 5, 
or any other whole number taken as the divisor of other numbers. Thus, 
by taking 4, we find that all numbers are of one or other of the 
four forms 4n, 4n+ 1, 4n + 2, and 4n-f3; and, by squaring these, we 
should find, that all the even square numbers are of the form, 16n or 
16n + 4 ; and that the odd ones are of the form, 8» + 1 : and hence it will 
follow, that no number of the form, 8n + 3, 8n + 5, 8n + 7, 16n + 2, 1 6n + 6, 
i6n + 8, 16n + 10, 16n + 12, or 1 5n + 14, can be a square number. 

On similar principles, since every number is of one of the forms, 5n, 
5n-i-l, 5n + 2, 5n + 3, and 5n + 4, it may be shown, by squaring these, 
that every square number is of the form 25n, 5n + I, or 5n + 4, or, what is 
equivalent, 25n, 5n + 1 , and 5n — 1 ; and that, in consequence, no number 
of the form 5n 4- 2 or 5n + 3 can be a square ; and thus we know at once 
that 502, 506, 1002, 1003, &c., are not squares. It follows, also, from 
this last property, that all square numbers end inO,l(BO+I), 9(^10 
- 1), 4 («5 - 1 ), or 6 ( = 5 + 1 ). Thus, the squares of the nine digits 
1, 2, 3, &c., are 1, 4, 9, 16, 25, 36, 49, 64, and 81. 
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equal to such a quantity^ that, after squaring, all the tenns may 
disappear, or may he made to disappear, except those containing 
two consecutive powers of a? ; as the value of this quantity will 
then he ohtained in a rational form. The terms to he destroyed 
may he at the heginning of the given expression, at its end, or at 
both, according to its nature. The following examples will illus- 
trate a numher of the most useful modes of effecting the solution. 

Exatn» 8. Let it he required to render the expression >v/(2^ 
— 50?'+ 1^^4 4) rationaL Here, since 4 is a square, let us as- 
sume //X equal to t7J7+^. Then, by squaring, and rejecting 4, 
we get ^a^- 5ar2 + 12x=«^x2 + 4>t?ar. Now, if in this we take 
4v = 12> or V = 3, the terms 12x and 4v:r, will destroy one an* 
other, and v^ becoming 9> we have ^at^—Bx^^s^Qx^ ; whence «=?, 
which is found to answer, as, by its substitution for x, the given 
quantity /^/X becomes 23. 

This may also be solved by assuming ^/X equal to the trino- 
mial, v^x^ -f vx + 2. On this assumption^ by squaring both mem- 
bers, we get 

2x8 - 5ar2 + 1 2a: + 4 =t7' V + 2iw'a:« + («H 4«>2 -f 4f;a?+ 4. 

Hence, by rejecting 4, taking 4t7 = 12, and v^-f^t/ = —5, we 
find €=3, and o^s:— ^ ; and, by rejecting — 5a^ and 12x, and 
their equsJs, (vl^-^-Wj/x^ and 4«ar, we have 

2;r3=r«'V H- 2wV= V^ - 21«*. 

From this, by dividing by a;\ &c., we get a:=ff, which also an- 
swers. 

Exanug. Whatvalueof x will make 4a?*+124?3^ 3,r2— 2^4-1 
a square ? 

By assuming this equal to (2«3+va7HrvO^ actually squaring, 
and rejecting ^x*, we get 

12a;8— Sa?2— 2a:H-l=4«d?8+(t)a4-4'«>' + 2w/a: + «^. 

Then, by equating the coefficients 12 and 4v, and also —3 and 
t)'-f 4t?', we get «=3, and «'= — 3 ; and the Equation is reduced 
to — 2j?-|-l=2«v'ar4-«'*= — 18x + 9; whence 07=^. 

We may also solve this by assuming X equal to (vx^ 4. t;''^ + 1 y ; 
as, by actually squaring, and rejecting 1^ we obtain the equation, 

4a?* -h 1 2a;^ - 3x^ - 2a? = v^ar* + 2tn; V + (v"^ -f 2i?>2 ^ ^v'x : 
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and by equating the coefficients —2 and 2v^, and aldo —3 and 
v'^-^2v, we find t>'=— 1, and «= — 2. Hence the equation be- 
comes simply 

44r4-fl24;3=t;V + 2tn;V=fi4^ + 4:p3. 

and therefore or = 0^ which answers. The result might have been 
obtained at once by inspection ; ad when the last term^ as in the 
present case^ is a square, the quantity will evidently be rendered a 
square by taking j? = 0. 

^s a diird mode of solution^ we may assume ^/X=2j7^ -f v^+ 1^ 
the first and last terms being the square roots of the first and last 
terms of X. Then, by actually squaring, and by rejecting the 
first and last terms, we get 

Now, this may be resolved in two Ways, either by destroying 
the first term or the last, in each member. The first is effected 
by taking 4v = 12, and a is then found to be — ^. To take away 
the last terms we must have 2v = — 2 ; and on this supposition we 
find ^ to be ^, the same that was found by the first method. 

245. It is plain, that none of the foregoing methods can be em- 
ployed, unless, in an expression of the third degree, the last term 
be a square ; or, in one of the fourth, at least one of the two ex- 
treme terms be such. In that case, if we can find by trial a value 
y for jp, which answers, we may substitute, as in § 236», y-^j/ 
for J7, and we shall thus obtain an expression having its last term 
a square, and which may therefore be made a square by one of 
the methods employed already. 

Eatam, 10. Let it be required to render Sx^^^ a square. 

Here we see at once, that this will become a square if :r = 1. 
By substituting, therefore, y-l-1 for ar in 3x^—2, we get 3y* 
-hl2y^+18y2-fi2y-|-l, the last term of which is a square. 
Then, by assuming this equal to («y^+t?'y4-iy> we find that 
the last three terms in each member disappear by taking v'= 6, 
and V = —9 ; and we readily get y^^^, and thence a:=^, 
which is found to answer, making 3x^—2 a square. Were we 
now to assume x = y-hy^f ^nd to follow out a similar process, 
we should obtain another value of :r ; and thus we might pro- 
ceed as far as we please, finding value after value for a. These, 
however, would soon come to be expressed in numbers of ex- 
tremely great and inconvenient magnitude.* 

* We saw in the note to § 243., that innumerable expressions of the 
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246. Quantities of the fonn, X^ax^ -^baf^-^-cx-^d, caii be made 
cubes^ or, which is the same, their cube roots can be made ra- 
tional^ on principles exactly similar to those that have been em- 
ployed in rendering quantities squares. Thus^ if a be a cube^ 
we may destroy the first and second terms : if (2 be a cube^ the 
third and fourth terms can be destroyed : if a and d be both 
cubesj we can destroy the first and last terms : and^ when neither 
a nor d is sl cube^ if we can find a value x', which^ being sub- 
stituted for x, will render X a cube, we may substitute y-f x' for 
jc, and we shall get an expression which can be rendered a cube 
by the second of the principles just mentioned. The processes 
thus indicated will be understood from the following examples. 

Exam, 11. Let it be required to find a value of x which will 
render 84?3 + 12ar*^ + 27J?— 27 a cube. By assuming the root of 
this equal to 22;+^'^ cubing, and rejecting the first terms, we get 
1 2^2 ^ 27^ — 27 = 1 2t?a?2 -f dfr^a; + ^. We then destroy the first 
terms of this by taking 12v = 12, and therefore = 1 : and the 
equation becomes simply 27ar— 27 =6ar + 1 ; whence ^= J, which 
answers, giving X=J^|f^, the cube root of which is y . 

For a second solution, .we may assume the root = va: — S. Then, 
by putting the cube of this equal to X, and taking v = 1, the 
equation is reduced to 8x^-\-l^^=^x^^9x^ ; whence «=— 3 ; 
which also answers, giving X=— 2l6=(— 6)^. 

For a third solution, we may assume X= (2ir— 3)^, 2^ and 
—3 being the cube roots of the first and last terms. Then, by 
actually cubing, and rejecting the equal terms, we get 12^^-f 27^ 

second degree cannot be made squares ; and, as may be readily supposed, 
there are numberless expresuons of the same kind belonging to the third 
and fourth degrees. When expressions of these degrees cannot be made 
squares by some of the methods that have been pointed out, there is at 
least reason to presume that they cannot be made such. It can be 
demonstrated also, though the limits of the present work preclude the 
attempt, that none of the following expressions, besides innumerable 
others, can be made rational, imless either or or y be nothing ; ^/{x* + 4jr4), 
V(ar4-4y4), ^/(4x*-y*), V(2x* + 2y*y, V(2a:4 - Sy*), and V(x* + 2y*) 
See Euler's Algebra, Part II. chap. IS. 

It may be farther remarked, that, by no means at present known, can 
expressions of a higher degree than the fourth be made squares. Thus, 
if there were an expression of the fifth degree, and if we assumed as its 
root either ©*« + v'x + ©", or vx^ + v'x^ + v"x + r'", it would be found that 
we could not destroy so many terms as to leave an equation containing 
only two consecutive terms ; and therefore the values of x found from the 
resulting equation would be generally irrational. 
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= — 36jc^ + 54>s: ; whence J?=-^, which is also a correct answer, 
giving X= -?Z^=(-i^)3^ 

Ejcam. ] ^. Let it be required to find a value of x which will 
make 9,x^-\-S a cube. Here, we readily see that x may be —1, 
as X then becomes —2 + 3 or 1, the cube of 1. We taie, there- 
fore, a: =y— 1, and by this means X becomes 2^* — 6y^ + 6y-f 1- 
Then, by assuming this equal to (vy+l)^ cubing, and taking 
V = 2, so as to make the last two terms of each member disappear, 
we get ^= — 3, and consequently ^= — 4, which answers, giving 
X= — 125=(— 5)'. Were we to substitute y — 4 for x in X, 
and proceed as before, we should find another value oi x; and 
from it we might derive another, and so on. 

247. We may now briefly consider what have been called dou- 
ble, triple n or higher equalities ; that is, problems in which two, 
three, or more functions of a quantity are to be made squares or 
cubes at the same time. Thus, if it be required to And a value of 
Xy which shall render both the expressions, a^x-^-h^ and a,^-\-h,^y 
squares, the problem presents a double equality. To solve this, 
we may put the flsst expression equal to xt^, and find the value 
of X from the equation so obtained. Then, if this value be sub- 
stituted for X in the second expression, it will only remain to And 
such a value of j?^ as shall make the result a square, which will be 
done by some of the methods already explained. This will be 
exemplified in the solution of the following question. 

Exam, 13. Required a number, such that if 1 be taken from 
itself, and the same from its double, each remainder shall be a 
square. Here, putting x itft the required number, we have to 
make x — X and 2^—1 squares. Assuming the first equal to x"^y 
we get x — x"^-\-\\ and by substituting this for x in the second, 
we obtain 22:^4- 1, which is to be made a square. For the root 
of this we assume (§ 240.) vx' + 1, and we readily find 

the latter two expressions being identical, since the squares of 
2 — t?^ and w^ _ 2 are the same. By taking « = 1, we get a?=5, 
which answers ; since 5— 1 =4=2^, and 2x5 — 1 =9=3*. In 
like manner, by taking 3 and 4, we get ^=f|-> cuid dr =||^; and, 
by making other assumptions for v, we may get as many values 
for ^ as we please. 
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248. In case of the triple equality^ ajO^-f 6^^ a^-^h^, and 
flgjr -(- &3^ vie may find, as in the last §^ the value of x which will 
render the first and second expressions squares. Then^ by substi- 
tuting this in the thirds we get an expression of the fourth degree, 
which will he made a square by means of § 244., if^ it admit of 
being made such. 

Exam, 1 4. Required a number, such that if 1 be taken from 
it, 2 be added to it, and 1 be added to its quadruple, the results 
shall all be squares. 

In this question the three quantities to be made squares are 
47— 1, dT-f 2, and 4«-h 1. Then, by taking a? — 1 = x'*, and pro- 

ceeding as m the last example, we find ^= -t-^ to be the 

value which will render the first and second expressions squares. 
By substituting this in the third, 4«-f 1 ; rejecting 4v^, the de- 
nominator of the result, as it is a square, and dividing by the 
square 4, we get v*— «^ + 9j which is to be a square. Now, we 
readily see that this will be a square, if v = 1 : and, therefore, 
(§ 236.) we substitute y-\-\ for v. By this means we get 
y4_|_4y3^5y2_|_2y-|-9 : and, if we assume y^4-vy+3 as the 
root of this, and take v'= 2, we find y= — 2 ; and consequently 
v=^ — 1, and x=2, which answers. If, instead of taking v^= 2, 
we had taken it = ^, we should have got y=-^, v=|^ and 
/r = -§^, another answer: and by means of these answers we 
might, as in § 238., find others. 

249> In case, again, of the double equality, aj^^-f&|«, and 
a^x^-^-h^Xy we assume the first equal to v^x\ Then, by finding 
from this the value of x, and substituting it in the second, we 
find a quantity which may be made a square by some of the 
methods already explained. As another method, we may change 
x into y~^ in both : and then, by multiplying the results by the 
square y^, we get Oi -I- 6jy and a^ -^ h^y ; which may be rendered 
squares in the way pointed out in § 247* 

250. If it be required to make squares of <ijdr^4-&|a?+<^i ^nd 
a^'^-i &2^-{-C2, let such a value of x be found (§ 236, &c.) as 
shall make one of them a square. Then, by substituting that 
value of X in the other, and modifying the result, an expression 
will be found, which will be of the fourth degree, and which 
may be made a square, if possible, by means of § 244.* 

* A considerable outline of what is known regarding the Diophantine 
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Miscellaneous Examples. 

1 . To divide a given square number a' into two squares, * 
To solve this, let x^ be one of the parts : then a^—x^ will be 
the other. To make this a square, assume it (§ 240.) = 
v2(a — ar)2 f: then, dividing by a—x, we get a-\-x=^v\a'~x) ; 
and therefore by resolving for x, we find 

v^ — 1 ft?'— 1 y 4t?' 

^=-2-TT-" : whence ar2==)-y--4.aa; anda^— ^2==;^2-— ^.o^: 

the subtraction being performed by multiplying a^ by (y^ + 1 )2, 
«nd taking the product as numerator, and (y^ + 1)^ as denominator, 
and then actually squaring and subtracting. As particular in- 
stances, suppose a^ to be 100 : then if t? = 2, we find the parts 
to he 36 and 64 : if t? = 4, they are ^^ and %^ ; and so on. 
Hence, if we divide o^ and its two parts by the square a^, and 
multiply the quotients by the square (v^-f-l)^, we find that 
(t?2-J-l)^~(«2—l)^-^4t?^. If, in this, we change t? into p^'^, 
and multiply the results by ^, we get (p^ ■^q^y=(p^—q^y -\- 
^p^q^. Hence, the square of p^ + q^ being equal to the sum of 
the squares of p^—q^ and 2/>g, it follows (Euc, I. 48.), that if 
p2^q^ be the hypotenuse of a right-angled plane triangle, 
p^ — q^ and 2pq will be its legs; and therefore we have the fol- 

analysis having now been given, the following examples and exercises are 
subjoined for the purpose of illustrating it In solving such problems, 
the student will find that much, with regard to simplicity and elegance, 
depends on address in determining on the plan of the solutions, and in 
particular in making such assumptions as may shorten and simplify the 
work. The whole subject, though it does not contribute much to the 
advancement of the great and important branches of science, is still of no 
small curiosity and interest ; and accordingly it has attracted the attention 
and exercised the minds of several of the most distinguished mathemati- 
cians of modern times, particularly Euler, Lagrange, Legendre, and. 
Gauss ; whose works, as well as those of several other writers, and various 
articles in mathematical periodicals, may be consulted by those who wish 
to become extensively acquainted with the subject. 

* The solution of this question enables us to divide a given square 
into any assigned number of squares ; as we have only to divide it first 
into two squares, and then subdivide one or both of these into others. 

To solve the problem in which it is required to find three or more 
square numbers, whose sum shall be a square, not necessarily a given one, 
assume at pleasure a% b% c% &c., to represent them all but one; then, 
taking x^ to represent that one, we have merely to render x^ + a^ + b^^. 
&c., a square ; which will be done by assuming it equal to (:r + v)^. 
t We might assume the root a a + vx, according to § 239. 
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lowing rule, which is often useful : To find the sides of a rights 
angled triangle in whole numbers, take two unequal whole numbers: 
then the sum of their squares, the difference of their squares, and 
twice their product will be the three sides. Thus, by assuming 

1 and 2, we find the sides to be 5, 3, and 4 ; while, by assuming 

2 and 5, we get 29, 21, and 20. 

2. Required two square numbers, whose difference shall be a 

given number a. Let the less number be x^ : then the greater 

will he x^+a. To render this a square, assume it equal to {x -f t;)^, 

a^v^ 
and it will be easily found that x = — — . Thus, suppose a = 

12: then, if t? = 2, we get a: =2, a?*=4, and a7^-l-a=l6, so 
that 4 and l6 are the numbers. Also, if v = 4, we have 
ar=-^, a:2=^, and x^-\-a=12l=(3iy, 

3. To divide a number which is the sum of two known squares, 
a^ and b^, into two other squares. To effect this, let x^ be one of 
the parts: then a^-^-b'^—j^'^ is to be a square. Now, one satis- 
factory value of a: is 6 (or a) ; and, therefore, by substituting 
(§236.) y-\-b for x, we get o^— y2_2fty • by assuming which 
equal to (a--«y)^, we find 

*iav^2b J ^ bv^-i-^av'-b 6(t?2 — 1 ) 4. 2a« 

As instances, let the given number be 185=4^ -{-13^, so that 
a = 4 and 6=13: then, by taking v = 2, or v = 3, we shall 
find ar = ll, and a!^=il2l ; and also 185— 121=64=82. If 
« =r 4, we find the corresponding parts to be (^Y and (^)2. 
It is plain that we might have taken a = 13, and 6 = 4; and 
we should thus have obtained other answers. 

4. Let it be required to find three square numbers in arith- 
metical progression. Since (a:— y)*, x^-\-y^, and {x-j-yy, are 
plainly in arithmetical progression, having the common difference 
2^, and since the first and third are already squares, it is only 
necessary to find <r and y such that ai^+y^ may be a square ; 
and this will be done in the manner pointed out in the concluding 
part of the solution to Exam. 1. Thus, by employing the two 
numbers 2 and 1, we get x (the difference of their squares) 
= 3, and y (twice their product) = 4 ; and therefore (a?— y)*, 
^^-\-y\ (^H-y)^ are 1, 25, and 49, which answer. If, again, we 
take 3 and 2, we get x=z5y and y=12; and consequently 
(jr— y)2, arZ+yS^ gnd (a:+y)2 are 49, I69, 289, which also 
answer. 
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5. To find any assigned number (n) of squares, whose sum 
shall be a square. 

Here, by assuming as the required squares a^, a^y a^, . . . ., 
a„. j^, and x^, where aj, a^ &c,, are numbers assumed at pleasure, 
it only remains to find such a value of x as shall make ai^-\-a2^ 
+ ....' -f-ar^ a square, which (§ 239.) will be effected by assuming 
it equal to (^+v)^ &nd resolving the equation^ so found, for x. 

6. To find a number, such that if 1 be added to its square, 
the double of the result will be a square. 

By taking a as the required number, we have to make 2a;^ -f 2 

a square, which cannot be effected by any of the methods given 

before § 243. According to that §, however, if we change x into 

y-\-l, we get 2y^-j-4fy + ^: and by assuming this equal to 

4v "^ 4 
(2— «y)^, and resolving the equation, we obtain y= -j- , and 

thence x = - aZp + *' H^"^> if v = 2, a: = 7 ; if « = 1^, 

X = 41, &c.* 

7* What value of y will make the value of x rational in the 
equation, ax^ -f fco? -f cy^ = ? 

By resolving this equation for x, we find that its value contains 
the radical Vip^—^cyO* ^^ render this rational, assume it 
equal to b—vy. Then, by squaring, and by resolving the result, 

we get y = -g—-.— • Thus, for example, if a = 1, 6 = 2, and 

=—3, and if we assume « = 4, we get y=4, and a:= — l +7. 

4&C 
The general values of a are readily found to be — 2j_i~ > *"^ 

a*«2-f 4ac 

8. Find n numbers, such that if p^ be added to the first, P2 ^^ 
the second, p^ to the third, &c., Pi^p^, &c, being given numbers, 
positive or negative, the sums may all be squares, and such that 
the sum of all the required numbers may be a square. 

Here, by assuming Oi^— Pi, 02^— P2» o^^—Pzf-'y^—P^t 
where Oj, a^, &c., are any determinate nun^ibers assumed at plea- 
sure, we satisfy all the conditions of the question except the last. 

* To generalise this so as to make 2x^ + 2a^ a square, we have merely 

to change x into a-^x. Then, if we multiply by a, the final result ob- 

4a(»+ 1) 
tained above becomes «as o— ^- + a. 

r*--2 
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To satufy this, we add all the assumed quantities together^ thus 
obtaining 

an expression which will he rendered a square by assuming it 
(§ ^39.) equal to (-r-f r)^. 

9. To find three numbers in arithmetical progression^ such 
tliat the sum of each pair of them may be a square. 

This question may be solved very simply in the following 
manner. Assume the sums of the first and second^ and of the 
first and thirds of the required numbers, respectively equal to the 
squares^ a/^—^xy-^-y^, and ar^-hSory-hy*. Then, 4ary, the dif- 
ference of these, is plainly the difierence of the second and 
third, and consequently of the first and second. Hence (§ 52.) 
we find the first, second^ and third to be 

^ar*— Sary + Jy^ ^x'^+jpy ^^y^, said ^x^-jr Say -^^^, respectively; 

and it now remains only to make a7'+6<rs(+^^ the sum of the 
second and third, a square. To effect this, assume it equal to 
(j7+f;)3: then, rejecting a^, and resolving the equation, we get 

07= — -7 — >-. * : where v and y may be assumed at pleasure. 

except that v cannot be equal to +y nor to 2y, As an example, 
let y = 1 and t7= 19* Then, ar=— '^'^, and the required num- 
bers will be found to be ^^, ^^, and y^, which wiU 
answer. By multiplying these, also, by the square number 64, 
we get the integers, 6242, 3^62, and 482, which will be found 
to answer equally. 

Exercises. 

1, Find a number, such that the sum of its square and cube 
may be a square. 

Ans, «2— 1, where v may be any number whatever. 

2. Find two numbers, such that if to each of them, and to 

* By taking, ior simplicity, y s 1 in this value of x, and substituting 
the result in the eipressions found above for the required numbers ; and 
then, by multiplying the quantities so obtained by (v—3)% we find that 
the three required numbers will be x^ + 3x", x'— *", and z'—5x", where 
x'«jj<va-l)ft'fK<'-S)«, and :r"-.4(«.3)(v«-.l); and, if v be an odd 
number, these results will be whole numbers; while, if r be 1 7 or more, they 
will be positive, llius, if v » 17, the three numbers will be 16514, 8450, 
and 386 ; and if p « 21, they will be S6242, 20402, and 4562. 
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tbeir sum and difference, 1 be added^ each of the four sums may 
be a square* Ans, l6S and 120. 

3. Find two numbers, such that the difference of their cubes 

2v + 3 , t^»-h2tr 
may be a square number. Ans. ^,__- ; and ^-,-^. 

4. Find two numbers^ such that the difference of their squares 
may be a cube^ and the difference of their cubes a square. 

Ans. 10«* and 6t7^.f 

5. Render 2x^ — 2 a square. { 



^^- ^=tl2-2> *"d 2^'-2=(;^!r2)'- 



6. What value of z will make 13x^-\-l5z'\-7 a square ? 

3»2_26^^54 ^ « ,o « 

Jtw. <r= 2Z^iQ — ' particular values of z, ^, ^, &c. 

7. Find two numbers^ such that if each be added to the square 
of the other^ the sum shall be a square. 

8t?-f 1 Sw + I ^ 

8. Find two numbers^ such that their sum and difference shall 
be squares, 

Ane, v^ + 1 and 2t7 1| ; particular values 5 and 4^ 
10 and 6, 17 and 8, &c. 



* To solve this question, assume the numbers equal to a* + Sx and 
x^—2x. Then 42r+ 1 and 2x*+ 1 must be squares. Assume the former 
equal to v^, and in the second take x equal to the value of it so obtained, 
llie expression thus found will be a square, when v as I, and the solution 
will be completed by means of §§ 243 and 244. 

t These answers may be obtained by assuming the numbers equal to 
x3 + 2a6 and x^ — 2a«. 

f Here take r » y + 1, and the solution will be easy. By taking v = 2, 
we get a:=S ; also, » = J gives x= 17 ; while if » = ',<>, we get j: = 99. 

§ These expressions will be obtiuned by assuming x->l and 4x as the 
required numbers. 

II These values are assumed at once, in accordance with § 53. It 
would be, in appearance at least, more general to take instead of them 
ff3 + o'2 and 2vv'. Bonnycastle, in an inelegant solution, assumes as the 
required numbers, x and x^ + x; and, after the trouble of a formal investi. 
gation, obtains for the numbers expressions in a considerable degree compli- 
cated. The next question is also from Bonnyc^tle. In solving it, he 
assumes 4ar, x^'-4x, and 2x+l, as the required numbers, and he thus 
obtains very simply the answers here given. 

H 2 
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9. Required three numbers^ such that the sum of all three, 
and the sum of every pair of them^ may be square numbers. 

Ans. ii^-l), ^r«-l)2- 2(^-1), and K^^+S). 

10. Render 6jb^-\-9x^-^36x—S a cube. 

Ans. It will be a cube when s =z 3, 

11. What value of j? will make 3x^ — 10j;3 + 24x* + 32x-|-16 
a square ? Ans, 9. 

12. Find two numbers, such that their sum and the sum of 
their cubes may be equal. 

Ans, 1 and 1 ; -7- and y ; ^ and ^ ; -j^ and \^, &c ; 

general values, ^-^ and -J^^ \ 

13. Find a number, such, that if 1 be added to its double and 
triple, each of the results may be a square. 

Ans. 40, 3960, II, &c ; general value 2{a^-\-s), 

2t?+6 
wnere a:=— ^ — >*. 
v^ — o 

14. Resolve S5, which is the sum of 2^ and Q\ into two other 
squares. 

Ans, 6^ and 7^ besides innumerable fractional answers. 

15. Find two numbers, such that their difference may be 

equal to the difference of their squares, and that the sum of their 

8(|uares may be a square. 

2»— 2 . , 2t7— 2 ©2—2©^ 
^'**- 2 a' and 1 - — - or -x — _ .* 

16. To divide a number which is the sum of three square 
numbers in arithmetical progression, into three other squares 
which shall also be in arithmetical progression. 

Ans, The numbers will be found by dividing one third of the 
given number into two squares, a^ and b'^, by Exam. 3., 
and taking (a—by, a^-^-b^, and (a 4- 6)^ as the re- 
quired numbers.! 

* This question is taken from Barlow's Theory of Numbers^ p. 477., 
where it is stated that the answer is ** ;}, ij, or any two fractions the sum 
of which is unity.** This is erroneous, as, besides having their sum equal 
to unity, the fractions must be of the forms given above, or some equi- 
valent ones. 

f As a particular example, let us take I, 25, and 49, which are square 
numbers in arithmetical progression. Tlie sum of these is 75, and one 
third of this, 25, is the sum of the squares of 4 and 3 (half the sum and 
half the difference of V49 and Vl). Then, by taking a = 4, 2» » 3, and 
V = 3, in the result obtained in Exam. 3., we find two other squares whose 
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SECTION XV. 



SERIE8* 



251. The series which are treated of in mathematics are suc- 
cessions of quantities^ each of which, after a certain term, is 
derived, according to a determinate law, from one or more of the 
terms preceding it. Thus, in the series, ^, -J, ^, ^, &c., each 
term is one third of the one next before it ; while, in the series, 
1, 2, 3, 5, 8, 13, &c., each term after the second is the sum of 
the two immediately preceding ones. Out of the numberless 
kinds of such series, two have already been treated of in Sec- 
tion VII. j and we may now briefly consider a few others. 

252. A principal problem regarding series is the finding of 
their sums. If an infinite series, that is, a series to the number 
of whose terms there is no limit, be proposed, and if we take as 
its sum the sum of a certain number of its leading terms, the 
first ten or first hundred, for example, the error would evidently 
be the amount of all the remaining terms. Now, if we can show, 
that by taking more and more of the terms, that error, or com- 
plement, admits of being rendered as small as we please, — less, 
in fact, than any number that can be assigned, however small, 
it is plain that there is a limit to which, whether we can find it 
or not, the sum of the series tends as its value., Such a series is 
said to be convergent, and all others to be divergent. Thus, we 
saw in page 1 12., that the sum of the series ^, ^, \, See, can 
never amount to 1, however far we may carry it ; but that, if we 
take a sufficient number of terms, their sum will differ from 1 by 
as small a quantity as we please : this series therefore is con- 
vergent. On the contrary, the sum of the series, 1, 1, 1, &c., 
and 1, 2, 3, 5, 8, &c., will evidently go on perpetualljfc in- 

sum is 25, to be (2/)« and (J)«, and the required numbers will be (\f)a, 
5«, and (V)*; or, by multiplying by the square 25, 289, 625, and 961, 
which are found to answer. Innumerable other answers may be found 
by giving different values to o. 
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creasing, as more terms are taken, and will surpass any limit 
however great ; these^ therefore, are diverging series.* 

253, It is impossible to give a general rule for the summation 
of series. Certain classes, however, may be readily summed ; 
and we may now consider some of these, commencing with the 
following simple example. 

Exam. 1 . Find the sum of the series, -— , — -, -— , — --, &c. t 

i»/i jC.o 0.4 4«0 

Here the first term is plainly equal to y— ^, the second to 
^— ^, the next to ^— :|:, and the nth or general term, which is 

evidently -7 -r , to -• Hence, therefore, denoting the 

n{^n-\-l) n n-f-1 

* Such also is the series, ^) ^ 7* ^ &c., already referred to in p. IIS., 
though the contrary might be supposed from the continual diminution of 
its terms, which, by carrying it out &r enough, may be made as small as 
we please. To show this, let the sum of the series be written thus : 

i+(i+i)+(i+i+.j+i)+a+A+ .... +A)+&c. 

We thus see, thar, while the first term is ^ the sum of the next two, 
being greater than \ + \i is greater than J ; and that the sum of the next 
four, being greater than g + 1 + 1 + }, is also greater than }. In a similar 
way it would appear, that the sum of the next eight terms, the sum of 
the sixteen following them, and so on, would be each greater than \ ; and 
it would be shown in a similar manner, that, universally, if 2o be the 
denominator of any term after the first, the sum of the v terms ending 
with that one would exceed \. Hence the sum of the infinite series must 
be infinite, being greater than ^ repeated an infinite number of times. 

t This series may be generated by dividing, as in the margin, I by 1, 
under the form 2~ 1 ; the remainder ^ by 
1 under the form 3 — 2 ; the next re- / ] 1 

mainder ^ by 4 — 3; and so on. In a 2—1)1 I T's"'' i^s"*"^' 
similar manner, the student may evolve as 1 _ i 

many series as he may think proper, by j' • 

subjecting the divisor to a regular change ~ i 1 

of form : and the sum of an infinite num- lUl. 

ber of terms of each will be the exact i> &c. 

quotient obtained by dividing the original 
dividend by the divisor. Thus, for instance, by dividing 1 by 4 under 

11 3 

the successive forms, 5 — 1, 7— 3,9— 5, &c., we should get - + — — + ■ 

3 1 

+ ^-* -- + &€.; in which Sa)=-. If all the terms be divided by 3, 
7.9.11 4 ' 

this will take the form, z-x-;. + x-=-^ + - -t +&c. ; and in this we shall 

plainly have S,^ ss-j^ 
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sum of n terms by S„, and writing the positive terms in one line, 
and the negative in another^ we get 



».= < 



T+l+i+ 



1 

2 



1^ 

3 



n 



n + l 



orS. = l 



n 



»4-l n-fl 



1000 



Hence the sum of six terms is ^, and the sum of a thousand is 
If n be infinite the fractional part of 'the first form of 
the sum vanishes, and we have simply 8,0 = 1. 

254. To generalise this process^ since 
= -p-^, — c, we have, conversely, -7 ^ = - f ) . 

p P4-? w+9) p(p-hq) q\p p+qJ 

By means of this expression, we can find two fractions, whose 
difference shall be equal to any given fraction ; and thus we can 
determine the sum of any series which admits of being summed 
on this principle. 

Exam. 2. Find the suni of the series, ~-~, -7-^, -—, ^~, &c. 

Here the general term is evidently 

1 1/ 1 

(n+2)(nH-4y ^' 2\n-\-2 

by what has just been shown, ;> being equal ton + 2, and q 
to 2. Hence, by taking n successively equal to 1, 2, 3, &c., 
we find the first term, the second, the third, &c., to be 

Ui-i)> iii-i). Ki-i)> &c. ; 
and the term before the last, the term before that, &c. will be 
resolved into their parts by changing n into n— 1, n— 2, &c. 
Hence, 

.+ ' 



'n+4,)' 



" 2 



1.1 1.1. 



[ 5 6 •• 



/1+2 
1 



1 



»+2 






n + 4y 1 



n-^S n-l-4 
2»-f7 



24 2(n + 3)(n-h4y 

If n be infinite, the third and fourth terms of the sum in its 
first form will vanish, so that the sum of the infinite series is ^. 
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255. Since = * 

PlPiPS'^'Pn-l P2P3PA"*Pn PlP2Pz^"P» 

by diyiding byp.— pp we get 

'—=-^( ^— '- — )• 

P1P2P9 -"P* Pn—Pl \PlP2P3 '"Pn-\ P2P3PA • • • P«/ 

This very general formula enables us to sum many series, in 
which the factors of each of the denominators are equidifferent^ 
the common difference being the same in all the denominators. 
The following examples will illustrate this method. 



Exam. 3. Find the sum of the series, 

1 1 1 



, &c. 



1.4.7' 4.7.10' 7.10.13' 

Here, the factors of each denominator exceeding those of the 
preceding one by 3, it is easy to see that the general term is 

r- -r-7- -vTt; rr, since, if n be taken successively equal 

(3n— 2)(3»-|-l)(3w-f-4y ^ ^ 

to 1, 2, 3, &c., that expression will give the several terms of 
the series. Hence, by taking p^ = 3n— 2, pg = 3n-fl, and 
p^ = 3n4-4, we find by what was shown above, that the general 

tenn is equivalent ^\{ ^sn-ZXSn+Vr i Sn+l\3n+4>) ]- 

Taking in tbia n auccesaiTely equal to 1, 2, 3, . . ., and n— 1, 
we find the firat, aeoond, third, and (n— l)th tenna to be 

sfc'ijj' 6\i^~TMi)' siTao'Toisj* "°^ 

g { (3n-5)(3n- -a-)-r 3»-2X3.»+ 1) 1 ' ^hen, by amnging 
these and the nth term as in the other examples, we get 



S,= « 



1 
6 



\+^.i +..+,^i^,^t+ ' 



1.4 •^4.7^7.10^ ' (an— 5;(3ii— 2) ' (3«— 2)(3n+l) 

__ 1 1 1 1 I 

4.7 7.10 (3«— 2)(3i»+l)"'(aii+l)(3»+4)J 



I 



* Found by multiplying the numerator and denominator of the first 
fraction by />,, and those of the second by p^, and then subtracting the 
second result from the first. 

f This term would be destroyed by one of the parts of the (n— 2)th 
term. 
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When n is infinite^ the last term vanishes^ and therefore the 
sum of an infinite number of terms is -Jf, 

E^m. 4. Sum the «ries, -^-, J-, -1-, -^-^, &c. 

' 1.2.3' 2.3.4' 3.4.5' 4.5.6' 

fi + 4 

Here the general term is plainly -. r\-/ :;.^ i and this, by 

® f / n(n-|-l)(n + 2)' ' ^ 

the last §, is equivalent to -■! -7— — -v— 7 — rvv? — tttv }■• 
'^ ^ 2ln(n + l) (»+l)(» + 2)J 

Then, by taking n successively equal to I, 2, 5, , n, and 

arranging the results in the usual way, we get 

5 6 7 n+3 ^ n+4 



1 11.2 2.3 3.4 (n-l)n n(n+l) 

"""21 , 5 6 n + 3 n + 4 



• • ^^ • • • • • 



2.3 3.4 n(n+l) (n+l)(n + 2) 

»if 1 .± . JL+ ^^ ^+^ 1 

~2li.2'^2.3"*"3.4"*" ••• "^^n + l) (n+l)(» + a)J' 

by contraction. Now the first term is the half of 2^ ; so that 
if we omit the 2 and the last term, what remains is one half of 
the series in Exam. 1. Using, therefore, instead of this series, 
the sum there found, we get 

qlfg,, 1 n+4 18 n + 3_ 

""•^n "^ « + l (»-fi)(n + 2)J~2 (n+l)(n+2y 

Hence »„=-. 
2 

Exercises, Find the sums of the following series. 
,1 1.1. L . J^ 

^•43"^5:6"*'6.r 7:8"^ 

A a ' ^ 1 n jol 

4 n-f4 4(n4-4y 4 

^ 2:3:4 ■*"3X5"^4:5:6'*"^^ 

^n.. 8,= --.-.^-^^-^— ^j, and 8.= ^. 
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* T^~.3A "*" 2.3.4.5 ■*" S.4.5.6 "*" '^' 

An,. S-iV(n + l)(» + 2X« + 3)' ■""* ^-=1^' 

^ - 3 2» + 3 . - 3 

An». S.=--gj^5-pg-p^, and S, = _^. 

6. A_A + A_J_+&e. 
3.5 5.7 7.9 9.11 

An*. S.= -l-^plj-g^.(-l)n, «,d S« = J2. 

256. Infinite series may be converted into continued fractions ; 
and thus their sums may be determined^ either accurately or 
approximately^ in many of the most interesting cases.* The 
method of effecting this will be illustrated by the following ex- 
amples, in which the series is regarded as the numerator of a 
fraction having unity as its denominator. 

Exam. 5. Express the infinite series^ 1— 4j7-f 7^ — lOx'-f- 
I3x^ — &c^ as a continued fraction. 

Here the operations in division for obtaining the continued 
fraction will stand very conveniently in the following form^ the 
coefficients only being used^ and^ as in the note in p. 6l,, the 
. French and the common mode of placing the divisor being em- 
ployed alternately. 

* Much of what follows, regarding this curious and interesting appli- 
cation of ccmtinued fractions, is taken in substance from Burg*s Lehrhuch 
der hdhem Mathematik (Wien, 18S3), vol. i. chap. 10. See idso Ettings- 
hausen's Vorlesungen uber die kohere Mathematik (Wien, 1827), p. 69. 
&c. When, by the method here employed, or by any other, an eiact 
finite quantity is obtained as the stan of an infinite series, the mean^ 
ing is, that, if the quantity so found be developed by the performance 
of Che operations indicated, it will become the same as the proposed 
Mries. 



1^ T&S SUMMATION OF SERIES. 



25 1 



1-4 7 -10 13- 

4 -7 10 —13 + 

■ 

4 -8 12 -16+ 



1 — 2 3 - 
Hence 1— 4r + 7J?^— &c. 

1+ 



f 






1 -4 


7-10 


13- 


■4 


10 IS 

4 4 


16 

4 
36 

4 


9 
4 


18 27 
4 4 


9 

4 


18 27 

4 4 


36 

"4 







= - 4i2? 



9« 



1 =j, 
I 

16 

-1 = "-' 



\ 9 J (':zR\ 



4 



+f.t 



257* The value of the continued fraction found ahove^ in its 
first form, will be obtained in the manner pointed out in § 2l6.« 
and the work will stand as follows : 



* In the process given above, 1 in the left-hand division of the work 
is divided by 1 —4 7, &c., in the right-band division; and the quo- 
tient q^ is I, and the remainder 4—7 10, &c. Dividing 1—47, &c., by 

this remainder, we get the next quotient q.2^\-t with the remainder 

~{ If — ^, &c. We next divide the last remainder, 4—7, &c„ by this, 

and we get as quotient ~^, and as remainder 1—2 S,&c. By this, in 

the last place, we divide — J ^» &c. ; and we thus obtain the quotient 

q^y with no remainder. 

f The first form of this continued fraction is that which is obtained 

according to the ordinary process in Sect. XII. To obtain the second 

form, we multiply the numerator and denominator of what is annexed to 

4x 
1, the first denominator, by the denominator 4:r. In this way, •— , the 

second fraction, is found ; and the numerator of the third becomes 4x in- 
stead of 1 . We then multiply this numerator and its denominator by 
the denominator 9 ; and we thus get for numerator 36x, and for denomi* 
nator —16, while the numerator of the remaining fraction becomes 9; 
and, by multiplying the terms of this fraction by the denominator 4dr, they 
are changed into S6» and —9, and the fraction itself becomes — 4x. 
Then we simplify the last two fractions by dividing by 4 ; and finally by 
changing some signs, the method of doing which is quite obvious, we get 
the fraction in the second form. 
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1 16 9 



1, 



V4JJ 



1-^ ■ ^-U\ 



1 V4a?/ 9^ 4a: 4a: o?^ 1 — 2ar 



r* 



- 1 . i_' 1 i^_A' i4._L-i_4.^4.i l+2a7+ar2' ^ 
4a: 9 9^ '*"4a: 4a:"*"a:'*"ar2 

This is the required sum ; and its correctness would be verified 
by actually dividing the numerator by the denominator, as the 
quotient would be the given series.* It may be remarked that, 
in the present example and in similar ones, the sum would be 
found rather more simply from the second form of the continued 
fraction, by reducing the last two of its component fractions to 
a simple fraction ; then by attaching the result to the denominator 
of the preceding one, and reducing the complex fraction so ob- 
tained to a simple one^ and so on. 

E.anuQ. Given l+^+^+jJ^+:--|*-^+&c.+; to «. 
duce it to a continued fraction. 

Here, by dividing 1 by the given series^ the series by the 
remainder, and so on in the usual way, we find the successive 

13 5 7 

quotients to be 1, ^, —2, -, 2, — , —% -, &c. ; where 

X W X X 

the law of continuation is manifest. Hence the continued frac- 
tion will be of either of the following forms, the second being 

* A series, such as the one in this example, \rhich can be expressed by 
a finite continued fraction, and for which, therefore, a sum, or generating 
fraction, can be found, whieh by division will reproduce the series, i» 
called a recurring series. In a series of this kind, each term, after a cer- 
tain number at Uie conmiencement, b equal to the sum obtained by add- 
ing together the respective products of a certain number of the terms 
immediately preceding it, by determinate multipliers. Thus, in the pre- 
sent exaniple, each term after the second is obtained by multiplying the 
two terms iaunediately preceding it by — ;r^ and —2x respectively, and 
taking the sum of the results ; as would appear by dividing the nume- 
rator 1 — Sjt, by the denominator 1 + 2x + x^ <^ the generating fraction. 
These multipliers (in the present case —x^ and — 2x) have been called 
the scale of relation of the series. In summing series by means of con- 
tinued fractions, it is not necessary to consider this scale. 

f This is the series equivalent to the exponential function c^^ c being 
the base of the Nep«rian logarithms. See Differential and Integral Cd' 
cuius, p. 33. 
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derived from the first in the manner pointed out in the note to 
the last example : 






+ ■ 



(^)+te; 



or, - * 



2—- . x 



Eamn. 7. Reduce a?— |^+Ja:*— iar^ + &ct to a continued 
fraction. 

Here, by dividing I by the series, the series by the remainder, 
&c., we find the successive quotients to be 

1 2325 2 72 

or^ P w' 2' m' 3' ^' 4' *^^'^ 

the law of continuation of which is evident. Hence we shall 
have the equivalent continued fraction expressed in either of the 
following forms^ the latter being derived from the former in the 
way pointed out in the note to Exam. 1. : 

* It would be easy to show by the method pursued in § 216., that, in 
finding the converging fractions, when there is a negative quotient, the 
products by it are to be severally eUmini$hed, and not increfuedy by the 
terms of the fraction immediately preceding them. Hence, if in this 
traction we take x a I , we shall find the first twelve of the fractions con- 
verging to the value of c, in the following manner : 

0, 1, -1, 2, -3, 2, -5 2-7 2 -9 2 -11. 



By performing the actual division in the last of these fractions, we get 
2*7 18281 828445; a result which is true in all its figures except the last 
two, which ought to be 59. 

t This {Differential and Integral Caletdus, p. 34.) is the Neperisn 
logarithm of 1 + x. 
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© 



+ 



© 



© 



+ 



© 



© 



+ &C.; 



2 H 4a: 

7 +-2-4. 

^9 +&C.* 

jBarcrcwc*. 

7. Show how 1 + 2d7-f 3a:2 + 4ar3 + &c. may be expressed as a 
continued fraction ; and thence find the sum of the series. 

Ans» The several quotients are 1, — ^ —4, and — . In 

the second form of the continued fraction^ the com- 

1 2ar 2a: 2j7 

ponent fractions are -, — — , ---, and — - ; and 

114 1 

1 

the sum is ,- — . „. 
(l-a:)2 

8. Find the sum of the infinite series. 



* If, in either of these expressions, x be assumed equal to 1, and If 
eleven of the component fractions of the continued' one be taken, the 
equivalent common fraction will be J|§g?|§, or, by division, 0*6931471849, 
which is the Neperian logarithm of 2, true in all its figures except the last 
two. Now, it is worthy of remark, that if x were taken equal to 1 in the 
series given in the example, the resulting series, 1— J+ J— ^ + ^-&c., 
would converge so slowly, that it would be necessary to employ thou- 
sands of millions of its terms to give a result of equal accuracy, and that 
the labour of performing the computation in that way would be almost 
absolutely insuperable. We have thus a striking instance of the advan- 
tage obtained by employing continued fractions in cases of this kind. 
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:r-f:c2_^_;p6^3.7^a;8_a.io_;pli-j-&c., 
by means of a continued fraction. 

Ans, ; — . 

9. The sine of a circular arc a: to the radius 1 is 



x^ . x^ x^ 



+ &C, 



and its cosine 1 — •— ^ + - ^ ^ , —-z-r. — ^+&c.: and if the former 

1.2 1.2.3.4 1.2....0 

be divided by the latter, the quotient is the tangent of ar.* Show, 
from this, that the tangent of x is equivalent to the continued 
fraction. 



X 



x^ 



'-J^^^ x^ 
5 — — 

7 -&c. 

10- Prove that (1 -fa?)" is equivalent to the continued fraction 
in which the numerators of its constituent fractions are 1, nx, 
i(n+l>. K^-l>, K» + 2>, tUw-2>, ^n-\'S)x, &c. ; 
and the denominators. each 1; the signs of the several fractions 
being f and — alternately. 

11. By employing the first five terms of the continued fraction 
found in Exam. 6., show that the series from which it arises is 

, 12-f6a:H-a:2 
nearly equal to f^^rg^^^- 

12. By means of the first six terms of the continued fraction 
found in Exam. 7*^ show that the series from which it was ob- 

, . , . , ,, 6007+603:2 + 11x3 

tamed, is nearly equal to Qo^gOx-^SGx^Ts^r 

1 3. Required the generating fraction which produces the series, 

X 7^^x^ x^^x^ ^^' "^"^'{x^iy 

1 4. Find the sum of the infinite series, Par -f S^or^ + 33^:3 ^ 43^4 

w 4- 4x^ -j- x^ 

4-5^x^-\-&c. An9. —Tz v7— . 

(1— a:)* 

258. The sums of series may sometimes be readily found by 
* See DifferenHal and Integral Cakftius, pp. S9 and 40. 
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the method of iDdeterminate coefficients. This will be illustrated 
by the following example. 

Exam, 8. Required the sum of P, 2^, S^y ... ., n\ 

Here let the required sum be assumed equal to An -|- Bn* -f Cn\* 
Then, by changing n into n-f-1, we get l^-f 2^+ . . . . -f»' 
4.(n + l)2=A(n + l) + B(n-hl)2 + C(n4-l)^. From this take 
124.324. -|-n2=A» + Bn2-rCn', and there will re- 
mam (n-hl)^ or n2-l-2n-|-l=A + 2nB+B4-3Cw2 4.3C» + C. 
Hence, by equalling the coefficients of the like powers of n we 
get3C=l, 2B + 3C=2, and A + B-t-C = l ; and, by resolving 
these equations, we find C = ^, B=^, and A=^. The re- 
quired sum, therefore, is ^n+^jW^-l-^n^, or, what is equivalent, 
n(n-f l)(2 n4- 1) . 
iT2.3 

Exercises, Find the suras of the following series. 

15. l^ 23, 33, . . . ., n3. Ana. {^n{n + 1)}^. J 

16. IS 2S 3*, , n*. Ans. |n«+^fi*+^ii3— ^n. 

17. IS 2S 3S . . . ., n\ Ans. ^n6+i»'^+ A»*- A»*' 

18. 12, 3S 52, , (2»- 1)2. Ans, |n(4»2_i). 

19. 1.2, 2.3, 3.4, . . ., «(n4- 1). ^n*. ^(2n + 3n2-|.n3). 

20. 1.22, 2.32^ 3.42^ . . .,n(n + 1)2. Ans. ^n-^-ln^^ln^+^n^, 

21. 1.32, 3.52, 5.72, , (2n— I)(2n-h 1)2. 

Ans, n2(2n2-|-3)-|-^n(l6n2-4). 

• It is evident, that 12 + 22 + 3« + . . . + n« is less than n* + na+ ji«+, 
&c., carried out to n terms, that is, than n^. At the same time, as there 
are n terms, and as one of them is n% it is plain that n' will enter io 
some way into the sum ; and hence the reason of assuming it equal to 
An + Bn^ + Cn3. It would be found, indeed, that if we had assumed it 
equal to A' + An + B»9 + CnS + Dn* + E/i* + &c., A' would disappear in 
the operation, and each of the coefficients after C would be found to be 
nothing. It is plain, also, that there can be no term A' not containing 
n, from the consideration, that when n is nothing, the sum must be no- 
thing, and not A'. Since, also, the terms are all whole numbers, it is 
evident that the sum can contain no powers of n having fractional or 
negative indices. These remarks are applicable in all similar cases. 

t Much additional and important information regarding series will be 
found in the author's Treatite on the Differential and Integral Caladut, 
Section xxiv. 

I By § 133. the sum of 1, 2, 3, . . . ., n b |n(n+ 1). Hence we 
arrive at the curious conclusion, that 

(1 +2+3+ .... +n)«»ls + 23 + 8S+ .... +»«. 
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SECTION XVI. 

▲PPLIOATION OF ALGEBRA IN INYESTIGATIONS IN GEOMETRY.* 

Exam, 1. Given the perimeter of a right-angled isoBoeles 
triangle = p ; to find its sides. 

• The solutions of two geometrical questions by means of algebra 
have been already given in Section IX. In the present section, the 
mode of resolving geometrical problems by this means is taken up briefly 
in a separate form. 

The chief principles necessary for the solutions of the following ex- 
amples and exercises are as follows ; and their demonstrations will be 
jfbiind in the author's other works, and in his edition of Euclid as re- 
ferred to. 

1. The area of a parallelc^am is computed by multiplying its length 
by its perpendicular breadth ; that of a square by multiplying a side by , 
itself; and that of a triangle by multiplying its base by its perpendicular, 
and taking half the product. (^Euc,I. 46. Corollaries.) 

2. If we put IT to denote 3 '141 59265, &c. (half the circumference of 
the circle whose radius is 1 ), the area of the circle whose radius is a is 
iraK The volume, or solid content, of the sphere whose radius is a is 
iwa^f and the area of its surface is 4ira9. (DifferenHal and Integral CaJU 
adut. Section XX.) 

3. Xhe volume of a cone or pyramid is one third of the product ob- 
tained by multiplying the area of its base by its perpendicular height. 
(Euc, XII. 7. Cor. and 10. ; and Diff. and Int. Ode., Sect. XX.) 

4. If a be the radius of the base of a cone, and b its slant height, the 
area of its curve surfifuse will be }ira&. This is manifest from supposing 
the surface developed into a sector of a circle. 

5. In a right-angled triangle, the square described on the hypotenuse 
(the side opposite to the right angle) is equal to the squares described on 
the legs (the other sides). (Euc. I. 47.) 

6. In triangles which are equiangular to one another, the sides which 
are opposite to equal angles are proportional. {Euc. VI. 4.) 

7. If from a point without a circle two straight lines be drawn cutting 
it, and be continued to meet the remote part of its circumference, the 
rectangle contained by one of the lineis and the part of it without the 
circle, is equal to the rectangle contained by the other and the part of it 
without the circle. {Euc. III. 36. Cor.) 

8. If two chords cut one another in a circle, the rectangle contained by 
the segments of one of them is equal to the rectangle contained by the 
segments of the other. (Euc. III. 35.) 

9. In proportionals, the product of the extremes is equal to the product 
of the means. (Eue. \. Supplement 2. Cor.l.) 
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Let ABC be the required triangle^ and let the leg AC or BC 
=je. Then (Euc. I. 47.) AB = V2x^=zxV2; and 
therefore the perimeter, the sum of all the sides, is 
2d7+^\/2. Putting this =p*> finding z from the 
equation so obtained, and multiplying the numera- 
tor and denominator of its value by 2— ^/2, we get 

For another solution, put AB =: x. Then {Euc. I» 4>7*) AC 

or BC = \/^2=^\/2, and the perimeter will be x^/2+x. 
Putting this equal to p, resolving the equation so found for jv, and 
multiplying the numerator and denominator of the result by 
/\/2— 1, we should get z =p{ //2— 1). The same would be ob- 
tained by extracting (§ l69>) the square root of twice the square 
of the value of x fourd in the former solution. 

By drawing a perpendicular from C to AB, it would be easy 
to show that the solution, in reference to either of the triangles 
80 formed, would be identical with that of Exam. 7* P- 142. 

Exam, 2. Given the difference between the perimeter and per- 
pendicular of an equilateral triangle = (2 ; to determine the sides. 

Here, let ABC be the triangle, and let AD be ^ 

drawn perpendicular to BC ; then (JEwc. I, 26.) BD * jk 

= DC. By putting therefore BD or DC = a?, the /\\ 

perimeter will be 6x, and (jBmc. I. 47.) AD = b d c 
^/(ABa-BD2)= .v/(4a?2-^2)-- ^J^^/^s. 

Hence oar— ar/v/S=d; whence ar=r^ — ; or (§ 108.) 

^^6 + V^y^y the double of which is the side. 

* If we were here to transpose 2x, square the members so obtained, 
and resolve the result as a quadratic, we should get xss.\p{2 ± v^2), the 
same as the result in the text, if the double sign were used before V2. 
By using the lower sign in this we get the solution in the text, which is 
the solution to the question in its literal meaning. By taking the upper 
sign we get a:s=:|p(2 + \/2), which is the leg of the triangle in the ques- 
tion in which p is the excea of the sum of the legs above the hypo- 
tenuse, as would appear by changing the sign of V^ in the equation 
2« + x^/2 =/>. 

In like manner, in Exam. 2., by transposing x v^S and d, by squaring, 
&c., and resolving the resulting equation, we should get ^(6± v^3)t4 » 
result which would also be obtained by taking AD equal to ± V^S : and, 
by using the lower sign, the expression would be the value of «, if d 
were the sum of the perimeter and perpendicular. 
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Esam, S. Giyen one 1^ of a right-angled triangle = 15 (asa)^ 
and the sum of the hypotenuse and twice the other leg = SS 
{=h^ ; to find the three sides. 

Here, if BC = a, and AC = x, we have {Eue. 1. 47.) 
AB=A/(a2-|-jr2); and therefore 2d7+V'(o«-h ar5»)= ft. 
Hence, hy transposition, by squaring, &c., we get !•= 
|{2ft± ^/Qi^ -h Sa2)} : and, taking a = 1 5 and 6 = 33, we 
find ar=8,and x^S6y the first of which gives AB= 17, 
while the second gives it equal to 39* Of these results 
8 and 17 answer the question in its literal meaning, since 
2x8 + 17=33. The others are the answers to the 
question in which the excess of twice the required leg above the 
hypotenuse is 33, smce 2 x 36— 39=33. This will be under- 
stood from the circumstance, that the primary equation might 
have been 2a?— ^(y-ifX^)=.h, as well as 2«-f- A/(«*-h«^)=*. 

Exam, 4. Through a given point P, to draw a straight line 
PAB cutting a given circle ABBA, so that the part of it, AB, 
within the circle may be equal to a given straight Une. 

To solve this, draw PD£ pass- 
ing through the centre C, and 
let PE = a, PD = h, AB = e, 
and PA = 0?. Then PB = J7-f c; 
and {Euc. III. S6.) PA . PB 
=PE • PD, or x{x'\-c)=ab. 
Hence (§ 151.) we get ^= 
M-c±v(c2-f4a6)}.* 

* The positive value of x is PA, agreeably to the assumption ; while 
the negative value, taken positive, is PB. This would appear from 
taking PB s=s z, and consequently PA «= ar— c, as the equation ^ould then 
become x{x-'C)^abt which would have the same roots as those found 
above, but with contrary signs. If the given point were within the circle, 
as at P^ 6 ( = P'D) would be negative, and the values of or would become 
U — c ± a/(c9 — 4ai) }. This becomes imaginary, and the problem impos- 
sible, if c^ be less than 4a6, or, which is the same, if c be less than a chord 
through P' perpendicular to D£. Lastly, if P be on the circumference, 
4a6 vanishes, and the value of x becomes or — c. The negative values 
may be explained by supposing the line PB to revolve about the point 
P, till, not that line itself, but its continuation in the opposite direction, 
cuts the circle, so as to make the part of it within the circle equal to c. 
(See Tngonometryj Section I.) 

A very simple solution would be obtained by bisecting AB in F, and 
putting P F « or. In that case we should have P A es or — ^c, and PB ■» :r + Je, 
and therefore ar^-- Jc^«sa6; whence #» d: V(^^ + a6). Thee the po- 
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Exam, 5. Given the base of a triangle, its perpendicular^ and 
the ratio of its other sides, to determine the triangle. 

Suppose ABC to be the required triangle, and let its base, 
BC, be bisected in £. Let BE or 
EC = a, the perpendicular AD=p, 
and the ratio of AB to AC that of 

n to 1 ; and let ED = x. Then 

BD= a-f-ar and DC=a-«^; and * ^gdc f ivg/ 

{Euc, I. 47.) we get AB* = 

(a-|-a:)*+p8, and AC* = (o— 4?)*+p*. Now, by the question, 
BA : AC :: n : 1, whence (Note, p. 257.) BA = nAC ; and, by 
squaring, BA2 = n«AC*, or (a-|-ar)*-fP^=n2(a-x)*-|-nV. By 
performing the operations here indicated, and by transposition, we 
get (n*-l)a?2— 2(n*+l)aj?=-(n2-l)(a*-f-p2): andhence,by 
§ 152., and by some easy reductions, we get 

X — Q - • 

n*— 1 

sition of PB would be determined by describing a circle on PC as 
diameter, and inscribing in it chords each equal to or, and terminated 
at P. 

* Here we have two roots, the less of which is £D, and the greater 
£D' ; and either of the triangles, ABC and A'BC, will answer the cen- 
sus + 1 Vi 
ditions of the question. Half the sum of these roots is — ^ — ^, which 

is evidently EF, F being the point of bisection of DIX : and this being 
independent of />, it is plain that the position of F will be the same 
for all values of ^ so long as a and n are unchanged. By taking, 
again, half the difference of the two roots, we get DF or D^F 

8s — i ""^ ~' ' ^ > ; and, by adding together the square of this 

and/>3, and by taking the square root, we get {Eu/c, I. 47.) AF or AT 

s -^ — , a quantity also independent of />. This remarkable result, in con- 

nexion with the value found above for £F, shows that, as long as the base 
and the ratio of the sides continue the same, the vertex of the triangle will 
be somewhere on the circumference of the circle whose centre is F, and 
whose radius is the value found above lor AF. That circle, in the 
language of the ancient geometers, is the locu% of the vertex. If the 
perpendicular continually diminish, B A CA will tend to coincide with 
BG, CG, and BA', CA' with BG', CG' ; and therefore the ratio of 
BG and CG, and also that of BG' and CG', will be that of » tol. 
Hence (£ice. VI. S. and VI. A), if AG and AG' were joined, the former 
of the lines thus drawn would bisect the angle BAC, and the latter the 
exterior angle CAH ; and similar conclusions would, be obtained by 
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Exam, 6. To divide a given straight line AB (=a) into two 
parts^ AC and CB^ such^ that the square 

of one of them, AC, may he to the rect- c 

angle contained hy the whole line^ and 

tlie other part CB^ in a given ratio (that of 1 to n). 

Let AC = X, then CB = a—x ; and, by the question, 
ar^ : a*— or :: 1 In, Hence, hy equalling the products of the 
extremes and means, transposing, and resolving the resulting qua- 
dratic equation, we get ^=^{ — 1+ V(l-f-4n)}.* 

Exam, 7> Given the chords of three arcs which make up a 
semicircle ; to find its diameter. 

To solve this, let AB = o, BC = b, 
CD = €, and AD = x : draw also BE per- 
pendicular to DC produced. Then (Euc, II. 
12.)BD2 = BC24-CD24-2CD.CE. This is 
easily expressed in terms of a, b, c, and x ; 
since {Euc, I. 31.), ABD being a right angle, 

joining A'G and A'G'. It may be remarked in the last place, that, if 
the perpendicular AD be less than the radius AF, there will be two 
solutions ; that, if it be equal to the perpendicular, there will be only 
one, the points A and A' coinciding ; and that, if the perpendicular be 
greater than AF, the problem will be impossible. In connexion with 
the present investigation, see Euc. VI. G. 

* This question affords a good instance of the nature and interpret 
tation of negative results. It shows, as is often done by algebraic 
solutions, that the enunciation of the question is not sufficiently general, 
but that it ought to be to the following effect : In a given straight line 
AB, or in its continuation, to find a point such, that the square of the 
distance of that point from the point A may have a given ratio, that of 
1 to fi, to the rectangle of the given line and the distance of the required 
point from B. Now, in the solution given above, we supposed AC to 
extend from A tolrards B, and therefore the positive value of ar is AC ; 
while, there being a negative root, the ^ 

line corresponding to it must be AC, a Qf | | » 

line lying in the direction opposite to 

that which was contemplated in the solution. If in the solution, we 
had supposed x to denote AC, we should have obtained the same 
values for x, but with contrary signs. 

As a numerical example, let AB = 96 and n *= 12. Then ar « 9, 
and * « — 12; that is, AC « 9, and AC'= 12, each of which will 
be found to answer. 

If n s 1, the solution found aliove will giv^ the section of a line in 
extreme and mean ratio (^«c. II. 11. and VI. 30.); and we thus see 
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we have (JFuc. I. 47.) BD2 = AD2-AB2=ar«— o^; and, the 
triangles ABD, ECB being (Euc, III. 22. and I. 13.) equiangular, 
we have (Euc. VI. 4.) AD : AB :: BC :CE,ot x'.a :: b : CE 
= ate-^ Hence x^-'a^=sb'^-{-c^'{'2ahcw~^y or, by multiplying 
by a, and by transposition, a?^— (a^+fe^-f c^)^ — 2aftc=0; an 
equation, the resolution of which will give the value of the di- 
ameter AD.* 

that both Euclid's enunciation and solution of the problem should be 
more general than they are ; as not only one point may be found in the 
given line which will answer the conditions of the problem as it is pro- 
posed by Euclid, but also another in its continuation which will answer 
to its conditions when it is proposed, as it ought to be, in the extended 
manner pointed out above. 

* This equation will have one positive root and two negative ones, 
as long as a, &, and c are positive. The greater of the negative roots, 
taken positive, will be the diameter of a circle such, that if arcs of it be 
cut off by the given chords, the difference between one of them and the 
other two will be a semicircle. In this case, if 6 be less than a, the point 
C will &11 between A and B ; but, if b be greater than BD, C wU] lie 
below AD on the arc of«the other semicircle. In solving this, the 
thirteenth proposition of the second book of Euclid is to be employed 
instead of the twelfth ; or, in the solution in the text, b in the one case 
is to be taken negative, and c in the other. The second negative root 
will, of course, satisfy the equation ; but it is inadmissible as a solution 
to the question ; since, as it is less than some or all of the given chords, 
they cannot be inscribed in a circle of which it is the diameter. It is 
plain that the chords may be taken in any order round the circle, as they 
will always cut off arcs of the same magnitude. Such variations, however, 
will present no difficulty. It may be remarked, also, that the smaller 
of the arcs into which the chords divide the circumference are employed 
throughout. 

Several modes of solving this question are given by Newton in his 
UniverseU Arithmetic ; and illustrations will be found in Castillioneus's 
Latin conmientaries in his edition of the same work^ and also in Wilder's 
English edition. It is worth remarking, that if the question be solved 
by means of the known principle (Euc. VI. E.), that the sum of the 
rectangles of the opposite sides of a quadrilateral inscribed in a circle is 
equal to the rectangle of its diagonals, a root of the final equation will be 
zero, which is, of course, to be rejected. 

It may be proper to remark, that Newton, in connexion with the 
solutions of this question contained in the fine old work above referred to, 
has given some directions which are useful, not only in the solution of 
geometrical problems by means of algebra, but also in solving them geo- 
metrically. Of these the following is the substance. When, as is often 
the case, the diagrams require fieirther construction, this may be effected 
by producing some lines till they meet others, or till they become of an 
assigned length ; by drawing from any remarkable point a line parallel 
or perpendicular to another ; by joining remarkable points ; by dividing 
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As R numerical example, let a= 15, 6^15, and c^ 7* Then 
the equation just found beccnnes 473—499^—3150=0; the roots 
of which are easily found (§ 189.) to he 25, —7, and - 18 ; and 
the first of these answers the question in its literal meaning. 

If, again, a^^5, 6 = S3, and c = S9, we find or to he 65, 
|(-65 + V265), of i(- 65- >v/265); the first of which an- 
swers. 

Exam, 8. Through a given point P hetween AB and AC, 
two straight Ihies which form a right angle, to draw a straight 
line D£ of a given length a. 

Since the position of P is given, if we draw PF perpendicular 
to AB, AF and FP must he known ; ^ 
let therefore the first he denoted hy h 
and the second hy c, and let AD = x. 
Then, in the right-angled triangle 
DAE we have {Euc, I. 47.) AE= 

^(DE«-AD2)=^(«2-a^a); and 

{Euc. VI. 4.) the similar triangles 

DFP and DAE give the analogy, ^ ^^ 

DF : FP :: DA : AE ; that is x—b 

', c',i X I ^/{a^—x^y, 'Hence, by equalling the products of the 
extremes and the means, squaring, and transposing, we get 
z4-26a;3 -f (62 -|-c> -a2);r« + ga^ftar-a^J^ssO.* 

an 6blique-angled triangle into right-angled ones by a perpendicular 
firom one of the angles to the opposite side ; or by resolving trapeziums 
or polygons into triangles by means of diagonals : and in such cases, the 
formation of similar triangles ought in general to be effected as much as 
circumstances will permit. 

*** If the four roots of this equation be all real; one of the positive ones 
win be AD, and DE will be the required line. Another positive one 
will give a line such as AD,, and the required line will be the one 
drawn through D, and P, and continued till it meets AC. The third 
positive root will give a line such as AD3, and, if PD3 be drawn, its 
continuation from D3 till it meets C A produced will be the line required. 
Lastly, the negative root will correspond to a point D^ in BA produced 
through A ; and, if D^P be drawn, the part of it between D^ and AC 
will be the remaining one of the required lines. If two of the roots be 
imaginary, a must have been so great in comparison of b and c, that no 
line equal to it, and passing through P, could lie between the lines form- 
ing the angle BAC. If the two greatest of the positive roots be equal, 
the points D and D, will coincide, and there will be but one line in the 
angle BAC which will answer the question. 

If c SB 6, it is obvious that the two lines, each equal to a in the angle 
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Exam. 9- Given the slant hei^t of a cone =za(=z5 feet)^ and 
its content equal to v6 (=37*69911 18 cubic feet = 12t); to find 
its altitude^ and the radius of its base. 

BAG, if there be two, ought to be similarly situated, the one in reference 
to AB and AC, and the other to AC and AB ; and that the two re- 
maining lines should occupy similar situations in the angles in which 
they lie : and hence we might expect the solution to be simplified ; yet, 
when we take c » 6 in the equation found above, we get 

an equation which presents scarcely any more fiu:ilities for its resolution 

than the general one. If, however, as is shown by Lacroix, in his AppU- 

cation de FAIgibre d la Geometrie, x be changed into £y + 6, the equation 

will become fr*y* + 2&*y« + (26*— a'&«)y' + 26^ + 6* =0 ; and, by dividing 

this by 6*, we obtain a reciprocal equation, which (§ 197) may be 

resolved as a quadratic. The same object is attained in a very simple 

and instructive manner in a solution to the following effect, given for 

this case by Newton in his Univenal Arithmetic. Bisect 

DE in H, and draw HK and HL parallel to AC and 

AB. Then, putting EH or HD = a, PF or PG = 6, 

and PH=ar, we have DP=sa— ar and EP=a + x; 

and, from the equiangular triangles DAE, DFP, and 

PGE, we get (Euc. VI. 4.) DP : PF :: DE : EA, 

andPE : PG::DE : DA;thatis,a-T : b::2a : EA, 

and a + x : b ::2a : DA. These two analogies give 

values of AD and AE ; and by putting the sum of 

the squares of these equal to 4a^, the square of DE, 

and reducing the equation, we get x* — 2{a' + b^)x^=s 

2a*b* - a* ; whence x— ± V{a^ + b^±b V(4a« + fc')} . 

, In connexion with this solution, Lacroix, after remarking that it was 
given by Newton for the purpose of showing how a judicious selection of 
the unknown quantity may simplify the solution of a problem, observes 
that, in determining on the choice of the unknown quantity, we ought 
to assume that one which, in the circumstances of the question, will 
undergo the fewest changes. After the solution also, Newton gives a 
useful rule of which the following is the substance. When, as it is 
generally easy to see beforehand, two unknown quantities bear such 
relations to the other quantities concerned in a question, that an equation 
in every respect similar would be produced whichever of the two might 
be employed ; or when, if both be employed at once, they will have the 
same dimensions and exactly the same form in the final equation, except 
perhaps a difference of signs ; it is then better to employ neither, but to 
select some third quantity which bears the same relation to each of them, 
such as their half sum, their half difference, a mean proportional 
between them, or the like. Newton's solution of this problem exen> 
plifies both these principles. As, when AF and FP are equal, PH can 
evidently have only two values different in magnitude, one for the lines 
in the angle BAC, and the other for those in the other angles while AD 
may have four values ; and therefore, according to Lacroix's principle, 
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Here, if we put AC =zje, we have (Euc L 47.) CD*s=o^-«a ; 
and heDce (Note, p. 257-) the content of the 
«one is ^j?(a*— i?*). Patting this equal to 
x6, we get, by easy reductions, x^ — a^jf -f 3b 
= 0, an equation which, by Descartes's 
rule (p. 172.), will have one negative root, 
and either two positive or two imaginary 
ones. With the numbers given in the 
question, it becomes ar* — 25ar -»- 36=0, one 
value of which is readily found, by § I89., 
to be 4, and thence, by § 174., the other roots are easily found 
to be — 2 + a/13 and -2—^/13. Of these three roots, each 
of the first two answers the question in its literal meaning ; but 
the third, though it satisfies the equation, must be r^ected as a 
solution to the question, as it gives an imaginary value for CD. 

Exercises, ^ 

1. Given the sum of the perimeter and diagonal of a square 
= < ; to find its side. 

Ana, T^(4— V^S). If* were the difference of the peri- 
meter and diagonal, the side would be i^«(4+ ^2). 

2. Find the dimensions of a rectangular garden containing an 
acre, and having its length and breadth in the ratio of 8 to 5. 

Ans. Length and breadth I6 perches and 10 perches. 

3. Given the area of an equilateral triangle = a ; to find its 
side. Ana, ^^/3a^S* 

4. Given the diagonal of a rectangle = 100 (=^), and its peri- 
meter = 248 (=p); to find its sides. 

Ana, 90 and 28 : general values, \[p±, >v/(8d^— j9^)). 

5. Given the two lines drawn from the oblique angles of a 
right-angled triangle to the points of bisection, of the opposite 
sides, equal to a and 5 ; to determine the sides. 

Ana. The legs are 2a/ — — — and 2a/ — — , ahd 

the hypotenuse —iViSa^-^Sb^). 

X should be put to denote FH in preference to AD. Aiooording to 
Newton's rule, again, in this case of the problem, the two lines AD and 
A£ are evidently alike related to the data of the problem, and conse* 
quently neither of them should be denoted by x, Tlus, therejfore, aeoord- 
ing to his principle, he employs to denote PH, half the dHlerenee of the 
segmmts into which the hypotenuse of the triangle DAE is divided 

K 
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6. Givoi tfae liyiioCeBine of m ii^ht4B^M triang^ =r i, tnd 
the sum of the legs =«; lo find the l^jt. 

-<<«• t{«± y/{^^—^)}» *« ■»» "%■ ^'^ one 1^ and 
the lower the otbec^ 

7. If ^ perimeter of a right-angled tziaq^ he f, and the n- 
dinsof iti inacrihed code r, idiat are its legs? t 

8. Given the haae of a triang^ = Sb, its perpendicular = p, 
and the difoeooe of its other sides = tf ; to determine its sides. 

Amm, The difieience of the segments into which the 
base is divided by the prrpftidicnlsr is e^oal 



^•'a/O ■*■*&) 



9. GiTen the haae of m triang^ =;]4s9ft, tlie pci pen dic nlar 

^I2=p, and the sum of the sides =r 28=« ; to find the sides. 

Atu» The difeenoe of the segments of the base made 

by die perpendicolar is 4, or, in genend terms. 



■V(-i^> 



10. Given the base of a triai^jk s? 14 =: 26, the perpendicnlsr 
=zl2s=p, and the som of die aqnases of the sides = 394 = i; 
to find the sides. 

Ani» Half the difieieiice of the 8Q;ments into whidi die hue 
is (tivided by die perpendicolar is 2, or, in genenl 
terms, ^{^—i^—p^) ; whence the sides are easSj 
fbond. 

in P, that triangle fasving AD and A£ as fcgp, and its bjpotcmne being 
given. 

* The foUowing is an oudine of periups the neatest and nmplest 
mode of solving this question. Let tbe legs be » and jr : dien x+f^s 
and x*+^:=kK Take die bttar of theK fivm the aqnaie of the fima, 
and tbeie will remain SxysS*— A«. Take this again from «>+f*»A' ; 
then, by extractiao, x— jrs ^(2ft*— a*), and the rest is easy. If the 
hypotenuse and the difference <^ die legi were givo^ the solution might 
be effected in a amilar manner. 

f Since {Euc IV. 4. cor. 5.) the hypotenuse exeeeds the sum of the 
iegi bj Sr, we shall readily find that die hypotenuse is equal to 
}(|i--2r)B^|i^r, and the sum of the legs to l)[p + 2r)»|^+r. Hence 
tbe s(rfutft»n is obtained fitMn diat of die last question, by hanging k into 
•ip^r and s into )p+r. A clumsy and lengthened soludon of this 
question is given in the second volimie of Bomiycastle's hager j^tbrth 
p. 323. 
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11. Find the sides of a right-angled triangle having its aresi 
= a, and the sides in arithmetical progression,* 

Ans, ^y/6ay i^/6a, and ^\^6a. 

IS. Find the sides of a right-angled triangle having its area 
=: a, and the sides in geometrical progression. 

Ane. The leg^ which is a mean hetween the hypotenuse and 

the other, is ai( V^O + 2)i 

15. Prove that when the sides of a right-angled triangle are in 
geometrical progression, the hypotenuse is divided in extreme and 
meao ratio hy the perpendicular to it from the right angle, and 
that the greater segment of the hypotenuse is equal to the less leg. 

14. Given the sum of the legs of a right-angled triangle =391 
^ 9, and the difference of the squares of the hypotenuse and a 
perpendicular to it from the right angle = 69A2l=d; to find 
the hypotenuse and perpendicular. 

Ans, 289 Ai^d 120 : general value of the hypotenuse, 

1 5. Given the difference of the legs of a right-angled triangle 
= 5, and the perpendicular from the right angle to the hypote- 
nuse = 12 ; to find the legs. Ans, 15 and 20. 

16. Required the dimensions of a rectangle such, that if its 
length he increased hy a, and its hreadth hy b, its area will he in- 
ereiased by c ; and that if its length he diminished by a^, and its 
breadth by b^, its area will be diminished by Cg. 

Ans. The length and breadth are ^^p—^^^^iK + %) ^^ 

17. Given the content of a right cone s e(a=3141'593), and 

* By assuming thie sides equal to «— y, x, and 9 +y, and putting the 
sum of the squares of the first equal to the square of the last, we readily 
find that the sides will be 3y, 4y, and 5y \ and therefore it appears that 
when the sides of a right-angled triangle are in arithmetical progression, 
they are always as the numbers 3, 4, and 5. This would appear also from 
the answer found above* \% % and j being as S> 4, and 5. 

t The data of this question will sometimes be insufficient for its 
solution, and may therefore render it indeterminate or absurd, Thu$T if 
a,a^h, and h^ be each equal to the same quantity, d^ the question will 
be indeterminate, if e — e^^2d^\ and, unless this be so, it will in that 
case be impossible. Modifications will arise also, both in the enunciation 
of the question and in tlie results, from the signs of the data. Compare 
this exercise with Exer. 4$. p. 194. 

n2 
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the sum of its altitude and the radhia of its base = « (=^) ; to 

find itB dimensions. 

Ans, To find the radius of die hase, lesolye the equation^ 
a:*— «x*+6=0, where 6 = Scr~^ With the num- 
bers given above^ this equation becomes «3— 40x' 
+3000=0, and the roots are 10, 15-1-5^/21, and 
15 — 5 a/21 ; the first and second of which answer 
the question as proposed. The third with its sign 
changed answers the question in which # is the 
excess of the radius above the altitude. 

18. Given the radius of a sphere = a ; to find the dimensions 
of a right cone inscribed in it, and having its solid content = c. 
Ans. If or be the altitude, its value will be found by resolving 
the equation, x^ — 2aar* -|- 6=0, where b = Sor"^* 



SECTION XVII. 

ELIMINATION, COMPOUND INTEBBST, BTCl* 

259. Different methods of elimination in the simplest and 
most elementary cases have been already given in Section VIII. 
^Vhen, however, the proposed equations are of a more complicated 
kind, such as when products or powers of the unknown quantities 
are concerned, these methods often fail altogether ; and, even when 
they may be employed, they generally lead to difficult and labori- 
ous solutions. The following examples will make the learner 

* This equation wHl have one negative root, which must evidently be 
rejected as a solution to the question. The other roots, with certain 
data, will be imaginary, and the problem will then be impossible, the 
given content being greater than that of the greatest cone that can be 
inscribed in the given sphere. If they be real and unequal, they will 
be both positive, and there will be two distinct and dissimilar eones that 
will answer the question ; but if they be equal, there will be but one 
cone, and that will be the maximum one. As an example, let a ■■25 and 
es7542*9648, and consequently 6=2401 ; then the values of x will be 
49, 1(1 + a/ 50), and ^(1— V50), the first and second of which answer. 

f This Section consists of several independent parts, which, either 
in their own nature, or from the brief manner in which they are here 
touched on, are too short to form separate sections. 
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aCsquainted^ in some degree^ with the methods that may be em- 
ployed in such cases. 

Ejpam. 1. Given 2ar8^3a?y + Sy*— 5=0, and Sor^ + «y - gy^ 
— 12=0; to find ar and j(. 

We might here, by § 151., find a value of 07 or y from one of 
the equations, and substitute it, according to § 144., in the other 
equation : or we might find an expression for one of the unknown 
quantities from each of the given equations ; and then, according 
to § 143., put the values so found equal to each other. In both 
cases, however, the reduction of the equations so found would be 
troublesome on account of the radicals which they would con- 
tain. The 

solution, of 2^*-3«y+8y«-5=0 ..(1.) 

which what 3^2+^- V- 12=0 (2.) 

is given in 6j?2-9ary + 9y2-15=0 (3.) 

themarginis 6ar24-2ary-4y3-24=0 (4.) 

an outline, is llary— lSy*--9=0 (5.) 

considerably __13y ^-|-9 /g.\ 

easier than lly ^ ^ 

either. In /13y« + 9 V ^^l?l±B ^3r,2 ^-a ^7 ^ 

it equations \ Uy J n "^ ^ "^ * ' ^^'^ 

(3.) and (4.) I36y*-217y^-^ 81=0 (8.) 

are got from y=±l, and y=i± AV29 (90 

(1.) and (2.) ^= + 2, and a?=±||^/29 (10.) 

by trebling 

the first and doubling the second. Then, by subtracting, as in 
§ 140. (3.) from (4.) we obtain (5.), thus not completely elimi- 
nating 07, but destroying the terms containing its highest power : 
and by resolving (5.) for a?, we get (6.). Equation 7* is found 
by substituting the value of or in (1.) ; and (8.) is derived from 
(7.) by performing the actual operations, clearing the result of 
fractions, &c. We find (9*) from (8.) by means of § 154. : and, 
lastly, (10.) is found by substituting the values ofy in (6.). It 
appears, therefore, that x and y may be 2 and 1, or ^ ^^9 &nd 
■^ \/29 ; or they may be the same with the opposite signs. 

Another mode of solving such problems may be obtained by ar- 
ranging the terms of the given equations according to the powers of 
one of the quantities, if they be not so arranged already, and then 
applying to the results the process (§ 81. or 82.) for finding the 
greatest common measure, till a remainder shall be found which 
will contain only one of the unknown quantities. Then, by 

N 3 
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putting this remainder equal to nothings an equation will be ob. 
tained, the roots of which will be the values of that quantitf. 
Thus^ in the present example^ by multiplying the second equation 
by 2, and dividing the result by the firsts we get 3 as quotient, 
with the remainder lljey—lSj/^—Q. Then, for avoiding fhic- 
tions^ we multiply the first equation by llff ; and dividing the 
product by the foregoing remainder, we get as quotient 2jp, and 
as remainder — 7^'-|-18^+SSy* — 55y. Multiplying this re- 
mainder by 1 1, and continuing the division, we obtain aa quotient 
7y— 18, and as remainder — 272y* + 484y*— 162. Lastly, 
putting this remainder equal to 0, and dividing by —2, we get 
136y*—217y^ + 81 =0, as before. 

As to the principle on which this method depends, it is plain, 
that if there be two expressions each equal to nothing, and if one 
o£ them be divided by the other, the remainder, whatever may be 
its form, must also be equal to nothing. Thus, if in dividing 
M by N, we get Q as quotient and R as remainder, we have, by 
multiplication, M=NQ-|-R, which for M=0, and N=:0, gives 
also R=:0. Hence, therefore, in every such process as the one 
indicated above, each remainder must be equal to nothing ; and 
it thus appears that we are entitled to assume in the present in- 
stance, — 272 j^ 4-43%^— 162 = 0^ and that a like assumption 
may be made in all similar cases. 

Exam. 2. As an example of a more general kind, let the 
equations, Y3^HY2ar2+Y,/p + Yo=0, and ,Y*8 + ,Y«2+jYir 
-^qY^O, be proposed, in which Y^ ^Y, &c., are expressions 
formed by the combination of y and given numbers, and let it be 
required to eliminate z. 

To eflfect this, multiply the first by 3Y and the second by Y3; 
then, by taking the difference of the phxiucts, and by putting 
for brevity, gY Y, - Y3 ^Y = Yj,, 3Y Yj - Y3 ^Y = t,, and 
3Y Yo - Y3 oY = Yo, we obuin Yj j;H Yj ^ -h Yo = 0. Again, 
by multiplying the first of the given equations by qY and the 
second by Yq, by taking the difibrence of the products, by 
dividing the remainder by ar, and by putting ^Y Y3— Yq 3Y =: ,Y, 
oY Ya - Yo jY = jY, and oYY^ - Yo jY = oY, we get at 
length jY x^ + {)Cx -}- oY = 0. By multiplying this result by Y, 
and the former one by ^Y, and taking the difi^erence of the results; 
and also by multiplying the former by oY and the latter by Yg, 
and by taking the difference of the products, and dividing it by or; 
two results will be obtained, each involving only the first power 
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of X. EliminatiDg x, iSnsttfom, between these^ we should obtain 
an equation containing only known functions of y ; and by sub- 
stituting for these their Talues, we should get an equation, the 
resolution of which would give the values of y.* 

Exam, 3. Required the Values of x and y from the equations, 
8a?»— 2^«y-f5V— 27^=0yand l6x*-.Sar»y+27y*=0. 

To solve this and similar questions in which in each of the 
equations the suns of the indices of x and y in the several 
terms are' equal, we may assume y = xx. Then, by substituting 
this in the two equations, and dividing in the first by a^ and 
in the second by **, we get 8— 2«+Sijf^— 27«^=0, and 
16 — 32)0+27^=0. If these equations have one or more 
values of % in eonunon, any sueh value will fiimish a solution 
of the question ; but if there be no value in common, the 
original equations cannot eo-exist, and the question is impossible. 
We might, therefore, find the values of x in the foregoing equa- 
tions, and select any that might agree. An easier mode, however, 
is to find by § 81. or § 82., the greatest common divisor of the 
first members of those equations, and to put it equal to nothing. 
We thus get 2 — S«=0, and consequently x^\, Henee, by the 
original assumption, we have ^=4^. The question, ih^efore, 
is unlimited, as x may be taken at pleasure, and y will be two 
thirds of it 

Exercises, f 

1. Find the values of x and y in the equadons, x^^Syx^-^ 
W-y-fl>-|f«+y«-2y=0, and^2_2yj.^y2_y-.o. 

Ans, xszO and y^O; or, /p=2 and y=l. 



* This method kbouo under the disadvantage of generally giving 
the final equation for determining y oian unneeesMrily high order. The 
solution might also be obtained by finding the greatest common measure 
as in the first example, and by that means, with proper management, the 
degree of the equation may be prevented from rising so high as in the 
niietbod followed above. In both methods, however, the mult^Ueations 
that are required frequently introduce roots into the final equations 
which are not admissible as solutions, and which must therefore be 
rejected. For Qirtber information on this subject, see Fourcy, Alg^bre, 
chap, xviL See ako Euler, Bezout, &c 

t These exercises oecar in the Aly^as of Fourcy, Reynaud, and 
otheia. 

V 4 
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2. Resolve the equations^ ^^'+9^ — 10^=0^ and (jf^ 1)^^*^ 
2«— 5y+3=0. 

iln«. d7=: 1 and ^= 1 ; ar=2 and y=S; ar=— 5— VlO 
and y=#( - 1 + \/10) ; or ar= — 5-l-VlO and 
y=K- 1-^/10). 

3. Resolve the equations, d7^+(8y — I3)ar-f-y2— 7y-j-i2=0, 
and ar2— (4y+l)ar+y2^5y=0. 

Am. a=3 and y = 1 ; 07=2 and y= 1 ; w=: 1 and y=0 ; 
or«=l andy=— 1, 



260. As a practically useful sulject of inquiry, it may be 
proper here briefly to investigate the modes of performing com- 
putations regarding compound interest and annuities. The per- 
son who lends money is paid by the borrower, for the use of it, a 
certain sum which is called its interest, and the money lent is 
called the prindpcU. When the interest is paid as it becomes 
due, or does not itself bear interest, the money is said to be lent 
at simple interest ; but when the interest^ instead of being paid, 
is added to the principal, and bears interest along with i^ the 
interest which thus accumulates is called compound interest. The 
money* which is paid for the use of one hundred pounds for the 
interval between two periodical payments, snch as a year, hajtf a 
year, or the like, is termed the rtite ; and the sum due for both 
principal and interest is called the amount. Now, if p be put to 
denote the principal, a the amount, and r the rate, the amount 
of 0^100 at the end of one of the intervals of time would be 
100 + r. The hundredth part of this, which we may denote by 
a J, will evidently be the amount of sSl for the same time ; and 
pai will plainly be the amount of the principal p for the same 
period. Taking this as a new principal and multiplying it byaj, 
we shall have its amount at the end of the next period equal to 
poi^, which is evidently the amouht of j9 at the end of two 
periods. By pursuing this reasoning, it would appear, that, at 
the end of n years, or other equal periods, we should have the 
amount a=:pai*. Hence it appears, that, to find the total amount 
of the original principal and of the interest accumtUated during 
n equal periods, we are to raise the amount of £\ for one of the 
periods to the nth power, and to multiply the result hy the erigiwd 
principal 

261. Hence, conversely, if the amount be given, to find tbe 
original principal, or, as it is usually called in that case, the 
present worth, we have merely to divide the given amount by Oj". 
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Exam. 4. If a father^ at the birth of a child, set apart ^1000^ 
and allow it to accumulate at compound interest^ at the rate of 
5 per cent per annum^ what will be the amount at the end of 
twenty-one years ? 

Here^ dividing 100+5 by 100, we get «!= 1'05, the twenty- 
first power of which is 2«785968 * ; and multiplying this by 
1000, we get ^2785*963, or £21%S 19«. Sd., the amount re- 
quired. 

Exam, 5. What would the amount have been in the last 
example, had the interest been payable half-yearly^ instead of 
yearly ? 

In this case we have 0^ = 1*025; whidi, as there would be 
forty-two payments, must be raised to the forty-second power. 
This is found to be 2*820996, the product of which by 1000 

* The method of obtaining such powers by the contracted process fo^ 
the multiplication of decimal fractions wiJl be found in the Author's 
Treatise on Arithmetic^ 25th edition, p. 209. Tables also for facilitating 
computations in compound interest and annuities will be found in the 
same work, commencing in p. 268. 

When the student has become acquainted with the nature and use of 
logarithms, he will find that those remarkable numbers are employed with 
great advantage in such investigations as the present Thus, by taking 
the logarithms of the quantities in the equation found in § 260., we get 
logaaslogp + nlogOi ; an expression which, without change, will solve 
Exam. 4. with great facility . By transposition we get logp = log a — n log Op 
which will solve Exam. 5. By another transposition, and by dividing by 

logOj, we get na -^ ^; an expression which will show in what time 

a given principal at an assigned rate would yield a given amount, a 
problem which does not admit of being solved by ordinary algebraic 
means. 

As an example of the use of this latter expression, let it be required to 
find in what time money lent at compound interest at 4^ per cent per 
annum would " double itself; ** that is, in what time the amount would 
be double of the original principal. Here a, » 1 •045, of which, bv the 
tables, the common logarithm is 0*019116. Let also/^s 1, and con- 
sequently a SB 2. Then, log/? «= 0, and log a » 0*301030. Hence, from 
the expression found above, by dividing 0*301030 by 0*019116, we get 
an 15*7475, or fifteen years and three quarters nearly. In a similar way 
we might find in what time the principal would be trebled, or increased 
in any assigned degree. 

From the expression found above we should also get log a| « — =^ ^— ; 

an expression, by m^ ans of which we might find the rate at which a given 
principal would be increased to a given amount in an assigned time. 

N 5 
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is ^2820*996, or ^2820 IQe. lid., ihe amount tequired. We 
thus obtain an amount greater by £35 Os. M, than the fonner 
one^ in consequence of the greater frequency of the payments, 
as by this means certain portions of the interest are sooner brought 
themselves to bear intereat. 

Exam, 6. How much must a person lay out, to accumulate, 
at 4 per cent per annum^ compound interest, so that in ten years 
the amount may be s^l500 ? 

We have here aisr04, the tenth power of which is found 
to be 1*480244. Dividing, therefore, ^1500 by this, we get 
jg'1013-3465, or ^1013 6*. U^., the answer. 

Exam. 7* If the population of a town containing 100,000 
inhabitants increase at the average annual rate of 2 per cent, 
what wiU be its amount at the end of ten years ? * 

Here a^ = 1'02 ; and therefore a i^o= 1*2 1899, the product of 
which by 100,000 is 121,899, the amount required 

Exam. 8. The population of Glasgow was 202,426 in the 
year 1831, and 282,134 in 1841. At what average rate per 
cent per annum must the population have increased during the 
interval between these times ? 

Here we have |>=202j426, a=282,134, and n=10. Then 
by resolving the equation found in § 260. for ap we shall find 
that, to get this quantity, we have merely to divide a by p f, and 
to take the nth root of the quotient By this means we find in 
the present instance a^= 1*03375. Tlien, by multiplying this 
by 100, and subtracting 100 from the product, we find the re* 
quired rate r to be 3*375% The reason of this is plain from 
the § just referred to. 

262. An annuity is a sum of money which is payable at equal 
intervals of time, such as salaries, rents, or other sources of in- 
come, payable yearly, half-yearly, or quarterly. 

One of the principal problems regarding annuities, and the 

* QueBti<His of this or any similar kind, in which the increase or dimi- 
nution of a quantity is proportional to the quantity itself, will evidently 
be solved on the same principle as questions in compound interest 

t This quotient in the present instance is 1 *S9S76 ; the product of 
which by 100 is 139*376. Subtracting 100 from this, we have remaining 
39*376, the rate per cent of the increase of the population during the 
whole ten years. The tenth root of 1*39376 will be easily found by re- 
solving the equation ar^Oss 1*39376 by Homer's method, and more euily 
still by means of logarithms. 
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• 

one whose solution leads to lihose of all otben, is that in which 
it is requii^d to find the amount or entire sum due for an annuity 
remaining unpaid for a given period^ compound interest being 
allowed on all the money tibus remaining unpaid. To investigate 
the solution of this, let a^ and n remain as in § 26O., and let u be 
the annuity and m its amount at the end of n of the equal in- 
tervals. Then^ at the end of the first year or interval, the 
amount unpaid will be simply u ; but, at the end of the second, 
there will be due another annuity together with tiaj, the former 
year's annuity with its interest ; that is, the amount due will be 
ft+vAp or «(l-f a^). In like manner, at the end of the third 
period, the whole amount due would be ti-f-u(l+<>i)ai, or 
fi(l4-a|+Ai')> *°^ ^^ would appear similarly, that for n pe- 
riods we should have m=stt(l +ai+ai*-f . . .-f a,*~^). Now, 
the aeries widiin the vinculum is a geometrical progression, 
having «! for ratio. Finding its sum, therefore, by § 137., we 

Exdm, 9> If a person could save ^100 a year out of a salary 
payable yearly, and could improve it at the rate of 6 per cent 
per annum, compound interest, what would be the amount of the 
savings and interest at the end of thirty years ? 

Here a^ =3 VO6, and «,><> = 5*748491. Taking 1 ftom each 
of these, and dividing the second remainder by the first, we get 
79*058188, the amount of an annuity of jfl for thhly years at 
6 per cent per annum, compound interest ; and, multiplying this 
by 100, we get j£7905 l6«. 4^, the amount required. 

Exam, 10. Suppose every thing to be as in the last example, 
except that both the salary and the interest are payable half- 
yearly : what will be the amount ? 

In solving this, every thing will be as in the last example, 
except tbatai = 1*03 ; that a^^ = 5*89l603 ; that the amount 
of an annuity of £l is 165*05843 ; and that the product of this 
by ^50 is £S\Si ISs. 5d., the amount required. This amount 
is nearly ^250 greater than the former, on account of the fte» 
quency of the payments. 

263, The present worth of an annuity, to condnue for a given 

* If « » 1, this formula will afford the means of oonputing a table 
exhibiting the amount of an annuity of £l for an assigned number of 
years, or other intertals, at a given rate per etnt. See AritkmeHcf p. fi6a. 

N 6 
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time, will be obtained (§ 26l.) by dividing its amonnt fottDd by 
the last §, by a^". Hence^ denoting the present worth by w, we 

shall have w=i^ ^ . Comparing this result with what 

fli ~"" 1 

is established in § 26l.> we see that the present worth of an 

annuity of ^l is found by taking its present worth at compound 

interest from unity^ and dividing the remainder by a^ — 1. 

Exam. 11. If a person have an annual profit rent of sS75, 
which is payable yearly, and is to continue 32 years, how much 
ought he to get for it at present, allowing the purchaser compound 
interest at 4 per cent per annum on what he pays for it? 

Here a^ = l-O-*, the 32d power of which is 8-508059. Dividing 
1 by this we get 0*285058 ; the difference between which and 1 
is 0*714942 ; and, by dividing this by 0*04, we obtain 17-87355, 
which is the present value of ^1 of the annuity. Multiplying 
it therefore by 75, we get ^^1340 10«. 4d, Ihe reqidred price. 

Exam. 12. A person who owes ^1200, wishes to extinguish 
the debt by twelve equal annual payments : what must be the 
amount of each payment, compound interest, payable yearly, 
being allowed at 5 per cent per annum ? 

This question is the converse of the last, as we are here to find 
the annuity of which the present value is ^1200. From the 

equation, therefore, found above, we get tt=^^ ~ ; and 

1— flT" 

as to = ^[^1200, Oi = 1*05, and n = 12, we readily find ir, the 
required annual instalment, to be ^135 7«« 9^ 

264. An annuity which is to continue for ever is called a 
perpetuity. In reference to such an annuity n is infinite, and 

(§ 126.) the expression in the last § becomes simply f<T= — —» 

a, — 1 

Exam. 13. If a person have in perpetuity a property worth 
500 guineas a year, for how much should it sell, the purchaser 
being allowed 4^ per cent per annum for his money } 

Here a^— 1=0*045 ; and by dividing ^525 by this, we get 
8^11666 I3s. 4d. the required price. 

265. An annuity which does not come to be possessed till the 
end of some assigned time is said to be in reverHon. Thus, if 
4me person is to eigoy the benefit of an annuity for n years, and 
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another for the next r years^ it is said to he an annuity in re- 
version in reference to the latter. The obvious method of finding 
the present value of the reversion is to subtract the present value 
of Ihe annuity for n years from its present value for n-fr years. 
Hence^ if v be the present value of the reversion^ we shall have^ 
by f i&^, and by obvious reductions^ 

_ f 1 -ac* 1 _r a{ -\ \ 

- \ (Thk"- r ~ I ('- i)«i-" J ' 

any of which expressions will give the required value. 

Exam, 14. What is the present value of an annuity fA 
£\\^ 10«. 0<l. to commence at the end of 10 years^ and to 
continue 20 years^ at 4 per cent per annum ? 

Here n = 10, and n-fr = 30; and by raising 1*04 to the 10th 
and 80th powers, and employing the firsts second^ or fourth of the 
foregoing expressions for % we get «^1032 17«« 6^., the present 
value of the reversion. 

Exam, 15. A person bequeaths to one charity for 10 years a 
property which produces annually the clear sum of £625 ; to 
another he leaves it for the next 17 years ; and to a third he 
bequeaths it for all time coming. What are the present values 
of the three bequests at 4 per cent per annum, compound 
interest ? 

In solving this question, we have ai=l*04, and we find the 
first answer by means of § 263., to be ^5069 6s. 2ld.y taking 
n =r 10. Then, by means of § 265., taking n = 10 and r = 17^ 
we get ^5136 ISs, 7^^. as the value of the first reversion ; 
and by means of the same §, in connexion with § 264., we find 
the value of the second reversion to be ^5419 Os, 2^.* 

Exam, l6. R equired the value of the continual product 

V a V^a Va , carried out without limit. 

To find the value of this, assume it equal to x. Then, by 

* For exercises and other examplesy and for various additional details 
regarding compound interest and annuities, the reader is referred to the 
articles on those subjects in the Author's Treatite on ArUhmetic : and 
other exercises will be found in the same work in the ** Miscellaneous 
Questions," commencing in p. 237. 25th edition. 
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squaring both members^ we get x^^aA/aJs/a, , .,, or, as » 
erident^ x^^ax ; whence, by dividing by x, we find x^a. 
The mne leeult might also be obtained by expreaung the 

proposed quantity under the form^ chcScfic^, • . . • , cP^, to whidk 
it is evidently equivalent. Now (§ 105.) the product of theae 
factors is a with an index equal to the sum of their indices, that 
is (§ 137.)^ 1— tfi; an expression which (§ 126.).. becomes 1 
when n is infinite. The product, therefore, of an infinite number 
of the factors is simply a. 



Exam. 17. Find the value of v a Vft Va^h,. . ., continued 

infinitely. 

Putting thu equal to x, and first squaring both members, and 
then cubing the result, we get, evidently, a^Ts,c?bxy whence 



x=a b . 



This may also be put under the form, a^ ft' a*' 6* rf«65". .... 
Now (§ 158.) the sum of the infinite series i, -^, ^, &c., the 
indices of a, is f, and the sum of the uidices of 6 is evidently 

one third of this, or ^ Hence, a:=a'ft^ as before. If 6 = o, 

this will become «sa^« 

Exercises, 

4. Find the value of the continual product of the foregouig 
kind, in which s/aj/h^c recurs perpetually. Ans. (a'^Mc)". 

5. Find the value of the continual product of the same kind, 
produced by the repetition without end of the expresiiOD, 



9^* When, as is often done, cannon balls of equal size are 
piled up in the form of a pyramid, the number of balls in the pile 
may be determined by some of the methods that have beeti given 
for finding the sums of series. The base of the pyramid may 
be either a square or an equilateral triangle; and when the 
pyramid is made to contain as many balls as possible, it is plaio 
that each stratum or layer of balls will be a square in the one 
case and an equilateral triangle in the other, and that each side of 
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the leoond layer will contain one ball fewer than a side of the firsts 
a side of the third one fewer than a side of the second^ and so on ; 
and that the pyramid will terminate in a single ball. Hence^ if 
we take the layers downward, the number of balls in the square 
pyramid will evidently be l^-f 2^+3^+ • • • • +^^ ^ ^ii^g the 
number of the layers^ and consequently the number of balls in 
each side of the base. Now (£xam. 8. p. 256,) the sum of this 
series is ^(n+ l)(2n+ 1). 

267. If the base of each layer be an equilateral triangle, and 
if the number of balls in one of its sides be n, the whole number 
of balls in the layer will be 1+2 + 3+ .... +n, or (§ 133.) 
-|^»'+n). Taking in this n successively equal to 1^ 2^ 3^ &t», 
we find the number of the balls contained in the several layers to 

he i(lHl), i(2* + 2), ^(32+5), , i(»Hn) ♦; the sum 

of which is ^P^2^^S^^ +n2)+|(l+2+3+ 

+11), or (Exam. 8. p. 256. and § 133.) Tli^n(n+l)(2n + l) 
+ ^n(n + l), or finally^ by easy reductions^ ■!«(»+ l)(n+2). 

Exercisei, 

6. How many balls are there in a pile in the fbrm of a square 
pyramid of the kind above described^ having 36 balls in each side 
of its base^ and in another having 50 in each of its sides ? 

Am. 16206 and 42925. 

7. How many balls are there in a pile having its base an equi- 
lateral triangle^ each side of which contains 60 balls^ and how 
many in another having 30 balls in each side ? 

Ana. 37820 and 496O. 

8. How many balls are diete in the frustum of a square pyra- 

• Tile Dumben 1, 3, 6, 10, 15, &o., thus obtained are called triangular 
uftmbtn, from their being the numbers of balls, dots, &c., disposed at 
J equal distances, and forming equilateral triangles havinff severally 1, 2,3, 
&«., in their sides, llie series I, 3, 6, 10, &c., is the third order of an in> 
teresting class of numbers which have been called Jlgwate numben. 
The ftrst order of these is the series, 1, 1, 1, &e. ; the second, 1> 9, 8, 4, 
&0. ; the iburth, 1,4, 10^ SO, 35, &c. : and, in general, the nth order is 

1.2»3 (*»-!) 2.3-4 n 8.4.5 (n-H 1) -^ g^ 

1.2.8. . ...(n-l)' 1.2.3 («-l)* 1.2.3 (n-1)'^ ^ 

the section on the Summation of Infinite Series in the Author^ TrtatUe 
im the DiffaretUtUd and Integral Calevhtt, where it is shown that the simi 

of It tenas of the nth order is — ^ ) a <t ^ • ***• 

Buttks of all such series may also be obtained by the method already 
pointed out in 1 258. 
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mid having 48 balls in each side of its greater base^ and SO in each 
side of its less one ? Ans. 35554. 

268. Besides the two kinds of piles mentioned above^ there 
may be oblong ones^ that is^ piles having their bases rectangles 
which are not squares. In this case the pile will evidently ter- 
minate in a single row of balls, the number of which will be greater 
by one than the difference of the numbers contained in the greater 
and less sides of the base. Hence, if r be the difference of these 
last numbers, r + 1 will be the balls in the top row, 2 (r +2) those 
in the next layer, S^r+S) those in the third, and in general 
n(r'\'n), where n will be the number of balls in the less side of 
the base, and r+n those in the greater. The sum of these is 
r-f2r+Sr-h ... . -Hnr + 12+22^32+ -j.«2^ 

or^(n+l)r+Xn+lX2n+l); 
or which is the same, ■J^n(»+l)(3r+2f»+l). 

Exer. 9. Required the number of balls contained in two piles, 
in one of whidi there are 60 balls in the greater side of the base, 
and 40 in the less ; while in the other there are 65 in the one 
side, and 35 in the other? Am. 38540 and 3381 a 

Exam. 18. Find how many balls must be in each side of the 
least square pyramid that will contain 30,000 balls. Determine 
also the upper base of the least frustum of the same pyramid, 
that will contain the 30,000 balls. 

H0re, by putting the expression at the end of § 266. equal to 
30,000, by actual multiplication, and by transposition, we get 
2n^-fSn2-|-n— 180,000=0; where we easily find, as in pp. 180, 
181, &c., that the real value of n lies between 44 and 45. Now, 
44 being too small, and fractional values being excluded by the 
nature of the question, the side of Ihe base must contain 45 balls. 
The pyramid on this base, however, will contain (§ 266.) 31,895 
balls, exceeding the given number by 1395: and therefore, to 
find the required frustum,, we should have to cut off from the 
top a pyramid containing 1395 balls. The number of balls in 
each side of the base of this, found as above, would lie between 
15 and l6. The former of these must be employed, as the latter 
would give too large a pyramid, and would therefore leave too 
small a frustum. Hence, the frustum would have 45 and l6 balls 
in the sides of its bases ; and it would be readily found to con- 
tain 30,155 balls. The 30,000 balls, therefore, would leave the 
upper layer incomplete, as 155 balls would be wanting, so that 
instead of 256 (=l62) balls, it would contain only 101. 



NOTES. 



NOTK A. 

^// Elementary Solution of an easy Queetiont 

Thb following is the algebraic solution of a simple question with full 
illustrations. The learner will find it useflil to read it with care and 
attention, before he enters formally on the reading and study of the 
definitions and elementary principles. 

Required a number such, that, if 5 be added to its treble; and if, again, 
the number itself be subtracted firom 13, one eighth of the former result 
shall be equal to the latter. 

In solving this question, to avoid the frequent repetition of the ex*^ 
pression, " the required number," which must evidently occur very often, 
we denote that number by the simple character x. Now, whatever that 
number may be, we naturally express the trebling of it or the multiply- 
ing of it by 3, by writing the number 3 before it, so that the product is 
expressed by 3x; just as, in common language, the expression three 
(or 3) yards denotes the treble of the single object, one yard. We are 
next, by the question, to add 5 to 3x. Now, as it may be readily anti- 
cipated, that the process of addition will be of very frequent occurrence 
in the solution of questions, and in other algebraic operations, algebraists 
have agreed to adopt the simple arbitrary sign + , instead of the expres- 
sion ** increased by," or some other synonymous one ; and this sign they 
have called plus, the Latin word corresponding to the English one, more. 
In the present case, therefore, we have 3x + 5, which is read simply three 
X flue five, that is, thrice x mare by five. We are now, by the question, 
to subtract x from 13 : and, as the operation of subtraction may likewise 
be expected to occur very frequently, it has been agreed to denote it by 
prefixing to what is to be subtracted the simple arbitrary sign — , called 
minus (the Latin word for less); so that this sign will be a substitute for 
the expression, " wanting," " diminished by," or the like. In this way we 
g^ 1 S — X, which is read thirteen minus x, that is, thirteen less by x. Now, 
by the question, if the former result, Sx + 5, be divided by 8, the quotient 
will be equal to 13— :r : and, as division is another elementary operation 
that must often occur, it must be of advantage to devise some simple 
mode of expressing it. The mode that is generally employed is to write 
the divisor below tiie dividend with a line between them^ in the manner 
that has been adopted for expressing arithmetical fractions. In the 

Sx+ 5 
present case, therefore, we have — - — , which is read for brevity, three x 

o 

plus five by eight, that is, divide by eight. This, we have seen, is to be 
equal to 13— «; and, as the relation of equality must be of very frequent 
occurrence, algebraists have agreed to represent it by means of the cha- 
racter SB, placed between the equal quantities. This sign is read equal 
to, or simply equal, for brevity. Hence^ we have, in the present question. 
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— - — alS— x; an expresnon which has the great advantage of com- 

billing all the conditions of the problem in ft very condensed form, and 
by means of a small number of characters. We may regard it, therefore, 
as the transUUion of the conditions of the qvestion into the language of 
algdfra. This expression, from the equality of the parts before and after 
the sign «», is called an equation ; and those two parts are called its 
members, or, less appropriately, its sides. 

Now, as our ultimate object is to find the required number x, it is 
plain that we must separate it and the other numbers with which it is 
connected in the equation ; or, as it is briefly expressed, we must resoloe 
the equation. This will be effected by deriving from the equation above 
found a succession of others, the separation referred to being always kept 
in view. Birst, then, we derive from that equation another of a simpler 
form by multiplying both its members by the denominator 8. By this 
means, since, by the nature of multiplication and division, 8 times the 
quotient obtained by dividing 3x + 5 by 8 is 3dr + 5) while 8 times IS — r 
is plainly 104~8x; and since, if equals be multiplied by the same, the 
products are equal, we get the new equation, Sx + 5sbIO^^Sx. Now, 
the second member of this being less than 104 by 8se, if we add 8x to 
that member, we get 104. Hence, that we may still have equality, we 
add Bx to ea6h member ; and sinc^ if the same be added to equals, the 
wholes are equal, we get Sx + Bx + 6^^104, or lljr + 5ssl04, by incor- 
porating 3x and 8x. Then, since, if the same be taken from equals, the 
remainders are equal, if we take 5 from each member of the last equa- 
tion, we get llxa 104—5, or 1 IarB99. Hence, in the last place, since, 
if equals be divided by the same, the quotients are equal, if we divide 
each member by 11, we get xs:9, the required number. 

By bringing together tiie entire work of resolving the equaticm, it will 
stand as in the margin; and by ex- 
amimng the process we shall discover 8* + 5__ 
some relations that are deserving of g— — 13-* , (I.) 

notice. Thus we find that, in deriving 3jt + 5=ai04— 8r (2.) 

equation (2.) from (l.)» the dimsim Sar + 8x+5 = 104, or V 

by 8 is done away by multiplying by llx + 5=sl04 J * ^ ^^ 

that number. In deriving (S.) from ii;css=i04— 5, or! 

(2.), the mfrftnacfion of 8x is doneoway il;r=99 J ***' (^') 

by the ocUs^Mm of the same; while, in ^^.g r$\ 

finding (4.), the addUian of 5 in (3.) 

is neutralised by subtracting it: and in the last place, in deriving (5.) 
fit)m (4. ), the muHiplication by 11 is done away by dividing by that 
number. We thus see that, in the solution of this problem by algebra, 
the process is analyticeU, as we constantly employ operations which arc 
the contraries of those indicated in the equations ; and thus, by retracing 
our steps, as it were, we re-ascend to the value of the required number : 
and this will be found to be the cAse in every application of algebra m 
the solution of problems. As algebra was originally employed almost 
exclusively in this way, and as it still eontinues to be employed most 
extensively as an instrument of investigation or analysis, the term ana^ 
fytieal has come to be used by mathematicians aa almost synonymous with 
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the teim cHgehraieai. In strictness, however, the Utter has a more exten- 
stye meaning than the former, as algebra may be used in the demonstra- 
tion of theorems, and may therefore be tynihetieal as well as analytical. 

From the illustrations given above, we see the propriety of employing 
signs or symbols to denote quantities, operations, and relations, that are 
of frequent occurrence. Such symbols, however, should be sparingly 
and judiciously employed. The introduction of too many renders the 
subject intricate and forbidding, and tends to produce confusion. Few 
subjectSf indeed, are of more importance in algebra and its applications, 
than the use of a simple, uniform, and easily recollected notation.* 

The examples in Section I. will afford other illustrations in addition to 
those given in thii Note. , 



NoTx B. 

Cardan's Solution of Cubic Equations, and Euler^s Sohition of 

Equations of the Fourth Degree, 

1. Whxlx the method of resolving numerical equations given in Sec- 
tion X. is much preferable in practice to any other, it may be proper here 
to point out briefly two modes of resolving equations of the third and 
fourth degrees, which give the roots in terms of the coefficients, as is done 
with regard to equations of the first and second degrees. 

First, then, let it be re- gs + ax + b^O CM 

quired to resolve arS + a* a:^y + z , . (2) 

+ 6.0t, an equation of yi + z^ + Syz(jf'+zy+a'(iizjih^O. \ (s!) 

the third degree; and | +«^o (4.) 

the mvestigation will be yS + z^ + b^O (5) 

as in the margin. In this y;j=-ia,andyS + z3«-6.. . '. *. . . . ] (g.) 

we assume, m equation yS-^s^ v'(6* + iia') (7) 

(2.),5=y + «.andthesub* yS«^3«2 V[a&)r+(ia)3] .'.V.', //, (8.) 

^TT^^h^ts^'' We y=-y{-i*+-^KW*+(W']} (9-) 

^T^IlXlfL^sl ^-A-»-^m'Hm] do.) 



then assume 3yz + a =» 0, as 



* As far as circumstances in particular cases will conveniently permit, 
notation ought to be tuggegtive in one way or other, for the purpose of 
assisting the memory. Thus, as p is the initial letter of the words 
prodttct and principaly it may in some. investigations be used to denote one 
of these and in some the other ; while, for a like reason, d may represent 
the difference or the half difference of two quantities. The (nrder also in 
which quantities occur may be conveniently expressed by means of sub- 
scribed numbers. Thus, ty <,, and f. will very naturally and properly 
denote the first, second, and nth terms of a series ; while, for an analogous 
reason, fp «,» and «« may be used to express respectively the sum of the 
first powers of certain quantities, the sum of their second powers, and the 
sum of their nth powers. 

f In both this investigation and the next, the equation is supposed to 
want the second term. Should this not be the case, that term can be 
taken away in the manner shown in p. 17S. 
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in (4.); an assumption which, by destroying two terms in (3.), 
makes tiiat equation become (5.). The expressions marked (6.) are 
obtained from (4.) and (5.); and, by taking four times the cube of 
the first of these two expressions from the square of the second, and 
extracting the square root, we get (7.), which by a slight modification 
becomes (8.). We then obtain (9.) and (10.) by taking half the sum 
and half the difierence of (5.) and (8. ), and extracting the cube roots ci 
the results ; and by adding these roots we get y-¥Zt or 

*«^{-i6+ V[(16)« + (Ja)3]} + y{ -16- V[(i6)« + (ia)3]} . . . (11.) 
Since by (4.), «= — — , we should also have 

9 

ar«^{-i6+ V[(i6)« + (ia)S]}- J . . . (12.)»; 

where y is the first term. We saw (p. 199.) that the cube roots of 1 are 

1, i( _ 1 + y/^)^ and 1 ( - 1 — V^ -3) ; and therefore we may have two 
additional values of y ; by employing which, we should get by (12.) for 
the remaining roots of the equation 

*H(-l±V3)x (^{-lft+V[(i6)« + (ia)^]}-^). 

We might also obtain equivalent expressions from (11.)* 
Exam. Required the roots of the equation x3 — 2x — 4 «■ 0. 

Here, by (11.), ar=:^{2+ ^(4-*)} + <y{2- V(4-^)} ; or, by easy 
reductions, x « ^(2 + ^ ^3) + ^(2 - JP V3) : and from this, by perform- 
ing the actual operations, we find x^^l '577343 + 0*422651 si *999994« 

or 2 nearly.f 

2 
By employing (12.) we should get *^-y{2 + (4— ^)} +— ; whence 

we should obtain the same value for x, and rather more easily. 

2. If we assume p-^q^ p-^q* and — 2p as the roots of a cubic equa- 
tion, that equation ($173.) will be ar5-*(3p* + 9*)ar+2p(p' — 98)=0. 
Then, if we substitute --(Sp« + 9«) for a, and 2j»(p«— 9*) for 6, hi 
V'{(i^)^'^ (i^)^}* ^® radical which occurs in each of the values of x, we 

get >/(-3p*7« + |pV— A^)» or, by an easy reduction (p«— J9«)a/-39«. 
Now (§ 121. ) this expression will always be imaginary, when q is real ; 
and when, therefiare, all the roots,p + 9, p— 9, and — 2;i are real. On 
the other hand, when 9, and, therefore, the two roots /> + 9 and p— 9 are 
imaginary, the same radical in the value of x is real. It thus appears, 



* This method of solution was first published by Cardan, an Italian 
mathematician, in 1 545 ; and hence it is commonly called CardatC» Me- 
Uiod» Mathematicians are agreed, however, that it was not discovered 
by him, but by two of his countrymen, Scipio Ferreus and Nicholas Tar- 
taglia or Tartalea, independently of one another. 

f The exact root is 2, the slight difibrenee being oocasioned by the io- 
aceuracy in the last figures of the decimals. 



• 
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that though Cardan's method always gives correct expressions for the 
roots of a cubic equation, it is useless in practice when the roots are all 
real, as we cannot then compute them by means of it, on account of the 
occurrence of the imaginary quantity. It is plain, that this will take 
place when a is negative, and (^)^ less in absolute magnitude than (^)3, 
or, which comes to the same, when 276^ is less than 4aS. This has been 
c»Ued the irreducible ease ; and it ia such, that all the attempts made by 
mathematicians to find any way of computing, by means of it, the roots 
of equations in which it occurs, have been unsuccessfuL Cardan's 
method, therefore, is of no practical use, except when an equation has 
only one real root. * 

S. Of the methods that have been devised for the resolution of an 
equation of the fourth degree, so that the roots may be expressed in 
terms of the given coefficients, that of Euler seems to be the simplest and 
most elegant. - To investigate this method, let equation (1.) in the 
margin be the one to be 

resolved, and, as in (2.), a^ + ax^ + bx + e^O (1.) 

let X be assumed equal to ;^„ v>+ v'a+ -v/r (2.) 

Vp + Vq + V r, where p, _ «•; — 7— y- -n )« \ 

g/andrLe qiLmtities to *«-/> + 9 + r + 2(V/»9+^pr+ Vjr) . . (3.) 

be determined, , Equation ^J^^ITJA' 'aT^^^^:^ ^ ^^ 

(3.) is got from (2.) by ^-2««« + ««-4(pg+pr+5r) 

squaring. Then, by as- +S{Vp + ^/q + Vr) Vpqr, (5.) 
suming p + q + r^$,as in pq+pr + qr.^t, andpqr^u (6.) 

(4. ), transposing that quan- aj4^2«*«— 8«'ar + j»— 4<— (7.) 

tity in (3.), and squaring, 1 

we get (5.), which becomes — 2»=a, — 8t«'—6, tft-4<BC. . . . (8.) 

(7.) by means of the as- s, or p + q + r'^ —Jo (9.) 

sumptions in (6.) and (2.). 1 . — 

Equation (7.) will become f' ^^ ^W "J* • •/ y'\ O©-) 

identical with (1.) by the '» <>' W+pr + 5r-TJK««-4c) (U-) 

assumptions made in (8.) ; ^1"^^ -W^Up^ -4c) (12.) 

and from these assump- l>' + iflp« + A(a«-4c)p-^6«-0 . . . . (IS.) 

tions we get (9.), (10.), 

and (ll')> ^^^^ equations which will enable us to find p, q, and r, and 



* Several expedients have been fiillen upon for resolving cubic equa* 
tions which belong to the irreducible case, such as the determination of 
the roots by approximation by means of series, the finding of them (see 
Trigonometry, 4th edition, § 224.) by means of cosines, &c. All such 
methods, however, except as matters, of curiosity, are now superseded by 
Homer's method. The student who has a taste for matters of an anti- 
quarian or historical kind will find much that is interesting on the sub- 
ject here treated of, as well as on many others regarding algebra, in 
Hutton's MathemaHcal Dictianary, article Alokbba ; and in his TVocte, 
vol. ii. He will find also a method of resolving cubic equations belong, 
ing to the irreducible case, by the late Mr. Barlow, by means of a table, 
in Barlow** MathenuiHcal dictionary fmd Hees's Cyc&!p0dta« articles Jkri- 
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thence x. For effecting this, we eliminate q and r, which is done hy 
multiplying (9.) by p, and taking (11.) from the product, so as to g^ 
(12.): then, by multiplying this hyp, substituting, according to (10.), 
— ^ for pqr, and transposing, we get (13.), an equation which will give 

the value o(p. 

« 

4. By a similar process we should find from (9.), (10.), and (11.^ an 
equation with exactly the same coefficients for determining q and r, since 
all the three quantities, p, q, and r, are involved in the same manner in 
those equations. Heoce, therefore, the thre^ roots of (13.) must be the 

values o(p, q, and r. Now we have seen (10.), that p'gVss — jft. The 
signs, therefore, of \/p) V?* ftnd Vr, the components of x, will de- 
pend on the sign of (, the sign of their product being contrary to its 
sign. Hence, when b is positive, either all the three, Vp, Vq, and Vr, or 
only one of them, must be n^ative ; while if & be negative, either all the 
three, or only one of them must be positive. By employing, therefore, 
all the varieties thus indicated, we shall have for the required roots, 

For h positive. For 6 negative. 

xs= — Vp — Vq^ \^r, 9= Vp + ^/q + Vr, 

arss — VjJ + Vq+ Vr, x^ \^p — >/9— Vr, 

xss Vj?— Vq + '/r, x^-" Vp + V^— Vr, 

ar= Vp + y/q— Vr. x^-" */p^ ^q + V^r.* 



DUCULE Cass, and also in the third volume of Leyboum*s Maikemal^itd 
Mepo9ttoiyf new series. 

It may be remarked, that in some particular instances, the cube root 
of — ^:k V(j6^ + ^3) can be taken, when the radical part is imaginary. 
Thus, in the equation, o^-^dOar— 36^=0, we should have, by Cardan's 

formula (11.), x= ^(18 + 26^/"^) + y(18-26>/^); the radicals in 
which have exact values, being equal to 3+ V'-^l and S — v' — 1 re- 
spectively ; and therefore the corresponding value of x is 6. 

Exercises 1, 2, 3, and 8., p. 192., afford instances of the irreducible 



* Were we to diange Vp into i^p\ equation (13.), by this substitu- 
tion, and by mulUplication by 64, would become p'^ + 2apt* + (a^ f^4e^' 
«(SseO( and the roots of this ^equation would be p\ q\ and /, whese 
jJ^Tsi^A/q, and ^r'^^^/r. Then, by combining these as above^ we 
should have x *= ^^Vp' -f vV + -v^*^)* * « ^K'^P' - ^9' ^ VO» *«• 

Tt may be remarked, that, in a practieid point of view, this mctbcd of 
solution will fail, when equation (IS.) or the corresponding one just 
given foils under the irreducible case of oubics ; and there is a like fiulme 
in the other methods that have been proposed for the solution of equa- 
tions of the fourth degree, exc^t those by means of approximatioDy f«fi* 
as Homer's and others. Where, indeed, the object in view is meielj to 
obtain as near appcuximations as we please to the numerical values of tiie 
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NOTK C, 

Sturm 8 Theorem. 

The following is Sturm's beautiful theorem for deterxmning the number 
and positions of the real roots of equations. 

Lett X»0 be «li equation whidi has not equal roots*, and in which 
X=»a-+|>,ar»-l+ .... +p^. Then (1.), by ^ 194., find the derived 
function which call Xj. (2. ) To X and X, apply the rule given in 
J 81. for finding the greatest common divisor, merely varying the pror 
cess by changing the signs of the final remainder obtained in dividing 
X by Xp and calling the result, after this change, X. : then by cUviding 
Xi by Xjy and calling the final remainder, with the hke change of signs, 
X, ; and so on, till a remainder is found which does not contain x ; the 
sign of which remainder is also to be changed. (3.) Jn each of the 
quantities X, Xj, X„, &c., substitute for x a number a, and count the 
number m^ of variations in the successive signs of the results. In the 
same quantities, again, substitute for « a number fi, greater than a, 
and count the number m, of the variations in the signs as before. (4.) 
Then mj— m, will be the number of real roots between a and j9. (5.) 
If a be taken -» ~ oo , and jS « », m^— m^ will be the entire number 
of real roots belonging to the equatioA. (6.) If a b? taken tsa o, and 
/9 » 00, m| ->- m, will be the number of the positive roots. Tbe number 
of the negative ones will be found in a similar way by taking a » — oo , 
and ^ » 0. 

When X is assumed » oo, in any of the quantities X^ Xp &c., the sign 
of the result is the same as the sign of the first t^enn ol* that quantity, 
the other terms vanishing in comparison of that one. The same U the 
case when — oo is employed, except that the signs of the odd powers of 
X are to be changed. When x is taken » O, the functions X, Xj, &c., 
are reduced to their last terms. 



incommensurable roots of equations of the third and higher orders, Hor- 
ner's method is far preferable to any other ; and Cardan's, Euler's, iand 
others of a similar kind, are little else than analytical curiosities, possess- 
ing some interest It may be remarked^ in conclusion, that all the efforts 
of algebraists have failed in discovering any other niethod than that of 
approzimaticm for resolving equations <^ a higher order than the fonrt^ 
except in a few particular cases. (See pp. 192-^1 99*) 

By applying the methods established in this Note to some of the 
examples and exercises given in Section X., the studirat mWl feel, in • 
striking degree, the fluperiority of Homer's method in computang «he 
roots of equations. 

* Should any proposed equation have equal roots, let them be deter- 
nuned by § 195. Then ($ 174. )» by dividing the given equation hy the 
proper fector, im equation will be obtained such as th^ gne assumed in 
the text. 



dSfi btdbm's theorem. 

The following is an outline of a proof of this theorem : — 

I. In a series of the form, Aa"A + BaP—^h* + Co"— *A* + Sec, or, which 
is the same, A(Aa"+ Ba"— U+ Co"— *A' + &c.), h may be taken so small 
that the value of the entire series will have the same sign as its first 
term : for the first term within the vinculum is independent of A, while 
each of the others may be reduced to any degree of minuteness whatever 
by the continued diminution of that quantity* 

II. If gp qp &c. be the several quotients obtained in operating on X 
and X^ aocormng to the rule, we have, by the nature of the process, 

XesX^gj — Xg, XjsssX^g,— Xg, . . ., X«BXM^i9a,^| — X.^2* 

From these expressions it is plain, that no value whatever of x can re> 
duce to any two consecutive ones of the functions X, Xp &c. : for, if 
two of them, suppose Xj and X^ could vanish simultaneously, it would 
appear firom the second of the foregoing equations, and from those fol- 
lowing it, that all the succeeding Ainctions, Xy X4, . . . ., X«, would 
also vanish, which cannot take plac^ as X. is a number independent 
of X. 

III. If a value be assigned to x which shall make one or more of the 
functions after X vanish, the signs of the two functions immediately pre- 
ceding and following the vanishing one are opposite. Thus, if X^^O^ 
the second equation in II. gives X| »■ — X^ Hence, putting between 
the signs of Xj and X3, we have either +, 0, — ,or — , 0, + ; which, 
whether the sign of be taken as + or — , will give one variation of signs, 
and only one, and will not affect, therefore, the entire number of vari- 
ations in the signs of X, Xj, &c Hence, no change in the value of x 
will affect the number of the variations in the signs of those functions, 
unless X be taken equal to a root of XssO, a case which is now to be 
considered. 

IV. Jj&t, then, a be a root of X ««*+/>,«"-» + . . . +p,bO: and let 
n be a quantity so small, that between a—h and a + h there is no root of 
X«aO except a: then X and X,(«nx*-i + (n — l)p,x^« + . .. +^«,) 
have the same signs when x is taken equal to a + A, but opposite signs 
when it is taken s a—h. To prove this, let gx + 5»0 have a as a root, 
so that ga' + ftssO. Then, if in qx +6, and in the derived function 
qraf^'^, we substitute a + A for x, we get (§ 210.), by rejecting qa^ + ftaeO^ 

g{ro^-iA+''^p^a'-»A8 + &c.}, and gr{a''-i + (r-l)a''-«A + &c.}. 

Now (I>) ^ ™Ay ^ taken so small, that, in each of these results, the sign 
of the whole will be the same as the sign of the first term ; and those first 
terms will evidently have the same signs when A is positive, but opposite 
uffDs when it is negative. It is plain, also, that X is made up of quan- 
tities^ such as 9#*' + 5bsO, and of no others; and therefore the property 
proved regarding g^ +&»0 must hold regarding X»0. 

V. It follows from III. and IV., that, if a be a number which is nearer 
— Qo than any of the roots of the equation X^o, and if successive in- 
creasing values greater than a be substituted for or, one variation, and 
onlyone, in the sigtas of X, Xi,&c.,is lost, and one permanence gained* 
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whenever any of these values is a root of the eqiution Xa-O; and hence 
the truth of the theorem is manifest. 

Sturm*s own proof will be found in the Memoires de VltuHhU de France 
for 1835 ; see also Fourcy's Algibre, and Young on Eqnatiotu. In the 
last-mentioned work, various important contractions and simplifications 
in the practical application of the rule are pointed out ; and much ad- 
vantage will be obtained by employing the method of detached coeffi- 
cients. 

As an example, let it be required to find the number and limits of the 
real roots of the equation, x^ - 4x4 - 4x -»- 20 « 0. ( Se6 p. 1 83. ) 

Here X— xS-4x2— 4ar + 20, and therefore (§194.) X,=3x«-8x-4. 
Then, for avoiding fractions in employing § 81., we multiply X by 3; 
and, after dividing the product by Xj, we divide the remainder by 4 
for a simplification ; and, for avoiding fractions, we multiply the quotient 
by S. Continuing the division by Xp we get as remainder — 14x 't- 41 ; 
and therefore X^^Hx— 41. In dividing Xj by this, to prevent frac- 
tions from arising, we multiply X^ and the first remainder each by 14 ; 
and we obtain as final remainder —333. Hence we have X3S333. It 
is plain that the multiplication by 3 above referred to, the division by 4, 
the multiplication again by 3, and the two multiplications by 14, are 
allowable ; as the signs of the quantities here denoted by X, and X3 are 
evidently the same as those that would have been obtained by changing 
the signs of the successive remainders, had no such multiplications or 
divisions been employed. 

Now, when x is taken first equal to — 00 , and then to 00, in X, Xp Sec, 
the signs of the results are, respectively, 

— + — 1- , where there are three variations, and 
+ -f- + +, where there is no variation. 

Henoe m|— in,sd— 0=3 : the equation, therefore, has three real roots. 
By taking, also, xsO, the signs are found to be 

4- — — + , where there are two variations. 

Tlie equation will have, therefore, one (=3—2) negative root, and two 
( «b2 — 0) positive ones. 

Now, tor ascertaining the positions of the roots within narrow limits, 
if we take a a and 3 a 10 in X, Xp &c., we find that there are two 
roots between these limits : and it would appear, in a similar manner, 
that there are two between O and 5. By taking, however, a » 0, and 
3 s 3, it is found that there b but one root between these limits, so that 
between 3 and 5 there must be another. By other substitutions we 
readily find that the two positive roots lie between 2 and 3, and be- 
tween 3 and 4 : and if we chose to determine still narrower limits, it 
would be easily shown that those roots would lie between 2*6 and 2*7, 
and between 3*5 and 3*6. It would appear, in a similar way, by 
taking as— 10, fi^O, &c., that the negative root would lie between 
—2 and —3. 
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Note D. 

On Inaccuracies in Style which frequently occur in Mathematical 

Compoeition. 

It may not be improper here to caution learners against some in- 
accuracies in style and expression which are often met with in scientific 
works published in this country. * To matters of this kind much at- 
tention is paid by the French mathematicians. By this means, as may 
naturally be expected, accuracy is produced in thought as well as in style ; 
and hence it is, that many of their recent works exhibit a perspicuity and 
simplicity, and a logical clearness of arrangement, which enhance their 
value, in a very considerable degree. To put the student on his guard 
against faults of this kind, some instances of the inaccuracies above re- 
ferred to are subjoined ; and he wHl find that, by avoiding the use of 
them and of similar modes of expression, he will soon acquire a com- 
paratively correct style, instead of the careless and random one that is so 
common in this country. Some of these instances will doubtless be 
found iu the works of authors of the present day, but they ha^e bieen 
purposely selected from the writings of authors no lons^er living. 

** Place the two quantities under each other.** This is impossible. 
One of the quantities may be under the other, but each cannot be under 
the other simultaneously. It should be specified which is to be put below 
the other. " Subtract the numerators from each other," presents a like 
inaccuracy. — The following contains two or three improprieties, the word 
divide being used in a wrong sense in the second instance : ** Divide the nu- 
merators by each other, if they will exactly divide." — " The square root of 
any quantity may be either + or — .** This should be the tign of the Mqvart 
root of any quantity may be either + or -~, or the square root of any quantity 
may be either positive or negative. — " An equation of the third degree or 
power.** No equation is of the third or any other power. The expression 

** or power,** should be omitted ** To find the root of the equation, 

x' — 15x3 + 63x = 50.** It should be a root or the roots, and not the root, as 
every cubic equation has three roots ; and Hutton himself, from whom 

this is taken, computes all the three ** Powers of the same quantity are 

divided by subtracting the exponent of the divisor from that of the 
dividend ; the remainder is the exponent of the quotient.'* This is faulty 
in more respects than one. It is not powers of the same quantity that are 
divided, but one power of it is divided by another ; and, at the conclu- 
sion, it is not stated to what the exponent of the quotient belongs. — 
" 7Ae power [it should be a power] of a quantity is its square, cube, 
biquadrate, &c. ; called also its second, third, fourth power, &c.** This 



* " Levia quidem haec, et parvi fort^ si per se spectentur, momenti. 
Sed ex eleroentis constant, ex principiis oriuntur, omnia : et ex judicii 
consuetudine in rebus minutis adhibitd, pendet saepissime etiam in 
maximis vera atque accurata Scientia.*' — Dr. Samuel Clarke. 
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miserable attempt at a definition is fi-crni Bonnycastle.*— *< A term is any 
part or member of a compound quantity which is separated from the rest 
by the signs [it should be gign"] + or — ." Here the words, part and 
member are used in no definite or accurate sense. — " If the unknown 
quantity be in the form of a surd, let it be made to stand alone,'* &c. 
The unknown quantity may be contained or involved in a surd, but it can 
itself be in no^^>rm but that of x, y, or some other symbol assumed to 
represent it.-—** Neither the first nor the last terms are squares, '* ought to 
be, " neither the first nor the last term ia a sgttare.'* The like inaccuracies 
occur in the following expression : " The first or last terms of the ex- 
pression are cubes.** — *^ This value is the greatest of all others.'' Here others 
ought to be omitted, or it might be, " this value is greater than any other. " 
** TTie greatest of any " is also faulty. It should be ** greater than any," 
or " greatest of all." — The expression, ♦* gaieral case,** which is used by 
both English and foreign writers, is of very questionable propriety. A 
pariietdar case of a problem or investigation is quite correct and intelli- 
gible, but to speak of a general com seems to involve a conti'adiction of 
terms. 

In geometry, the expression, " circumscrilwn^)' circle,** should be laid 
aside, and be replaced by the correct analogical one, ** circumscribe^/ circle. " 
If we revert to the etymology of the words, " inserting circle " would be 
no more incorrect than ** circumscribing circle ; *' the former of which, 
however, the most negligent writer would never employ. The ** inscribed 
circle '* is the circle described in a figure ; the " circumscribed circle '* is 
the one described about it. — ** To raise a perpendicular,'* " to erect,** 
** to let fall," " to demit," and " to drop " one, are all objectionable ex* 
pressions, as none of them can be used with any propriety, except when 
the perpendicular lies above the other line. The expression ** to draw 
a perpendicular " is always correct, and it alone ought to be employed. — » 
The expression *' the angle A is equal to the angle B, being right angles," 
should be ** the angle A is equal to the angle B, each of them being a 
right, angle f** or " the angles A and B are equcdj being right angles." 

The following instances occur, among many similar ones, in Leslie's 
Geometry of Curve Lines. " The point shoots into the indefinite distance.'* 
** The point vanishes into extreme remoteness.** ** This rectangle melts into 
the elementary space BMrnbt while the ordinate bm migrates into BM, 
and the secant passes into a tangent.** "The cissoid received its name 
from- the Greek word for ivy, because it appears to mount along its 
asymptote in the same manner as that parasite plant climbs on the taU trunk 
of the pine.** These sentences exhibit an aim at puerile ornament, at 
injudicious variety of expression, and at oratorical language, which is 
totally unsuited to a work on abstract science, and altogether inconsistent 



* This author often employs long sentences devoid of unity and 
natural connexion. Thus, in the Introduction to his larger Algdn-a 
several of his sentences fill more than half an octavo page, and are com- 
posed of ill-assorted subordinate parts, awkwardly tacked together by 
repetitions of who, which, that, cu, when, since, and other connecting 
words. 
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with good taste. In mathematical reasoning, all is addressed to the 
judgment, and nothing to the passions or feelings ; and therefore, in such 
reasoning, every expression of a figurative or purely ornamental nature 
is to be rejected ; the excellence and the true beauty of mathematical 
composition consisting in its simplicity, in its freedom from every thing 
superfluous, and in having every word used in its natural and appropriate 
meaning. 

Some mathematical writers are fond' of addressing their readers iii the 
second person: thus, **by multiplying by x— a, you will get,** &c. This 
is always inelegant, except in the single case in which the imperative 
mood, almost deprived of its imperative character, is used for con- 
venience and brevity in such expressions as **join AB,** '* divide by a,** 
See, According to good usage, the writer may employ the first person 
plural when he states the result at which he and his readers arrive by 
means of the process which is followed ; thus, ** we obtain by transposi- 
tion," Sec. Such phraseology, however, ought not to be used when he 
speaks of himself individually. Thus, ** we are of opinion ** (meaning 
that it is the opinion of the author) should be ^ I am of opinion,** ** it 
seems probable,** or the like. 

Many other instances of careless and incorrect modes of expression 
might be adduced. Those, however, that have been adverted to above, 
will turn the attention of the intelligent student to the subject, and will 
make him feel that, while accuracy in reasoning is the thing mainly to 
be attended to in his investigations, yet correctness and elegance of 
expression in the communication of his ideas are matters of much 
importance. He should recollect also, that, while no person has ever 
acquired a faultless style, as little has any one succeeded in writing even 
moderately well without studying with care and attention the means to 
be pursued for accomplishing the object. 
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learner in Scientific a^ well as Verbal Knowledge : with a List of Greek and 
Latin Affinities, and of Hebrew, Greek, Latin, English, and other Affinities. 
By Nathaniel Howa&d. New Edition, corrected, I8mo. 3s. cloth. 

Howard's Introductory Greek Exercises, and Key. 

Introductory Greek Exercises to those of Huntingford, Dunbar, Neilson, and 
others ; arranged under Models, to assist the learner: with Exercises on the 
different Tenses of Verbs, extracted from the Table or Picture of Cebes. By 
Nathaniel Howard. New Edition, with considerable improvements, 12md. 
0s. 6d. cloth. 

Kbt, 12mo. 2s. 6d. cloth. 

Dr. Major's Greek Vocabulary. 

Greek Vocabulary; or, Exercises on the Declinable Parts of Speech. By the 
Rev. J. R. Major, D.D. Head Master of the King's College School, London. 
2d Edition, corrected and enlarged, I2mo. 28. 6d. cloth. 

Evans's Greek Copy-Book. 

TpCUf>€VS Aova^; sive. Calamus Scriptorius: Copies for Writing Greek in 
Schools. Bv A. B. Evans, D.D Head Master of Market- Bosworth Free 
Grammar Scnool. 4to. 6s. cloth. 

The use of one Copy-Book is sufficient for securing a firm and clear Greek hand. 



Dr. Major's Guide to the Greek Tragedians. 

A Guide to the Reading of the Greek Tragedians ; being a series of articles on the 
Greek Drama, Greek Metres, and Canons of Criticism. Collected and arranged 
by the Rev, J. R. Major, D.D. Head Master of King's College School, London. 
2d Edition, enlarged, 8vo. 9s. cloth. 

",* In this second edition the work has undergone a carefixl revision, and many 
important additions and improvements have been made. 



lltSSRS. lOXGtfAN AND Cd/s 



Seager's Edition of Bos on the Ellipsis. 

Boa on tb« Greek EllipaU. Abridfed and tnuulated infd EngUah, from Profewot 
Sduefibr'a Edition, with Notes, by the Rer. J . SkaocA, hJL. 8TO.9i.acL b<b. 

Seager's Hermann's Oreek Metres. 

Hennann't Elementa of the Doctrine of Metres. Abridged and tnnaUfeid iato 
English, by the Rer. Johm Ssaobk,B.A. 8vo Sb. 6d. bda. 

Seager's Hoogeveen on Greek Particles. 

Hoogereen on the Greek ParticUs. Abridged and tranklatod iato Ea^idi, by 
the Rer. JoBN SXAGBK, B.A. 8to. 78. Od. b6arda. 

Seager's Maittaire on the Greek Dialects. 

Maittaire on the Oreek Dialects. Abridged and Translated into Eariiah, fMm 
the Edition of Stolniiia, by the Ber. Jobm Sxaobk, B Jk. 8to. 9s. 6d. boards. 

Seager's Yiger's Greek Idioms. 

Tiger on the Greek Idioms. Abridged and translated into English, from Pro- 
nssor Hermann's last Edition, with Original Notes, by the Rer. Jobm SaAOxm, 
fi.A. 2d Edition, with Additions and Corrections, 8te. 9s. 6d. boards. 
*•* The abore Fivv Works may be had in 2 rols. 8to. £2. 2s. doth lettered. 



IClcmentaiQ ICatln astodus, IMctioiunto, Gtammais, tn. 
Riddle's Latin Dictionary. 

A Complete Latin-English acd English-Latin Dictionary; compiled from the 
best sources, chiefly Germsn. By the Rct. i. E. Rxsdia, M.A. of St. Edmvnd 
Hall, Oxford. 8d Edition, corrected and enlarged, in 1 Tery thick vol. 8to. 
Sis. 6d. doth. 

The English-Latin (3d Edition, 10s. 6d. cloth), and Latin-English (td Edition, 
corrected and enlarged. Sis. doth,) portions may be had separately. 

Riddle's Young Scholar's Latin Dictionary. 

The Young Scholar's Latin-English and EnsUsh-Latia Dictionary; belBf aa 

Abridgment of the abore. 3d Edit, square l&ao. 12s. bd. 
The Latin-English (7s. bound,) and English-Latin (fis. 6d. bound,) portions 

may be had separately. 

Exnu.CT FKOM kn iLKTicui wmtED <*ScBooz. Books" m th> CavacB or 

EMOLAMS QOAnTBBLT Rsmw (No. XXIII.) FOR JULT 1842. 

** From the time that a boy at school commences translation of th« aiaiplest 
kind, derivations should be attended to ; and indeed we should consider Mr. 
Riddle's aa invaluable book, when compared with other Dictionaries, merely on 
the ground of its large stodk of derivations. In the monotony of early mstruction 
t)iese are, perhaps, the verv first things that awaken curiosity and interest; a 
momentary escape and respite, if onlv apparent, from the irksome matter in hand, 
is that for whicn boys are continually craving ; and tiiis may be more sdvaa- 
tageottsly indulged by frequent referenee to kindred Englbh words, in which they 
fsel themselves at home, nan ia say other manner." 

Riddle's Diamond Latin-English Dictionary. 

A Diamond Latin-English Dictionary. For the waistcoat-pocket. A Guide to 

the Meaning, Quality, and right Accentuation of l^atin Classical Words. By 

the Rer. J. E. Riddlb, MA.. Royal 32mo. is. bound. 

" A most usefrtl littie lexicon to the general reader who may wish for an as> 

conmiodating interpreter of such Latin words or sentences as may be eneonateied 

in every day's casual literary exercises. It is at once copious and succinct." 

Valpy's Latin Grammar. °*""° '*^*'' 

The^ements of Latin Grammar : with Notes. By R. VALrr, D.D. late Mattes 
of Reading School. New Edition, with nunterons Additions and Corrections, 
12mo. 2s. 6d. bound. 

Moody's Eton Latin Grammar in English, &c. 

The New Eton Latin Grammar, with the Marks of Quaatitr and the Rules of 
Accent; containing the Eton Latin Grammar as used at Eton, the Eton Latin 
Grammar in English : with important Additions, and easy explaaatory Notes. 
ByCLBMXMT MooDT, of Magdalene Hall, Oxford: Editor of the Eton Oreek 
Grammar in English. 4th Edit, levmed throughout and enlarged, 2s. 6d. doth. 

Tike Eton Latin Accidence : with Additions and Notes. 2d Edition, 12me. ll. 



BTAirVAAD EDUCATIONAL WOAKS. 



Graham's First Steps to Latin Writing. [Tid* p»gt i. 
Valpy's Latin Vocabulary. 

A New Latin YocabQlarr ; adapted to th« beat Latin Graaman . with Tablet of 
Numeral Letten, Enclieh and Latin Abbiemtioni. and the Value of Roman 
and Grecian Coins. By R. Valpt, D.D. 11th Edition, 12mo. Se. bound. 

Valpy's Latin Delectus, and Key. 

Delectus Sententiantm et Hiatorianan ; %d nanm Tinmnm accoaunodr taa: eum 
Notnlie et Lexioo. Auctore R. Valpt, D.D. New Edition, with Explana- 
tion* and Directions : and a Dictionary, in which the Genders of Nouns, and 
the principal parts or Verbs, are inserted. 12mo. 2s. 6d. cloth. 

Kbt; being a Literal Translation. Bv a PaiTATC Tbachcr. New Edition, 
earefully revised, and adapted to the altemtiens in the new edition of the text, 
by W. R. Bvnnoif, IZmo. 3s. 6d. cloth. 

Vaipy's Second Latin Delectus. 

The l^cond Latin Delectus : designed to be read in Schools after the Latin 
Delectus, and before the Analecta Latina Majora: with English Notes. By 



the RcT. F. E. J. Valpt. M.A. Head Master of the Free Granunar- 
Burton-on-Trent. 2d Edition, 8to. 6s. bound. 

Justin 

Qnlntus Curtins 

Vii^gil 

Livy 

Floras 



Phadrvs 

Cornelius Nepoi 

Ovid's Epistles 

Cesar 

Ovid's Metamorph 



Velleius Pateteulms 

Horace 

Cicero 

Lucretius. 

Valpy*s First Latin Exercises. 

First Exercises on the principal Rules of Grammar, to be translated into Latin : 

with familiar Explanations. By the late Rev. R. Valft, D.D. New Edition, 

with many Additions, I9mo. Is. id. cloth. 

In this work it has been endeavoured to aive the learner some little knowledge of 

the elements of thimos, while he is studying the construction of wonns. A few 

general principles of science and morality impnnted on the memory at an early age. 

will never be erased from the mind, and will often ky the foundation of a subetanual 

fkbtic of useAil knowledge. 

Valpy's Second Latin Exercises. 

Second Latin Exorcises : applicable to every Grammar, and intended as an Intro- 
duction to Valpy's "El^imtiB Latinc." By the K«v. E. Valpt, B.D. late 
Master of Norwich School. 6th Edit. 12mo. 2s. 6d. cloth. 
The Rules and Examples are Intended as an immediate Sequel to Valpy's " First 
Exercise* ;" with which the youthftil rvsder is supposed to be fUly acquainted 
b«fore these Exercises are put mto his hands. He wiu thus be led, by a regular 
gradation, to V^y's '* Eleganttse Latinc," to which these Exerdsca will be an 
utroduction. The Examples are taken from the purest Latin Writers (chicly the 
Historians), in Prose and v erse. 

Valpy's Elegantise Latin se, and Key. 

Elegaatia Latins ; or. Rules and Exercises Olustrauve of Elegant Latin Style : 
intended for the use of the Middle and Higher Classes of Grammar Schoola. 
To which is added, the Original Latin of the moat difficult Phrases. By the 
Rev. E. Valpt, B.D. late Master of Norwich School. 11th Edition, corrected, 
12mo. 4s. 6d. cloth. 

KcT, being the Original Passages taken fttnn Latin Authors, which have been 
translated into English, to serve as Examples and Exfltcisea m the « Ekgantto 
Latinc," 12mo. 28. 6d. sewed. 

Valpy's Latin Dialogues. 

Latin Dialogues : collected from the best Latin Writan, for the use of Schools. 
By R. Vaipt, D.D. 6th Edition, 12mo. 2s. 6d. cloth. 

The principal use of this work is to supply the Claaeieal Student with the beat 
phrases on the common occurrences of lire, from Plautus, Terence. Vir^ Cicero, 
Horace, Juvenal, &c. With a view of leading the scholar to a familiar Knowledge 
of the purest writers, by storing his mind with elegant expressions, the Poets hava 
been made to contribute a considerable ahate of the (Erases .. The Naufragium and 
the Diluculum, the most striking and nsefkU of Eraamua's CoUoqnies, are added. 

Butler's Praxis, and Key. 

A Praxis on the Latin Prepositions : being an attempt to iUnstrata their Origin, 
Signification, and Government, in the way of Exercise. By the late Bishop 
BcTLBB. eth Edition, 8vo. 6s. 6d. boards^— Kst, 6s. boards. 



mSSRS. LONGMAN AND CO.'s 



An Introduction to the Composition of Latin Verse ; 

oontainine Rtiles and ExerciBe* intended to illttstrate the Manners, Cuatoma^ 
and Opinions, mentioned by the Roman Poets, and to render familiar the 
principal Idioms of the LAtin Langvage. Bj the late Cbristopbcr Rafibb,, 
A.B. 2d Edition, carefully revised by Thomas Kbbchsyxx Akmo&d, M.A. 
ISmo. 3s. 6d. cloth. 
KxT to the Second Edition. 16mo. 2s. fid. seved m eloth. 

Howard's Introductory Latin Exercises. 

Introductorr Latin Exercises to those of Clarke, Ellis, Tnmer, and others: 
designed tor the Younger Classes. By Ni.thi.micl Howikd. A New Edition, 
12mo. 2a. fid. cloth. 

Howard's Latin Exercises extended. 

Latin Exercises Extended ; or, a Series of Latin Exercises, selected from the best 
Ronoan Writers, and adapted to the Rules of Syntax, particnlarly in the Eton 
Granunar. To which are added.English Examples to be translated into Latin, 
immediately under the same nue. Arranged under Models. By Nathihixl 
Howard A New Edition. 12mo. 3s fid. cloth. 

Kbt, 2d Edition, 12mo. 2k. fid. cloth. 

Bradley's Exercises, &c. on the Latin Grammar. 

Series of Exercises and Questions; adapted to the best Latin Grammars, and 
designed as a Guide to Parsing, and an Introduction to the Exercises of Yalpy, 
Turner, Clarke, Ellis, ftc. &c. By the Rev. C. B&islbt, Ticar of Glasbury. 
4th Edition, 12mo. 2s. fid. bound. 

Bradley's Latin Prosody, and Key. 

Exercises in Latin Prosody and Versification. By the Rev, C. Briduct, Vicar 
of Glasbury, Brecon. 6th Edition, with an Appendix on Lyric and Dramatic 
Measures, 12mo. 3s. fid. cloth. 

Kbt, 5th Edition, 12mo. 28. fid. sewed. 

Hoole's Terminations. 

Terminationeset Exempla DecIinationumetConJugationwn, item9«e PropriA 
quae Maribus, Quae Genus, et As in Present!, Englished and explamed, for the 
use of Young Grammarians. Bt C. HootB, H.A. New Edition, rerised 
throughout, with rery considerable improvements, by Thoxis Sikdok, 
Seccmd Master of the Grammar School. Lincoln. ISkoo. Is. fid. doth. 

Greenlaw's Rules, &c. on Subjunctive Mood, & Key. 

Rules and Exercises on the Right Use of the Latin Subjunctire Mood : inter- 
spersed with Observations to assist the Learner in the acquisition of a puv* 
Latin Style. Bv the Rer. R. B. Grebnlaw, M.A. Authw of *' The Tra* 
Doctrine of the Latin Subjunctive Hood." 12mo. 6s. cloth. 

Kby, I2mo. 28. fid. eloth. 

Tate's Horace. 

Horatius Bestitutus ; oi, the Books of Horace arranged m Chn>nolo^»l Order , 
according to the Scheme of Dr. Bentley, from the Text of Gesner, conected 
and improved : with a Preliminary Dissertation, verv much enlarged, on the 
Chronology of the works-, on the Localities, and on the Life and Character of 
that Poet. By Jambs Tate, M.A. 2d Edition, to which is now added, an 
original Treatise on the Metres of Horace, Svo. 12s. eloth. 

Turner's Latin Exercises. 

Exercises to the Accidence and Gnmunar ; or, an Exemplification of the several 
Moods and Tenses, and of the principal Rules of Cbnstructian : consistijlff 
chiefly of Moral Sentences, collected out of the best Roman Authors, ana 
translated into English, to-be rendered back into Latin ; with refereAoes t« the 
Latin Syntax, and Notes. By William Turnbr, M.A. late Master of the 
Free School at Colchester. New Edition,. 12m«. 3s. d. lettered. 

Beza's Latin Testament. 

: Novum Testamentum Domini Nostrt Jesu Christi, interprets Thbodoka Bbia. 
Editio Stereotypa,! vol. 12mo. 3s. fid. bound. 

Valpy's Epitome Sacree Historice. 

Sacne Histonte Epitome, in usum Sehdamm: cum Notis AngUcia. By the 
Rev. F. E. J. Yalpt, M.A. Head Master of the Free Grammar School, Botton- 
on-Trent. 6th Edition, ISmo. 2s. doth. 



STANDARD BDUCATIONAL WORKS. 



lEDitions of ^xttk Classic ?(ut6oiB. 
Major's Euripides. ^ 

Euripides. From the Text, and with & Translation of the Notes, Preface, and 
Supplement, of Poraon; Critical and Explanatory Remarks, original and 
selected ; Illustrations and Idioms from Matthise, tiawes, Viger, &c. ; and a 
Synopsis of Metrical Systems. By Dr. Majok, Head Master of King's College 
School, London I ¥oI. post 6to. 248. cloth. 

Sold separately as follow, 5s. each :— 
ALCsins, I Mboba, 4th Edit. I Phovissjb, 2d Edit. 

HscoBi., fith Edit. I 0BsaTBS,2d Edit, j 

Brasse's Sophocles. 

Sophocles, complete. From the Text of Hermann, Erfurdt, Hoc, ; with original 
Explanatory English Notes, Questions, and Indices. By Dr. Bkj^sbb, Mr. 
BvBOBS, and Rer. F. Yalpt. 2 vols, post 8to. 34s. cloth. 
Sold separately as roUow, 6s. each : — 



Ajax, 3d Edit 
Antioonb. 2d Edit. 
Eljsctba, zdEdit 



(Ediphs Coia)NEii8, 2d Edit. 
(Edipus Rbx, 3d Edit. 
Philoctbtes, 3d Edit. 
TaACHiKiiB,Sd Edit. 

Burges's .^schylus. 

.£8(£ylu8-^The Prometheus : English Notes , Ac. Bt Q. Bvkobs, A.M. Trinity 
College, Cambridge. 2d Edition, post 8to. 5a. boards. 

Stocker's Herodotus. 

Herodotus ; containing the Continuous History alone of the Persian Wars : 
with English Notes. By the Rev. C. W. Stocker. D.D. Vice-Principal of 
St. Alban's Hall, Oxford ; and late Principal of Elizaoeth College, Guernsey. 
A New and greauy Improved Edition, 2 tou. postSvo. 18s. cloth. 

Belfour*s Xenophon*s Anabasis. 

The Anabasis of Xenophon. Chiefly according to the Text of Hutchinson. 
With Explanatory Notes, and Illustrations of Idioms from Viger, Ac., copious 
Indexes, and EsHmination Questions. By F. CcNNiMaBAM deuoub, M.A. 
Oxon. F.R.A.S. LL.D. late Professor of Arabic in the Greek University of 
Corib. 4th Edit, with Corrections and Improvements, post 8vo. 8k. 6d. bds. 

Barker's Xenophon*s Cyropaedia. 

The Cyropoedia of Xenophon. ChieflyTrom the text of Dindorf. With Notas, 
Critical and Explanatory, from Dindorf, Fisher^ Hutchinson, Poppo, Schneider, 
Stnrtz, and otiier eminent scholars, accompanied by the editor's comments. 
To which are added, Examination Questions, and copious Indices. By E. H . 
Babxeb, late of Trinity Coll. Camb. Post 8vo. 9s. 6d. bds. 

Burges's Plato. 

Plato— Four Dialogues: Crito, Greater Hippiaa, Second Alcibiades.and Sysiphus. 
With English Notes, original and selected. In this edition Bekker's Text is 
adopted, and the whole of Heuotdorfs Notes are translated. By G. Buboes, 
A.M. Post 8vo. 9s. 6d. boards. 

Barker's Demosthenes. 

Demosthenes—Oratio Philippica I., Olynthiaca I. II. and III., De Pace^JEschinss 
contra Demosthenem, De Corona. With English Notes. By £. H. Bahkbb. 
2d Edit post 8vo. 8s. 6d. boards; 

Hickie's Longinus. 

Longinus on the Sublime. Chiefly from the Text of Weiske; with English 
Notes and Indexes, and Life of Longinus. By D. B. Hickie, Heaii Master of 
Hawkshead Grammar School. 1 vol. post 8vo. 5s. cloth lettered. 

Hickie's Theocritus. 

Select Idylls of Theocritus; comprising the first Eleven, the 16th, ISth, 19th, 
20th, and 24th. From the Text of Meineke ; .with copious English Notes, 
Grammatical and Explanatory References, &c. By D. ]k Hiciue, Head 
Master of Hawkshead Grammar School. 1 vol. post 8vo. 



gA] 



loth lettered. 



Valpy's Homer. 



Homer's Iliad, complete : with English Notes, and Questions to the first Eight 
Books. Text of Heyne. By the Rev, E. Valpy, B.D. late Master of Norwich 
School. 6th Edition, 8vo. 10s. 6d. bound. 

Tbxt only, 5th Edition, 8vo. 68. 6d. bound. 



8 MBS8B8. LONGMAN AMD CO/s 

iSttMons of ICatin CDIottic IM^am. 
Valpy'B Tacitus, with English Notes. 

C. Comelii Taciti Opera. From the Text of Brotier ; with au Explaaatory 
Notes, translated into English. By A. J. Yaxpt, M.A. 3 vols, post Bvo. 2I*. bds. 

Barker's Tacitus— Germany and Agricola. 

The Germanrof C. C. Taettas, from Pu««w*s Text; and the Agricola, tnm 
Brotier'sText: with Critical and Philological Remarks, partly oriicinal and 
partly collected. By E. H. Bauxx, late of Trinity College, Cambridge. 6th 
Edition, revised, 12mo. 6s. 6d. cloth. 

Valpy's Ovid's Epistles and Tibullus. 

Electa ex Oridio et Tibnllo : etnn Notis Anglieis. By the Rer. F. E. J. Taut, 
M.A. Master of Bnrton-on-Trent School. Sd Editu>n, 12mo. Is. 6d. doth. 

Bradley's Ovid's Metamorphoses. 

Oridii Metamorphoses ; in osom Scholarom excerpta : qaOms aecedunt Notola 
Anglic* et Quaestiones. Studio C. Bkadlbt, A.M. Editio Septima, 12mo. 
isTSd.cloth. 



Valpy's Juvenal and Persios. 

Decuni J. Jvrenalis et Persii Flaoci Satins. Ex add. Rvpaii et Kosnig cxpnr- 

Satas. Acoedunt, in natiam Jurentntis, Nota qnaNlam Anglicjs scriptai. 
dited by A. J. YAi.rT,lf.A. 3d Edit. 12mo. 6s. «d. bd. 
Tlie Tbxt only, ad Edition, 3b. bound. 

Valpy's Virffil, 

p. "I^rgilii Marona Bncolica, Georgiea, JBatiB. Aceadmnt, ingntiaaa Jvwcntatis , 
Nota qnadam Anglice scripta. Edited by A. J. Yalft, M.A. lUth Edition, 
18mo. 7S. 6d. bound. 

The TsxT only, 19th EBition, 8s. <kU bound. 

Valpy's Horace. 

Q. Horatii Flaeei Opera. Ad fidem optimorem exemplarium eastigata ; eum 
Notnlis Anglieis. Editedby A. J. YAi.rT,M.A. New Edition, 18mo. Is. hd. 
Tlie same, withont Notes. New Edition,3a. 6d. 

* ,* The objectionable odes and passages hare been expunged. 

Barker's Cicero de Amicitia^ &c. 

Cleero's Cato Major, and Lalius : with English Bxplanatory and FhiloUigieal 
Notes : and with an English Essay on tlw Beapect paid to Old Age by ib» 
Egyptians . the Penians ,tlie Spartans, tlie Greeks, and tha Romans. By the 
late E. H. Bauux, Esq. of Trinity College, Cambridge. 8th Edition, 13mo 
4a. 6d. cloth. 

Valpy's Cicero's Epistles. 

S|nstola M. T. doefonis. Kxcetpta et ad optlinoium fldeiu exanploruBs deni|p 
eastigata ; cum Notis Anglieis. Edited by A. i. Yalvt, M.A. New Edition, 
18mo. 3s. cloth. 

The Tbxt only, 6th Edit. as. cloth. 

Valpy's Cicero's Offices. 

M. Tnllii Ciceronis de OfRciis Libri Trea. Aeeadunt, fat usum JuventBtla, Nota 
qnadam Anglica scripta. Edited by A. J. Yaltt, M.A. Editio Qminta, 
aucta et emendata, 13mo. <s. fid. cloth. 

Barker's Cicero's Catilinarian Orations, &c. 

CSicero's Catilinarian Orations. From the Text of Emesti ; with some Notes by 
the Editor, E. H. Bakkxx, Esq., and many selected from Emesti; and witn 
Extracts from Andreas Schottos's Dissertation, entitied Cicero a Calunaails 
Yindicatus. To which is appended, Tacitns's Dialogns de Oratoribns, si^e d« 
Cansis Corrapta Eloquentia; and, also, several beantifbl Extracts from 
English AuBors ; with a Suggestion to the Conductors of Classical Sehoola to 
derota one aky in the week to the study of English Literature 12mo. 6a. fid. bd. 

Valpy's Cicero's Twelve Orations. 

Twelre Select Orations of M. Tullins Cicero. Prom the Text of Jo. Casp. 
Orellius; witii Englbh Notas. Edited by A. J.Yaut, M.A. ad Edition, 
post 8to. 7s. fid, boards 



STANDARD BDUCATXONAL WORKS. 



Barker's Ccesar's Commentaries. 

C. Jnlios Cesar's Commentaries on the Gallic War. From the Text of Oaden- 
dorp ; with a selection of Notes from Dionysius Vossius, from Drs. Davies and 
Clarke, and from Oudendorp, &c. ftc. To which are added, Examination 
Questions. By E. H. Barker, Esq. late of Trinity College, Cambridge. Post 
8to. with several Woodcuts , 6s. 6d. Doards. 



Valpy's Terence. 



Ttorence— The Andrian : with English I^otes. 
R. Yalpt, D.D. ad Edit. 12mo. 2a. bound. 



Divefted of every indelicae]^ B y 



Catullus, Juvenal, and Persius. 

Catullus. Juvenal, and Persius. Expurgati. In nsum Scholse Harroviensis. 

1 vol. rep. 8vo. 5s. cloth letterea. 
Although the text is expurgated, the established number of the lines is retained, 
hi order to facilitate the reference to the notes in other editions. 

Bradley's Pheedrus. 

Phsdri Fabnlte; in usum Scholamm expurgata: (juibns aeoedunt NotnUs 
Anglicae et Quaestiones. Studio C. Braslet, A.M. Editio Nona, 12mo. 2s. 6d. cL 

Bradley's Cornelius Nepos. 

Comelii Nepotis Yitte Excellentiiun Imperatortun : quibus accedunt Notulc 
Antics etQotestiones. Studio C. Bradley, A.M. EdttioQctsva,I2mo.3s.6d.cL 

Bradley's Eutropius. 

Entropii Historiac Romanae Libri Scptem* <mibns accedunt Notulc AngUca et 
Queationes. Studio C. Brablet, A.M. Editio Decima, 12mo. 2s. 6d. cloth. 

Hickie's Livy. 

Tbe First Five Books of Livv: with Enfdiish Explanatory Notes, and Examina- 
tion Questions. By D. B. Hickis, LL J). Head Master of HtLwkaintad Grammar 
School. 2d Edition, post 8vo. 8s. 6d. boards. 



^-S^^^^pf-N^N/^ 



Bloomfield's Greek Thucydides. 

The History of the Peloponnesian War, by Thucydides. A New Recension of 
the Text ; with a carefolly amended Punctuation ; and copious Notes, Criticsl, 
Philological, and Explanatory ; almost entirely original, but partly selected 
and arranged from the best Expositors, and formins a continuous Commen- 
tarv : accompanied with fiill Indices, ooth of Greek Words and Phrases ex- 

£ lamed, and matters discussed in the Notes. Dedicated, by permission, to the 
Light Hon. and Rizht Rev. Charles James, Lord Bishop of London. Illus- 
trated by Maps and Plans, mostly taken from actual survey. 2 vols. 8vo. 3tte. cl. 

Bloomfield's Translation of Thucydides. 

The History of the Peloponnesian War. By Thdctdidbs. Newly translated * 
into English, and accompanied with very copious Notes, Philological and 
Explanatory, Historical and Geographical ; witli Maps and Plates. 3 vols. Svo. 
£2. ds. boaras. 

Bloomfield's Greek Lexicon to the New Testament. 

Greek and English Lexicon to the New Testament ; especially adapted to the 
use of Colleges and the higher Classes in the Public Schools, but also intended 
as a convenient Manual for Biblical Students in general. Fcp. Svo. 9s. cloth. 

Bloomfield's Greek Testament. 

The Greek Testament: with copious English Notes, Critic«l^ Philological, and 
Explanatory. 5th Edition, greatly enlarged, and very^ considerably improved, 
in 2 closely-printed volumes, 8vo. with Map of Palestine, £2, cloth. 

Bloomfield's College and School Greek Testament. 

The Greek Testament: wiUi brief English N<ites, Philological and Explanatory. 
Especially formed for the use of Colleffee and the Public Schools, but also 
adapted for general purposes, where a larger work is not requisite. By the 
Rev. S. T. BLoonriELD, D.D. F.S.A. Vicar of Bisbrooke, Rutland ; Editor of 
the larger Greek Testament, with English Notes ; and Author of the Greek 
and English Lexicon to the New Testament, printed uniform with, and in- 
tended to 8er>e as a Companion to, the present work. 3d Edition, greatiy en- 
lai^ed and considerably unproved, 18mo. 10s. 6d. cloth. 
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Lempriere's Classical Dictionary. 

B7BA.RKEJI. ANewEditioiiyby J. CxuTiif. [Vide p«g« 1. 

Blair's Chronological Tables. 

Chronological Tablet, from the Creation to the Present Time. A New 
Edition, careftillj corrected, enlarged, and brought down to the present time, 
and printed in a convenient form. Under the revision of Sir Henri Ellm, 
K.H. Principal Librarian of the Brit. Mus. 1 vol. roy. Bro. — ^Nearly readj. 

MangnalPs Questions. — omlt GBJtumB and coxplete edittom. 

Historical and Miscellaneous Questions , for the Use of Young People ; with a 
Selection of British and General Biography. By R. Manonall. New Edi- 
tion, with the Author's last Corrections and Additions, and other very oonai- 
derable recent Improvements. 12mo. 4s. 6d. bound. 

The only edition with the Author's latest Additions and Improvement!, bears 
the imprint of Messrs. Lonoxam and Co. 

Corner's Sequel to Mangnall. 

Questions on the History of Europe : a Sequel to Mangnall's Historical Qtes- 
tions ; comprising Questions on the History of the Nations of Continental 
Europe not comprehended in that work. By Julia Cobnbb.. New Edition, 
12mo. 5s. bound. 

Hort's Pantheon. 

The New Pantheon ; or, an Introduction to the Mythology of the Aneienta, in 
Question and Answer : compiled for the Use of Toung Persons. To which are 
added, an Accentuated Index, Questions for F#xercise, and Poetical Illustra- 
tions of Grecian Mythology, from Homer and Virgil. By W. J. Hort. New 
Edition, considerably enlarged by the addition of the Oriental and Northern 
Mythology. 18mo. 17 Plates, 5s. 6d. bound. 

Hort's Chronology. 

An Introduction to the Study of Chronology and Ancient History. By W. J. 
Hort. New Edition, 18mo. 4s. bound. 

Knapp's Universal History. 

An Abridgment of Universal History, adapted to the Use of Families and Schools ; 
with appropriate Questions at tne end of each Section. By the Rev. H. i. 
Knafp, M.A. New Edition, with considerable additions, 12mo. 6s. bound. 

Bigland's Letters on the Study of History. 

On the Study and Use of Ancient and Modern History ; containing Observation* 
and Reflections on the Causes and Consequences of those Events which have 
produced conspicuous Changes in the aspect of the World, and the general 
state of Human Affairs. By John Biolakd. 7th Edition, 1 vol. 12mo.6s. bds. 

' Keightley's Outlines of History. 

Outlines of History, from the Earliest Period. By Tbonas Keigrtlbt. Eaq. 
New Edition, corrected and considerably improved, fcp. 8vo. 6s. clotn; or 
6s. 6d. bound-and lettered. 

Keightley's History of England. 

The History of England. By Thomas Kbiohtlbt, Esq. In 2 vols. 12nM>. 14a. 
cloth ', or 15s. bound. 
For the convenience of Schools, the volumes will always be sold separately. 

Keightley's Elementary History of England. 

An Elementary History of England By Thomas Keiohtlet, Esq. Author of 
" A History of England," " Greece," " Rome," " Outlines of History," See. 
ftc. 12mo. 68. bound. 

Keightley's History of Greece. 

The History of Greece. By Thomas Keiohtlet, Esq. 8d Edition, 12mo. 

6s. 6d. cloth ; or 7s. bound. 
Elementary History of Greece. 18mo. 3s. 6d. bound. 

Keightley's History of Rome. 

The History of Rome, to the end of the Republic. By Thomas Kbiobtlst, Esq. 

3d Edition, 12mo. 6s. 6d. cloth ; 7s. bound. 
Elementary History of Rome. 18mo. 3s. 6d. bound. 
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Keightley*8 History of the Roman Empire. 

The History of the Roman Empire, from the Accession of Augustus to the end 
of the Empire in the West. By Thomas Ksiohtlet, Esq 12mo. 6»» 6d. 
cloth ; or, 78. bound. 

QwsTiONs on Kbiohtlet's Histori of England, Parts 1 and 2, each; Roxb* 
3d Edit. ; Grbece, 3d Edit. 12mo. Is. each, sewed. 

Sir Walter Scott's History of Scotland. 

History of Scotland. By Sir Walter Scott, B.irt. Mew Edition,2 vols. fcp. 8to. 
with Vignette Titles, 12s. cloth. 

Cooper's History of England. 

The History of England, from the Earliest Period to the Present Time. On a 
^an reconunended by the Earl of Chesterfield. By the Rer. W. Cooper. 23d 
Edition, considerably improved. 18mo. 2s. 6d. cloth. 

Baldwin's History of England. 

The History of England, for the use oTSchools and Yonng Persons. By Edward 
Baldwin, Esq., Author of "The History of Rome," &c. A New Edition, 
carefully revised ana corrected, with Portraits. 12mo. 3b. 6d. bonnd. 

Miiller's Introduction to Mythology. 

Introduction to a Scientific System of Mythology. By Earl Ottfried Muller, 
Translated from the German by John Leitch. I vol. 8vo. uniform with 
** Miiller's Dorians."— In the press. 

Valpy's Elements of Mythology. 

y History of the Pagan Deities: intended to 
le Ancient Writers of Greece and Rome. By 



Elements of Mythology; or, an Easy History of the Pagan Deities : 
enable the young to understand the ' ■ ■ - - - - 

R. Yalpt, D.D. 8th Edition, 12mo. 28. bound. 



Valpy's Poetical Chronolot 



Poetical Chronology of Ancient and English History 
natory Notes. By R. Valpt, D.D ' 



with Historical and Expla- 
New Edit. 12mo. 2s. 6d. cioth. 



Hewlett's Tables of Chronology and Regal Gene- 

ALOGIES, combined and separate. By the Rev. J. H. Howlbtt, M.A. 24 
Edition, 4to. 2s. 6d. cloth. 

Riddle's Ecclesiastical Chronology. 

Ecclesiastical Chronology; or. Annals of the Christian Church, from its Foun- 
dation to the Present Time. To which are added. Lists of Conncils and 9t 
Popes, Patriarchs, and Archbishops of Canterbury. By the Rev. J. £. Riddle, 
H.A. 8vo. 158. cloth. 

Tate's Continuous History of St. Paul. 

The Continuons History of the Labours and Writings of St Paul, on the basis of 
the Acts, with intercafarymatter of Sacred Narrative, supplied from the Epistles, 
and elucidated in occasional Dissertations: with the HOR^E PAULINJE of 
Dr. PALEY, in a more correct edition (with occasional notes), subjoined. By 
J. Tate, M.A. Canon Residentiary of St. Paul's. 8vo. with Map, ISs. cloth. 



Scott's Arithmetic and Algebra. 

Elements of Arithmetic and Algebra. By W. Scorr, Esq. A.M. and F.R.A.S. 
Second Mathematical Professor at the Royal Military College, Sandhurst. 
Being the First Volnme of the Sandhurst Course of Ma&ematics. 1 vol. 8vo. 

[In a few days. 

Narrien's Elements of Euclid. 

Elements of Geometry : consistiAg of the first fonr> and the sixth. Books of 
■ Euclid, chiefly from the Text of Dr. Robert Sioaaon ; with the principal 
Theorems in Proportion, and a Course of Practical Geometry on the Ground. 
Also, Four Tracts relating to Circles, Planes, and Solids ; with one on 
Spherical Geometry. By John Narbxen, F.R.S. and R.A.S. Professor of 
Mathematics, Ac. at the Royal Military College, Sandhurst, 8vo. with many 
diagrams, lOs. 6d. bound. 
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Keith on the Glohes, and Key. 

A New TreatiK on the Use of the Globes ; or, a Philosophiod Yiew of the Earth 
and Heavens: comprehendins an Account of the Fiffure, Magnitude, and 
Motion of the Earth: with ine Natural Changes of ita Surface, caused br 
Floods, Earthquakes, Ac. : together with the Principles of Meteorolory and 
Attronomy : with the Theory of Tides, Ac. Preceded by an eztendTe selection 
of Astronomical and other Definitions, ftc. ftc. By Tbomas Kbith. New 
Edit, considerably improved, by J. Rowbotbak, F.R.A.S. and W. H. PaiOK. 
ISmo. with 7 Plates, 6s. 6d. bound. 

In this edition are introduced many new questions relating to the positiontof the 
Sun, Moon, and Planets, for the years 1838, 1839, 1840, 1841, and WVt, respeetlTeljr. 

*,* The only oemoims edition, with the Author's latest Additions and Improve- 
ments, bears the imprint of Messrs. Loitomam and Co. 

Kbt, by P&ion, revised by J. Rowsothax, 12mo. 2s. 6d. cloth. 

Keith's Geometry. 

The Elements of Plane Geometry ; containing the First Six Books of BucUd. from 
the Test of Dr. Simeon : with Notes, Critical and Explanatory. To which are 
added. Book VII. including several important Propositions which are not in 
Euclid ; together with the Quadrature of the Circle, the Lune of Hippocrates, 
the Maxima and Minima of Geometrical Quantities : and Book YIII. consisting 
of Practical Geometi7 ; also, Book IX. Of Planes snd their Intersections ; and 
Book X. Of the Geometry of Solids. By Thokas Kbith. 4th Edition, oor- 
rected by S. Matnabd, 8vo. lUs. 6d. boards. 

Keith's Trigonometry. 

An Introductidn to the Theory'and Practioe of Plane and Spherical Trigoaoaaetrf , 
and the Stereograpbic Projection of the Sphere, including the Tneory of Navi- 
gation ; comprehending a variety of Rules, Formuls, ftc. with tiieir Practical 
Applications to the Mensuration of Heights and Distances, to determine the 
Latitude by two Altitudes of the Sun, the Longitude by the Lunar Observations, 
and to other important Problems on the Sphere ; and on Nautical Astronomy. 
By Thomas Kbith. 7th Edition, corrected by S. Matnabo, 8vo. 14s. cloth. 

Crocker's Land Surveying. 

Crocker's Elements of Land Surveying. New Edition, corrected thrcmghoat, 
and considerablv improved and modemiied, by T. G. Bomt, Land-Surveyor. 
Bristol. To wluch are added. Tables of Six-llgure Logarithms, superintendea 



by Richard Farley, of the Nautical Almanac Establishment. Post 8vo. with 
Flan of tlie Manor of North Hill, Somerset, belonging to J. W. Antoni, Esq., 
numerous Diagrams, a Fteld-book, Plan of part of Cne City of Bath, Ac. Us. cl. 



Farley's Six-Figure Logarithms. 

Tables of Six-figure Logarithms ; containing the Logarithnu of Numben from 
1 to lOiXMLand of Sines and Tangents for every Mmute of the Quadrant umI 
every Six Seconds of the first Two Degrees: ^Ui a Table of Constanta, and 
Formulc for the Solution of Plane ana Spherical Triangles. Superintended by 
RiCHABS Farut, of the Nautical Almanac Establisimient PostSvo. (unenu- 
merated), 4s. 6d. doth. 

Enter's Algebra, by Hewlett. 

Elements of Alsebra. By Leomard Evlbb. Translated fh>m the French, with 
the Notes of M. BemouilU. Ac. and the Additions of M. De la Grange, by the 
Rev. John Hxwlbtt, BD. F.A.S. Ac. To which is prefixed, a Memoir of the 
Life and Character of Euler, by the late Francis Homer, Esq. Sth Edition, 
earelVilly revised Mid eoxrscvBd. 1 vol. 8vo. 10s. cloth. 

Taylor's Arithmetic, and Key. 

The Arithmetician's Guide ; or, a complete Exercise Book: for Public Schools 
and Private Teachers. By w. Tailor. New Edition, 13mo. 9s. 6d. bound. 

Kbt to the same. By W. H. Wbitb, of the Commereial and Mathematical 
School, Bedford. 12mo. 4s. bound. 

Molineux's Arithmetic, and Key. 

An Introduction to Practical Arithmetic ; in Two Parts : with various Notes, sod 
oeeasioBal Directions for the use of Learners. By T. Molinbox, many years 
Taaelier of Accounts and the Mathematics in Maeelesfleld. In Two Parts. 
Part, 1, New Edition, 12mo. pp. 196, 28. 6d. bound. London, n. d. Part 2 
6th Edition, 12mo. 2s. 6d. bound. 

Kbt to Part 1, 6d.— Kbt to Part 2, 6d. (18 to 32). 
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^e's Arithmetic, and Key. 

A'Sjwttm of Practical Arithmetic, applicable to the prcMUt stnte of Tnde and 
Nooej Traiuactions : illostratod by noinerotu Ezamplft under each Role. Bj 
the ReT. J. Joyce. Mew Edition, corrected and improved by S. MATi(A.a», 
12mf>. 3a. bound. 

*•* The only Genuine Edition, containing the Author's lateit Additions and im- 
prorements, bears the imprint of Mtears. Longman and Co. 

Kit : eontainfaig Solutions and Answers to all the Qneaiions in the work. To 
which ai« added, Appendices, shewing the Method of making Mental Calcula- 
fites, and a New MOdt of Setttn* Sums in ihe Earlj Rules of Arithmetic. New 
Editioh, corrected ahd enlarged Dy S. MaIx^U), 18mo. d». bound. 

Simson^s Euclid. 

The Elements of Euclid : tIx. the Fitat Six Books, together with the EkTcnth 
and Twelfth; also the Book of Euclid's Data. By Robert SiMaoN, M.D. 
Emeritus Professor of Mathematics in the UniTersity of Glasgow To which 
are added, the Elements of Plane and Spherical Trigonometry ; and a Treatise 
on the Construction of Trigonometical Canon: dso, a concise Aceottnt of 
Logarithms. By the Rev. A. Robertson, D.D. F.R.S. SaTilian Profiessor of 
As&onomy in the University of Oxford. 25th Edition, carefully revised and 
corrected by S. Matnard, 8vo. 98. bound.— Alao. 

The Elements of Euclid : vis. the First Six Books, together with the Eleventh and 
Twelfth. Pnnted, with a fiew variations and additional references, from the 
Text of Dr. Simson. New Edition, carefully corrected by S. Matnarj), ISmO. 
0s. bound.— Also, 

The same vrork, edited, in the Symbolical form, by R.Bt.AKEi:«CK.M. A. late Fellow 
and Assistant-Tutor of Catherine Hall, Cambridge. New Edit 18mo. to. cloth. 

Morrison's Book-Keeping, and Forms. 

The Elements of Book-keeping, by Sm^e and Double Entrv ; comprising several 
Sets of Books, arranged according to Present Practice, ana designed for the use 
of Schools. To which is annexed, an Introduction to Merchants' Accounts, 
illustrated with Forms and Examples. By James MoR&iaoN, Accountant. 
New Edition, considerably improved, 8vo. 8s. half-bound. 

Sets of Blank Books, ruled to correspond with the Four Sets contafaud in the 
above work : Set A, Single Entry, 3s. ; Set B, Double Entry, Bs. ; Set C, Com- 
mission Trade, 12s. ; Set D, Partnership Concerns, 4s. 6d. 

Morrison's Commercial Arithmetic, and Key. 

A Concise System of Commercial Arithmetic. Bir J. Mouusox , Aooonntant. 

New Edition, revised and improved, I2mo. 4s. 6d. Dound. 
Kbt. 2d Edition, 12mo. 6s. bound. 

Nesbit's Mensuration, and Key. 

A TVeatise on Practical Mensuration : containing the most approved Methods of 
drawing Geometrical Figures ; Mensuration of Superficies : Land Surveying ; 
Mensuration of Solids ; the Use of the Carpenter's Rule ; Timber Measure^ m 
which is shewn the method of Measuring and Valuins Standing Timber ; Arti- 
ficers' Works, illtutrated by the Dimensions and Contents of a House ; a Dic- 
tionarv of the Terms used in Architecture, &c. ByA.NssBiT. 11th Edition, 
corrected, with 200 Woodcuts, 3 Copperplates, and an engraved Field-book, 
12mo. 6s. bound. — Kbt, 7Ui Edition, 12mo. 6e. bound. 

Nesbit's Land Surveying. 

A Complete Trei^ise on Practical Land Surveying. Bv A. Nbbbit. 7th Edition, 
gieatly enlar^, 1 vol. 8vo. illustrated with 160 WoodcutB» 13 Copperplates, 
and an engraved Field-book, (sewed), 128. boards. 

Nesbit's Arithmetic, and Key. 

A Treatise on Practical Arithmetic. By A. Nsaair. 9d Edition, 12mo te. bd. 
A Kbt to the same. 12mo. Os. bound. 

Illustrations of Practical Mechanics. 

By the Rev. H. Mosblet, M.A. Professor of Natural Philosophy and Astronomy 
in Kind's College, London. Being the First Volume of Illustrations of Science, 
by the Professors of King's College. 2d Edition, 1 vol. fcp. 8vo. with numerov 
Woodcuts, 88. cloth. 

Balmain's Lessons on Chemistry. 

Lessons on Chemistry ; for the use of Pupils in Schools, Junior Students in the 
Universities, and Readers who wish to Team the fundamental Principles and 
leading Facts. With Questions for Examination, a Glossary of Chemical 
Terms, and an Index. By William H. Balxaim. Fcp. 8vo. Os. cloth. 
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aiWorls for Young ^eqpU, bp JWrs. J)(tarcct. 
Lessons on Animals, Vegetables, and Minerals. 

Idmo. 2b. cloth. # 

Conversations on the History of England. 

For tlie Use sf Children, Bj Mrs. mIbcst. ToL 1 : the History of the 
Reien of Henry YII. ISmo. 4s. 6d. cloth. 

Mary's Grammar : 

Interspersed wflh Stoties, and intended fat the use of Children. By Mrs. 
MxRCET, Author of " Conversations on Chemistry," Ac. 6th Edition, reriaed 
and enlarged, 18mo. 3s. 6d. half-bound. 

The Game of Grammar : 

With a Book of Conversations (fcp. 8to.) shewing the Rules of the Game, 
andaffordingExamplesof the manner of playing at tt. By MrsJ Mahcxt. In* 
ramished box, or done up as a post 8to. volume in cloth, 8s. 

Conversations on Language, for Children. 

18mo.-^In the press 

Willy*s Stories for Young Children : 

Containing The House- Building— The Three Pits (The Chalk Pit, The Coal Pit, 
and The GraTel Pit)— and The Land without Laws. 3d Edit. 18mo. 2s. half-bd. 

Willy's Holidays : 

Or, Conversations on different Kinds of Govenuaenta : intended for Toting 
Children. ISmo. 3s. half-booad. 

The Seasons : 

Stories for very Young Children. New Editions, 1 vols.— Vol. 1, Winter, 3d 
Edition ; Vol. 2, Sprmg, 3d Edition ; Vol. 3, Summer, 8d Edition ; VoL 4, 
Autumn, 3d Edition. 2s. each, half-bound. 

(■Ertograp^n anO ISitlastis. 
Butler's Ancient and Modern Geography. 

A Sketch of Ancient and Modem Geography. By Samuei. Botlek, D.D. late 
Bishop of Lichfield, formerlv Head Master of Shrewsbury School. New Edition, 
revised by his Son, 8vo. 9s. boards ; bound in roan, 10s. 

Butler's Ancient and Modern Atlases. 

An Atlas of Modem Geographv; consisting of Twenty-three Coloured Maps,firom 

a new set of plates, corrected, with a complete Index. By the late Dr. Btttuck. 

8vo. 12s. hair-bound. — By the same Author, 
An Atlas of Ancient Geography; consisting of Twenty-two Coloured Maps, with 

a complete Accentuated Index. 8vo. 128. half-bound. 
A General Atlas of Ancient and Modem GeoirraDhy ; consisting of Forty-flvc 

coloured Mam, and Indices. 4to. 24s. half-bounoi. 

*»* The Latitude and Longitude are given in the Indices. 
The Plates of the present new edition have been re-engraved, with correctiOBa 

flrom the government survevs and the most recent sources oi information. 

Edited by the Author's Son. 

Abridgment of Butler's Geography. 

An Abridgment of Bishop Butler's Modem and Ancient Geography: arraBsed in 
the form of Question and Answer, for the use of Beginners. Bj Mjlkt 
Cdhminoram. 3d Edition, fcp. 8vo. 28. cloth. 

Butler's Geographical Copy- Books. 

Outline Geoi^^phical Copy- Books, Ancient and Modem • with the Lines of Lati- 
tade and Longitude only, for the Pupil to fill up, and designed to aocompnny 
the above. 4to. each 4s. ; or together, sewed, 7s. 6d. 

Goldsmith's Popular Geography. 

Qoogranhy on a Popular Plan. New Edit, including Extracts from recent Voyages 
and "Travels, with Engranngs, Maps, &c. By Rev. J . Goldsmith. 12mo. 14a. bd. 

Dowlin^'s Introduction to Goldsmith's Geography. 

Introduction to Goldsmith's G rammar of Geograpl^ : for the use of Junior Papib. 
By J . Do WLINO, Master of Woodstock Boarding SchooL New Edit. 18mo. 9d. ad. 

By the same Author, 

live Hundred Questions on the Maps of Europe, Asia, Africa, North and Sonth 
America, and the British Isles; principally from the Maps in Qoldamith's 
Grammar of Geo^aphy. New Edition, ISmo. 8d.— Est, Od^ 
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Goldsmith's Geography Improved. 

Oraxnmar of General Geography ; beine an Introduction and Companion to the 
larger Work of the same Anther. By the Rer. J. Goldsmith. New Edition, 
improved. Revised throughout and corrected by Hugh Mvirray, £aq. With 
YiewB, Maps, &c. 18mo. 3a. 6d. bound.—KsY, 6d. sewed. 

MangnalPs Geography. 

A Compendium of Geography ; with Geographic Exercises : for the use of Schools. 
Private Families, Sec. By R. Manoma.i.1.. 4th Edition, completely correctea 
to the Present Time, 12mo. 7s. fid. boimd. 

Hartley's Geography, and Outlines. 

Geography for Youth. By the Rev. J. Hakti^t. New Edit, (the 8th), containing 
w latest Changes. l2mo. 48. 6d. bound. 

By the same Author, 
Outlines of Geography : the First Course for Children. New Edit. ISmo. 9d. ad. 

HameVs French Grammar and Exercises. 

A New Edition. By N. Lambbbt. [Vide pag;e 1. 

Hamel's French Grammar. ' 

A New Universal French Grammar ; being an accurate System of French Acci- 
dence and Syntax. By N. Hamel New Edit, greatly improved, 12mo. 4s. bd. 

HamePs French Exercises, Key, and Questions. 

French Grammatical Exercises. By N. HaMBL. New Edition, carefully revised 

and greatly improved, 12mo. 4s. bound. 
KxT, l2mo. 3b. boimd.— Questions, with Key, Od. sewed. 

Hamel's World in Miniature. 

The World in Miniature ; containing a faithfU Account of the Situation, Extent, 
Productions, Government, Population, Manners, Curiosities, &c. of the different 
Countries of the World : for Translation into French. By N. Hameb. New 
Edition, corrected and brotight down to the present time, 12ino. 4s. 6d. bd. 

Tardy's French Dictionary. 

An Explanatory Pronouncing Dictionary of the French Language, in French and 
Engush ; wherein the exact Sound of every Syllable is distinctly marked, accord- 
ing to the method adopted by Mr. Walker, in his Pronouncing Dictionary. To 
w&ch are prefixed, the Principles of the French Pronunciation, Prefatory 
Directions for using the Spelling representative of every Sound ; and the Con- 
jugation of the Verbs, Regular, Irregular, and Defective, with their true 
Pronunciation. By L'Abbe Takdt, late Master of Arts in the University of 
Paris. New Edit, caref^y revised, 1 vol. 12mo. 6a. bound. 

Maunder's New Universal Class-Book. tvidepage i. 
Lindley Murray's Works. 

•«• The only Gesdinz Editions, with the At;thor'8 last Corrections. 



1. First Book for Children, 23d edition, 

ISmo. 6d. sd. 
t English Spelling-Book, 4eth edition, 
18mo. 18d. bd. 
Introduction to the English Reader, 

3ad edit. 12mo. 28. 6d. bd. 
The English Reader, 24th edit. 12mo. 

3s.6d. bd. 
Sequel to ditto, 7th edit* 12mo. 4b. M. 
bound. 

6. English Grammar, 61st edit. 12mo. 

3s. (kl. bd. 
Ditto abridged, 12l8t edit. ISmo. Is.bd. 

7. Enlarged Edit, of Murray's Abridged 

English Grammar, by Dr. Giles. 
18jno. Is. 6d. clotli- 
S. Ensdish Exercises, 48th edit. l2mo. 
2{>. Luuiid. 



3. 



5. 



9. Key to Exercises, 12mo. 2s. bd. 
10. Exercises and Key, 48th and 25th 

editions, in 1 vol. 38. 6d. bound. 
11« Introduction au Lectcur Francois, 

6th edition, 12mo. 38. 6d. bound. 

12. Lecteur Frangois, 6th edit. 12mo. 

5b. bound. 

13. Library Edition of Grammar, Exer- 

cises, and Key, 7th edit. 2 vols. 
8vo. 2ls. bds. 

14. First Lessons in EnsUsh Grammar, 

New edit, revised and enlarged, 
ISmo. 9d.bd. 
16. Grammatical Queations, adsyted to 
the Grammar of LindleT Murray -. 
with Notes. By C. BRadlet, 
A.M. 8th Edit, unproved, 12mo. 
2s. 6d. bd. 
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Mayor's Spelling Book. 

The English SpeUing-Book ; occompaiued by a PromariTe Serie* of euj and 
fiuniliar Lessons: intended as an Introduction to the Reading and SpeUuift of 
the English Language. By Dr. MA.Toa. 4S0th Editioh, with rarions rerisions 
and improvements of Dr. MaTor, legflUv conveyed to them by his a ws ig nman t- 
with Frontispiece by Stothard, and 44 beautiftd Wood Engravings, designed 
ezpraasly for the work, by Hartey. The whole printedin an entirely new type, 
13mo. Is. 6d. bound. . . 

•.• The only Genuine Edition, with the Author's latest Additions and Improvv- 
ments, bears the impHnt of Messrs. Longnnn and Co. 

Carpenter's Spelling-Book. 

The Scholar's Spelling AaslBtant; wherein the Words arc wnnged aeoordiag to 

their principles of Accentuation. By T. Cabpsxtbb. New Edition, e<meeted 

throT^hottt, 12mo. la. 6d. bound. 

NOTICE.— The only Genuine and Complete Edition of CAnraiCPB*** SrBixnro is 

published by Messrs. Longman and Co. and Messrs. Whittaker and Co. Any 

person selling any other edition than the above is liaUe to action at law, and on 

discovery will be immediately proceeded against, the whole book being copyright. 

Blair's Class-Book. 

The Class-Book ; or, 365 Reading Lessons : for Schools of either sex ; e^fy lesson 
having a dearly-defined object, and teaching some principle of Science or 
Morality, or some important iWtfa. By the Rev. D. Blur, New Edition, 
I2mo. 6s. bound. 

Blair's Reading Exercises. 

Reading Exercises for Schools ; being a Sequri to Mavor's Spelling, and an Intro- 
duction to the Claas-Book. By tiie Rev. D. Blauu New Edition, corrected, 
12mo. 2s. bound. • 

Smart's English Grammar, and Accidence. 

The Accidence and Pxinciples of Enc^iiah Grammar. By B. H. Siiuis. ISmo. 

4s. cloth. 
The Accidence separately, la. sewed in doth. 

Smart's Practice of Elocution. 

The Practice of Elocution ; or, a Course of Exercises fm acquiring the severd 
requisites of a good Delivery. By H. B. Smart. 4th Edition, sagmentod, 
particularly by a Chapter on Impassioned Reading Qualified by Taste, witii 
Exercises adapted to a Chronological Outiine of En^iah Poetry. 12mo. Ss. cL 

Graham's Art of English Composition. 

English; or, The Art of Composition explained in a aeries of InstructloiM and 
Examples. By G. F. Grahax. Fcp. 8vo. Ts. doth. 

« Among the many treatises on the art of oompodtion, we toow otwme to 
admirablyadapted for the purpose at which it aims as this. The mtroductory 
remarks are exoeUent, espedaUy those on the study of languages ; the arrMge- 
ment is natural throughout; the examples are simple ; and the variety so great» 
that the teacher can never be at a loss for a new subject."— Aiiab. 

Graham's Helps to English Grammar. 

Helps to English Grammar; or.EMyExercisesfor Young Children Dlustrated 

bvEngra^gs on Wood. By G. P. Graham, Author of " English ; or, the 

Art or Composition." 12mo. 8s. doth. 

•» Mr. Graham's * Hdps to English Grammar* will be found a good elementary 

book ; and the numerous engra^gs which it contains murt n&der it extremely 

attractive to tiie ' Toung CKUdretf for whose use these / Easy Exercises s« d*- 

signed. The arrow, which is for the firrt time adopted m a vrork of this sort, to 

tmistrate the connection, by action or motion, between persons and things, u a 

happy idea."— John Boll. 

BuUar's Questions on the Scriptures. 

Questions on the Holy Scriptures, to be answered in Writing, as Exerdaesat 
School, or in the course of Private Instruction. By Johh Bvllar. Hew Edit. 
18mo. 28. 6d. cloth. 

Aikin's Poetry for Children. . 

PoetiT for ChUdren ; consisting of Selections of easy «id interwting Pieces from 
the best Poets, interspersed with Original Pieces. By Miss AiRiK. «ew JMUV 
considerably improved, ISmo. with Frontispiece, 2b. doth. 
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